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Exponential Lyapunov Stability Analysis of a Drilling Mechanism

Matthieu Barreau, Alexandre Seuret and Frédéric Gouaisbaut

Abstract—This article deals with the stability analysis of
a drilling system which is modelled as a coupled ordinary
differential equation / string equation. The string is damped at the
two boundaries but leading to a stable open-loop system. The aim
is to derive a linear matrix inequality ensuring the exponential
stability with a guaranteed decay-rate of this interconnected
system. A strictly proper dynamic controller based on boundary
measurements is proposed to accelerate the system dynamics
and its effects are investigated through the stability theorem and
simulations. It results in an efficient finite dimension controller
which subsequently improves the system performances.

I. INTRODUCTION

Many physical situations like string-payloads [13] or drilling
systems [6] are modeled by infinite dimensional systems. They
are, in their fundamentals, related to a Partial Differential
Equation (PDE) and consequently, their stability analysis and
control are not straightforward and has been under active
research during the last decade.

A drilling mechanism is within this class of systems. It is
used in the industry to pump oil deep in the soil. This physical
system is subject to torsion and radial deformation due to the
torque applied on one boundary of the pipe. This system is
usually modeled by a coupled Ordinary Differential Equation
(ODE) / string equation. These heterogeneous equations ap-
pear naturally when the torsional motion of the pit is coupled
with the axial deformation of the pipe [7]. Moreover, as there
is friction all along the pipe, it leads to a complex system
made up of two non-linear equations. The commonly used
methodology to control this system is the backstepping.

The aim is to use a control to transform the problem into a
target system with the desired properties. Then, using a Lya-
punov approach for example, the stability can be proven. This
has been widely used in [6], [14], [15], [23]. There are many
advantages because it provides a Lyapunov functional useful
for a robustness analysis for example but it also provides a very
accurate control as it mostly depends on the target system. But
the calculations are tedious and lead to an infinite dimension
control law which may be subjected to implementation issues.

Coming from the stability analysis of time-delay systems, a
new method based on Linear Matrix Inequalities (LMIs) seems
to be promising. As time-delay systems are a particular case
of infinite dimension systems [11], it is possible to extend the
methodology described in [21] to other systems. It relies on
a Lyapunov functional and a state extension using projections
of the infinite dimensional state on a basis of orthonormal
polynomials. It has been successfully applied to transport
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equations in [18], to the heat equation [4] and to the wave
equation also [2].

In this paper, we focus on the exponential stability analysis
of a linearized drilling mechanism as described in [19] with
the previous methodology. First, we explain the problem and
discuss the existence of a solution. Then, an exponential
stability result is provided. The theorem ensures the expo-
nential stability with a guaranteed decay-rate. Some necessary
conditions are drawn from the LMI condition and then, an
example using physical values is provided. A control law is
also derived to show the effectiveness of the method.

Notations: In this paper, Rt = [0,+00) and (z,t) —
u(z,t) is a multi-variable function from [0,1] x R* to R.
The notation wu; stands for %. We also use the notations
L? = L%((0,1);R) and for the Sobolov spaces: H" =
{z € L*}Vm < n,ZZ% € L2} The norm in L? is
2> = [y l2(x)]Pdz = (z,2). For any square matrices A
and B, the operations 'He’ and ’diag’ are defined as follow:
He(A) = A+ A" and diag(A, B) = [4 %]. A positive definite
matrix P € R™ " belongs to the set S’} or more simply
P ~0.

II. PROBLEM STATEMENT
A. Modeling of the drilling process

A drilling mechanism was first modeled in [10] using the
work of [7]. This phenomenon described in Figure 1 is the
result of a coupling between a radial deformation and an axial
movement. This coupling was later modeled in [19], [20] by
the following nonlinear model:

22, t) = Pagp(w,t) — dze(z, 1), z € (0,1),t >0,
22(0,t) = g (2:(0,t) — u1(t)), t>0,
Zm(l, t) = —tht(l,t) - th(l,t)

_anl(Zt(l,t)), t Z 07
Y (t) = AY (t) + Bua(t)
+E12(1,t) + ExTpy(z(1,1)), >0,

ey
with initial condition z(-,0) = 2% 2(-,0) = 2 on (0,1)
and Y (0) = Y°. In this model, z is the twist angle and it
propagates along the pipe following a damped wave equation
of speed c and internal damping d. Since the internal damping
stabilizes the system, in this study, we consider the worst case
scenario with d = 0 like in [10]. There are two boundary
conditions at x = 0 and x = 1. At x = 0, a rotary table
whose speed is controlled by the input u; allows to twist the
pipe. Furthermore, there is an elastic connection between the
rotary table and the beginning of the pipe. Due to this not rigid
connection, there is a boundary damping with a coefficient g



__, From/to
mud pumps

Drill pipes

- il
TUT ,,,,,,,,,,, Drill collars
S Bit

Fig. 1. Schematic of a drilling mechanism originally taken from [20]. Data
corresponding to physical vaues are given in Table I.

at z = 0.

The drilling pit is located at = 1. When drilling, an external
torque applies at this boundary and the momentum equation
leads to a second order in time boundary condition. The term
T, is a non-linear function related to the change of torque
and given below. To simplify the system as done in [10], we
consider the equation at the bottom of the pipe to be only a
first order boundary damping, then h = 0.

Finally, the last finite dimensional equation is related
to the axial deformation of the pipe. Indeed, Y (t) =
[y(t) — Tot #(t) —To]" € R2 with y the axial bit position
and I'y is the rate of penetration. This equation is a damped
harmonic oscillator due to the axial extension of the pipe.
The parameters c, g, k, q, Aa1, A22,b,e1 and ey are physical
parameters given in [20] and reported in Table I. The matrices
have the following structure:

A:[A21A122]’ 32[8]7 El:[eol]’ EQ:[EOQ]'

The aim is to design control laws u; and us such that the
speed angle z;(1,¢) in system (4) converges to 2, and Y to
0. Without loss of generality, we assume 2. > 0.

In [7], [20], the nonlinear part of the torque is described by
the following equations:

Tri(z) = WopRp s () sign(x),
()

(2)
= Meb + (,U*sb - ,Ufcb) e_Vb|1E|'

Considering the overshoot on the variable z;(1,t), then

%ﬁ’t) is small, the following approximation of 7}, is pro-
posed:
Zt(lvt)
Thi(ze(1,t)) ~ WobRbust—- 3)

That leads to an approximated linear system defined for ¢t > 0

with the same initial conditions:

wie (@, ) = Pwey (T, 1), z € (0,1),
we(0,8) = g (wi(0,8) —ua(t))
wy(1,t) = —(k + qWop Roprsp QM we (1, 1),
Y(t) = AY (1) + Bux(t)
+(E1 4+ Wop Ropst Q. L E2)wy (1, ¢).
“)

It is possible to use the Riemann coordinates to simplify the

writing of this system using the following variable: x(z, ) =
|: wy (z,t)+cwy (z,t)

wt(l_w)t)_cwm(l_w)t)]. The system becomes for ¢t > 0:

xt(z,t) = exa(z, t), € (0,1),
(57 a w0) = [ 5w - [ 0],

Y(t) = AY () + Bua(t) + By [x"(0.) xT(10)]

(5)
with & = k + ¢WoRpuspQ,' and B, = %(El +
Wb Rppisp2o L E2) [01 —1 0]. The stability of system (5) im-
plies the stability of (4) and then the study focuses more on
system (5).

Assuming there is an equilibrium point, the equilibrium
7o X4() = [ et
X§ = 0, wf = Qc. It has the following form: x¢(z) =
Qe {1 :ifffm)] Therefore, a feedforward open-loop control
is introduced as:

} of system (5) satisfies

us = Q, (1 + lég—l) . uS=—éb L. ©6)

Introducing the error variables x(z,t) = x(z,t) — x¢(x),
U1 (t) = w1 (t) —u$ and s (t) = ua(t) —u§, the aim is to show
the exponential stability of x to 0 in order to get w; — Q.
and ||Y|| — 0. The inputs @; and s are assumed to be the
results of a strictly proper dynamic controller whose inputs are
we(0,1t),w¢(1,¢) and Y. That means that the measurements are
these three variables but it is not possible to apply exactly
wi(1) or w(0), corresponding to the situation where the
actuator is bandwidth limited for instance. This assumption is
important as the wave can be seen as a neutral system [1] and
using directly w; means that we can affect directly the neutral
part. This phenomena is known to be absolutely non-robust
[12] to small delay for example. Assuming the controller is of
order n, it is written for ¢t > O:

Xeo(t) = AcXo(t) + BaY (t) + Beo w%m ’
() = C; [Xc t)}

Y (1)
UQ(t) = CQXC( ) + KY(t)

with 01702 € Rlx(nJrQ);Ac S Rnxn;BchBCQ S Rn’Q and
K € R'¥2, The closed-loop system in Riemann coordinates



can be rewritten as:

() = cXa(m, 1),

1—c Ite _ o
[ 0 1- ck] (0,2) = {1+ck Oq}xlt) [209C1X(®)] |
X0 = 400+ B[ {3].

)
with initial conditions Y(x,0) = Yo(z), X(0) = X, X T =
[x7 v7]" and

A Ae B . 1| B 1077
A: 1 , B:— 2 |:8%:| .
BCy; A+BK 2| 5o, | LT0

Remark 1: From now on, to ease the reading, the parameter
t may be omitted and X refers to a solution of (7).

B. Existence and uniqueness

The existence and uniqueness follows the same lines than
in [2]. Define the following set: H™ = R™t2 x H™ x H™
with m € N. The space H = H can be equipped with the
following norm:

V(X,x) € H,

X0l = X2 + 312

= | X2+ 2[lwa|* + [Jwe]|*.

Using the operator notation [22], system (7) is formulated
as follows:
AX + B[]
T(¥)= XO1T ) and T : D(T) — A,
94

with
D(T) = {(X, 0 e HL [ 17 0| x(0) =
[ T @ = o5

The existence of a continuous solution for (X°, xo) € D(T)
is ensured by applying Lumer-Philips theorem (for example in
[22, p.103]) whose conditions are recalled below:

1) there exists a function V : H — R7T such that its
derivative along the trajectories of (7) is negative;

2) there exists A sufficiently small such that D(T) C
R(M —T) where R is the range operator.

The first condition relies on the existence of a Lyapunov
functional and is therefore the subject of the following part.
The second statement needs some calculations very similar
to the one conducted in [2] or [16]. For a given A\ > 0, let
(r, f) € D(T), the aim is to prove the existence of (X, x) €
D(T) satisfying the following for = € (0,1):

AX —AX - B [;gg})g} =r

Ax(z) — exz(z) = f(2).

That leads to x(z) = kie*e + F(z) with F(z) =
L[ eNT f(s)ds € HY and ky = diag(ki, ki2),

ki1, k12 € R. Using the boundary conditions, we get a system
of two equations:

al>

(1—cg)ks =
(1 — Ciﬂ)kz =

ec(1+ecg)(A+ F(1)) —
e (1+ck)(A+ F(1))

k 2901 X,
k
Since there exists a A such that A + B [;‘(Eé” is not the null

matrix, then this system has a unique solution for a given X
that ends the proof of existence.

III. EXPONENTIAL STABILITY OF THE DRILLING PIPE
A. Main result

The main result of this paper is the a-stability criterion
for system (7) expressed in terms of LMIs, therefore easily
tractable. Let us first define the a-stability.

Definition 1: System (7) is a-stable (or exponentially stable
with a decay-rate of at least ) with respect to the norm || - ||
if there exists 7 > 1 such that the following holds for (X, xo)
the initial condition:

X @), x5 0) |

Considering this definition, we propose a stability theorem for
system (7).

Theorem 1: Let N > (. Assume there exists Py €
SHHPHEHD RS € S2 such that the following LMI holds:

)

—at

<YI(X% x0) e

Unyao— Ry <0,
with
Uyo =He((Zy + aFn)"PyFn) — cGLSGN
+cH (S + R) Hye'™s
Fy = [In+2+2(zv+1) On+2+2(N+1),2} )
In = [NJ Zzﬂ—r’ N = [A Ont2,2(N+1) B} ’

Zy =cINHy—cINGn— {02(N+1),n+2 Ly O2(N+l),2} )

)
_ | —ecgC B 0 Lteg
o [01’i+; Oa2v+1) G} , G= {1+cl~c 0 } ;
Hv = [001;512 02,2(N+1) H} » H= [170% 1_ch} )

Ry = diag(0,,, R, 3R, -+, (2N + 1)R,0,),

Loolz - 02 Iy Iy
Ly={ « -+ |\ In=|:| In=| ;
Inolz -+ Iy N2 1> (—)N I,

and ¢ ; = (2 + 1)(1 — (=1)7**) if j < k and 0 otherwise.
Then system (7) is a-exponentially stable.
The proof of this theorem relies on the construction of a
Lyapunov functional described in the following subsections.
Remark 2: A necessary condition for (8) to be fulfilled is
that the last 2 x 2 diagonal bloc of (8) must be definite negative
corresponding to the following inequality:

H'(S+R)He* —GTSG < 0.



This condition implies:

(ck+1)(cg+1) 0 10)
nl)

Setting g = 0 or k = 0 leads to the same maximal decay-
rate than in [1], [3], [9]. This condition is also related to the
T-stabilization which is a common phenomenon when consid-
ering a wave equation [17]. One can notice that for g > 0 and
k > 0, the PDE system itself is asymptotically stable, because
the two boundary conditions are adding damping. Notice that
if one of them is negative, there exist also values of the other
coefficient making the system asymptotically stable. Note also
that forg =1 or k =1 leads to Qmaz = +00 meaning there is
no neutral part and the system resumes to a time-delay system.

Remark 3 (Hierarchy): Define the following set:

(ck —1)(cg—

c
o < Qe = MAax <§ log

Cn={a>20]|Yyq—RnN=<0,Py>0,R>0,S> 0},

and assume this set is not empty. Then, denote ay = sup Cx.
The hierarchy property states that a1 > ap. This can be
proved using the same strategy than in [2], [18].

B. Proof of Theorem 1

1) Preliminaries: The main contribution of this paper re-
lies on the extensive use of Bessel inequality to encompass
traditional results. Before stating this inequality, we need to
introduce an orthonormal family. The definition is as follows:

Definition 2 (Legendre polynomials): Let N € N, the family
of Legendre polynomials of degree less than or equal to IV is
denoted by { L }repo,n) With

k

Li(x) = (=DF> (=D (%) (F1) 2!

=0

with (¥) = l,(,f—Ll),

The sequence {Ly} is made up of “shifted”’-Legendre
polynomials on [0, 1]. As seen in [5], [8], [21], this family
is orthonormal in L? with the canonical inner product. That
leads to the following definition.

Definition 3: Let y € L?. The projection of y on the k"
Legendre polynomials is defined as follows:

X ::/0 x(x) Ly (x)dz.

The Bessel inequality is obtained considering the previous
definitions and the orthogonal property of the shifted-Legendre
family.

Lemma 1 (Bessel Inequality): For any function y € L? and
symmetric positive matrix R € S%, the following Bessel-like
integral inequality holds for all NV € N:

N

1
/ X" (z)Rx(x)dx > Z(2k +1)X) RX},.
0 k=0

Y

This lemma and its short proof can be seen in [2].
The derivation of xj along time is needed in the sequel.
Lemma 3 from [2] deals with this issue.

Lemma 2: For any function y € L?, the following expres-
sion holds for any N in N using notations (9):
x:N

The link between a-exponential stability and a Lyapunov
functional is made by the following lemma.

Lemma 3: Let V be a Lyapunov functional for system (7)
and o > 0. Assume there exist €1,£2,€3 > 0 such that the
following holds for all ¢ > 0:

e[ (X )13 < VX, x) < e[ (X013,

Xo
l : 1 =clnx(1) = clnx(0) —cLy
XN

(12)

then system (7) is a-exponentially stable.
Proof. Inequalities (12) bring the following: V(X ,w) +
(a + z—g) V(X,x) < 0. Then integrating this inequality
between 0 and ¢ leads to:

(X (1), x ()3 < §||(X07X0)||%672at-
]

Once these useful lemmas reminded, a Lyapunov functional
can be defined.

2) Lyapunov functional candidate: The aim of this subpart
is to build a Lyapunov functional candidate for system (7).
Following the same methodology than introduced in [2], a
first Lyapunov functional V,, for the PDE part is defined with
S,R € Si:

x

1
Ve (x) :/0 ¥ x " (2)(S + aR)x(x)dz,

The Lyapunov functional candidate is then the summation
of a quadratic term and V,. This quadratic term contains the
stability of state X but also some terms merging the ODE and
the PDE. This is done to enlarge the stability analysis, enabling
the study of stability of the whole interconnected system and
not of each subsystem independently. This technique, as shown
in [2], is well-suited for the study of an unstable ODE coupled
with a PDE for instance. The total Lyapunov function of order
N € N is then:

Vna(X,X) = Xy Py XN + Va(X) (13)

-
with Py € S22 ang xy = [xT 27 ... xﬂ
The aim now is to prove the existence of €1, and €3 > 0
to apply Lemma 3 on the functional Vv , and then conclude
the proof.
3) Existence of £1: Conditions Py > 0 and S,R € S
mean that there exists €1 > 0, such that for all z € [0, 1]:
Py > eidiag ([,,42,02),

S+$CR E S = %IQ

These inequalities imply:
VN,o(X,w) > e1 (| X[+ Sxl?)
+ fol x " (z) (S’ + xR — %Ig) x(x)dzx

> e (1X + zlx1?) = el (X 0113,



4) Existence of €2: Since Py, S and R are definite positive
matrices, there exists €5 > 0 such that:

Py < diag (521n+2, = diag {(2k + 1)In}k€(07N)) ,
(S+zR) < S+ R = %872%12, vz € (0,1).
Then, we get:

N
g
Viva(X,x) < 52|X|2+12 <§ (2k+1)X] %), + |x|2>
k=0

< 2 (|XP+3lIx11%) = e2ll(X 0113

The inequality comes from Bessel inequality (11).

5) Existence of €3: This part is the most important and
shows that system (7) is dissipative [2], [22]. Differentiating
with respect to time (13) along the trajectories of system (7)
leads to:

x717 X
. Xo Xo .
VN@(X, w) = He PN . + Va(w).
in Xy

The goal here is to find an upper bound of VNya using the
extended state: &y = [X 3 wy(1) wt(O)]T. The first step is
to derive an expression of V,. Similarly to [2], we get:

Va(X) =2c fol x4 (2)(S + zR)x(x)e? dx
=2 (x"(1)(S + R)x(1)e* — xT(0)Sx(0)
_p XT(x)Rx(x)eza—:dx) —4aVa(X) = Va(x)
=c(xT(1)(S + R)x(1)e** — xT(0)Sx(0)
— Jy X" (@ Rx(@)e 2 ¥ dr) = 2aVa(x),

Using the previous equation, Lemma 2 and equation (4),
we note that Xy = Fnéy, Xy = Znén, x(0) =
Gnén, x(1) = HyEn where matrices Fy, Zn, Hy, Gy are

given in (9). Then we can write:
N

Vna(X,x) = 4 Unaén +c Z X! (2k +1)RX,,
k=0

1
— c/ XT(x)Rx(:C)ezaTzd:v —2aVn o(X, X).
0

DenOting by WN,a(Xu X) = VN,a(Xu X) + 2aVN,Ot(X7 X)’
the previous equality implies the following upper bound:

N
WX, X) < EXUNabN +¢ Y (2k+1)X] RX;,
k=0

1
- c/ X" (z)Rx(x)dx. (14)

0
Since R > 0 and ¥ , < 0, there exists €3 > 0 such that:
R =

\I/N,a =

il (15)
) #123 02) .

Using (15) and Bessel’s inequality, equation (14) becomes:

1
WX, <20 (X + 3 100P) <20 K01

—eadiag (Ing2, 312,315, ...

and that concludes the proof.

IV. EXAMPLES AND DISCUSSION
In this section, we illustrate the proposed theorem by using
values taken from [19], [20] and shown in Table I. The
simulation is based on a finite-difference method of order 2.
The two cases under study here are summarized below:

1) the feedforward control with n = 0 (using only u{ and
u$ in (6)) and

Cy=[00], Cy=0, K=]Joo]. (16)
2) a dynamic control with the following parameters:
~ —100 —2500 0 0974
A= 4] B=ve B[P
Cy=[0974 —200], Cy =013, K=[-922 502].
a7

The dynamic controller is obtained considering two low-
pass filters. Considering s being the Laplace variable, the
transfer functions of the two low-pass filters are —%

wy (0)

(1‘(135_5 '19)2 and wl‘(ll) = 1;%22 with the cut-off frequencies
Wel = and w.s = 10. Gain K has been chosen such that

the eigenvalues of A + BK are —1.3 £ 0.22s.

With the feedforward controller only, it is possible to
estimate the decay-rate of the solution. Indeed, there is no
real coupling between the ODE and the PDE and the decay-
rate of the interconnected system will be the smallest between
their respective ones. Here, the PDE has a decay-rate given
by equation (10) of 1.08 and the ODE is 0.2159. The results
of Theorem 1 is given in Table II. The maximum decay-rate
for the feedforward case is obtained for N > 1 and is, as
expected, the decay-rate of the ODE.

Figure 2 shows the time response of system (7) in the
two cases. The initial state for this computation is X° =
0, w(z,0) = 2—Qckx and w,(z,0) = Q, <€7 —kg™'(1 - a:))
for x € (0,1). Of course states X; and X, are much faster,
which results from the direct influence of static feedback
gain K but also the speed w;(1), which is more regular
and converges faster to 0. Indeed, as shown in Table II, the
speed is much faster in the situation with the dynamic control.
The hierarchy of Remark 3 is clearly visible and reaches its
maximum value at N = 3. One of the drawback of such a
system is the angular speed wy(z,-) for z € (0,1), which
increases significantly compared to the first case.

Remark 4: A backstepping control law could have been
considered with a target system of arbitrary large decay-
rate. Compared to this method, the price to pay for a finite
dimension controller is seen by equation (10). Indeed, it is not
possible to accelerate the system with an arbitrary large decay-
rate. Other differences are that there is no design methodology
using LMI yet and the control is a finite-dimension state-
feedback using the knowledge of only Y, w:(0) and w;(1)
with strictly proper controllers.

V. CONCLUSION

We have studied the stability of a drilling mechanism,
which dynamics can be modeled as a coupled ODE/PDE.
Approximating this model around a desired equilibrium point
leads to an interconnected ODE / damped wave equation.



Symbol Value ‘ Symbol ‘ Value
c 2.6892 m.s 2 Qe 10 rad.s— 1
k 1.50 s.m~! g 2.48 sm~!
Az —41.58 s72 Aga —0.43 571
é1 —8.35 m.s~Lrad—?! b —0.43 571
TABLE

COEFFICIENT VALUES TAKEN FOR THE SIMULATIONS.

Type of control ‘ N=0 N=1 N=2 N=3 Qmaz
Feedforward 0.2157 0.2159 0.2159 0.2159  1.0842

Dynamic 0.312 0.953 1.083 1.084 1.0842
TABLE 11
MAXIMUM DECAY-RATE @ USING THEOREM | AT AN ORDER N. THE
FEEDFORWARD CONTROLLED SYSTEM REFERS TO (16) WHILE THE
DYNAMIC CONTROLLED ONE IS WITH (17). THE LAST COLUMN Qa2 IS
CALCULATED USING (10).

Axial position error

5 -
0 “ = P4 T = - = = ==
x N N2 -
5 . . . . )
0 2 4 6 8 10
Ttime [t]
Axial velocity error
20
N AN /N -~ ~ ~ -
> B N = 7/ N/ ~ = - ~
20 . . . . )
0 2 4 6 8 10
Time [t]
10 Angular velocity error
= - A — — — Feedforward
:: 0 T~ Dynamic
=
-10 -
0 1 2 3 4 5

Time [t]

Fig. 2. Simulation on the feedforward and dynamic controlled system.

Angular velocity

20

10

-10

-20

-30
10

0.5
5

Position [x] 0 o0 Time [t]

Fig. 3. Angle velocity error in the situation with dynamic control.

Therefore, The stability of this coupled system is studied using
a Lyapunov approach and the stability condition of such a
system has been expressed in terms of LMI. Using Bessel
inequality, we provided a hierarchy of LMI conditions for this
kind of interconnected system with linear feedback controllers.
Using only strictly proper hand-designed controllers, a control
law has been derived improving subsequently the decay-
rate of the system. Further studies would investigate how to
automatically design such controllers.
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