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Contact Dynamics and Coupled Stability of Massage Compliant Robotic
Arm With Impedance Controller

Yuancan Huang1,3, Philippe Souères2 and Jian Li3

Abstract— The contact dynamics during massage manipulation
by compliant robotic arm is described by using port-Hamiltonian
modeling approach, which is a powerful tool for modeling complex
dynamical systems due to the power port term. The nonlinear
Hunt-Crossley model is used to replace the linear KelvinVoigt
model in order to capture the behavior of soft tissues. Then,
the impedance controller in [1], [2] is reformulated in full -
state feedback form, and coupled stability is reassured form the
energetic viewpoint. Some experiments are given to verify coupled
stability during massage manipulation by compliant robotic arm.

I. I NTRODUCTION

Massage is a world-popular activity for relaxing muscles,
relieving stress and improving the circulation, but usually labo-
rious, time-consuming and short of experienced practitioners.
Robots are naturally used to automate massage manipulation.
Kume et al. [3] designed a massage robot with two end-
effectors to implement the repetitive action of grasping on
soft tissues. Joneset al. [4] showed that the ring and linear
kneading manipulation can be realized by PUMA 562. Koga
et al. [5], [6] developed an oral rehabilitation robot stimulating
the maxillofacial tissues via rotational movements. In order to
have both good performance and safety, an integrated rotary
compliant joint is designed [7], and thus a 4-DOF anthropo-
morphic complaint arm is developed for the traditional Chinese
medicine remedial massage [8] by the authors.

Impedance control and its variants are used by all massage
robots in the literature in spite of the criticism on its perfor-
mance and possible failure [9], [10], for they can guarantee
the stable interaction with an unknown environment [11], [12].
However, knowledge on contact dynamics is instrumental in
improving the performance of impedance control and exploring
its limits [13], [14]. As our best knowledge, there is not yet
the relevant works on this aspect for massage robots. We use
the port-based network modeling approach, which has been
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recently developed to model complex dynamical systems[15],
[16], to capture the contact dynamics during massage manip-
ulation by the robotic arm with compliant joints. It describes
a complex system in terms of port variables and the intercon-
nection of systems via the ports by means of power continuity.
The resulting network is mathematically described by a Dirac
structure [17], which is a generalization of the Kirchhoff laws
of circuit theory. The contribution of this work is threefold:
the impedance control in [1], [2] is reformulated from the
energetic viewpoints, and coupled stability is reassured in the
port-Hamiltonian framework; we can improve the interacted
behavior of impedance control with better knowledge on the
human dynamics during massage manipulation; new control
schemes by portinterconnection , such as IPC [18] and IDA-
PBC [19], may be used for massage manipulation.

In this paper, the port-based network modeling approach is
introduced in Section II, and rigid body kinematics and dynam-
ics are briefly described in Section III. In Sections IV and V,
contact kinematics and dynamics during massage manipulation
are derived based on the port-Hamiltonian mechanism. Then,
impedance controller is reformulated in full-state feedback
form, and coupled stability is reassured form the energetic
viewpoint in Section VI. Some experiments are given to verify
coupled stability during massage manipulation in Section VII.
Finally, Section VIII concludes, and discusses the furtherworks
on this research.

II. PORT-BASED NETWORK MODELING APPROACH

A. Mechanism on Port-based Network Modeling

In the Universe, dynamical behaviors of macrophysical sys-
tems are commonly constrained, either implicitly or explicitly,
by the basic principles of physics,i.e., energy conservation,
positive entropy production, and power continuity. In terms
of the first law of thermodynamics (i.e., energy conservation
law), energy can change forms, and can transfer from a system
to another. But energy can be neither created nor annihilated.
In the other hand, the second law of thermodynamics states
that the entropy of an isolated system never decreases, because
isolated systems spontaneously evolve toward thermodynamic
equilibrium, i.e., the state of maximum entropy. Or, to put it
differently, the entropy of the system may decrease only dueto
a net energy flow out of the system, not by local annihilation.
To sum up, there exist analogous basic behaviors with respect
to energy in various physical domains,i.e., storage, irreversible
and reversible transformations, distribution and supply.Dy-



namical behaviors of physical systems can be modeled by
describing energy flows among subsystems.

In computer science, the term ontology originated from
metaphysics in philosophy is used as an efficient way for-
mally representing knowledge as a set of concepts within
a domain, and the relationships between pairs of concepts.
With the analogous ideas, a systematic, meta-level, and object-
oriented modeling approach, the port-based modeling network
approach, has been developed for modeling complex, multi-
domain physical systems, where each object is determined
by constitutive relations on the one hand and its interface,
being the power and signal ports to and from the external
environment, on the other hand. Objects may be described in
different levels and/or in different forms, but as long as the
interface (number and type of ports) is unchanged, they can
be interchanged in a straightforward manner. This allows top-
down as well as bottom-up modeling and direct interconnection
of (empty) submodels. Since empty submodel may be filled
with specific description with various degrees of complexity
(i.e., models can be polymorphic), evolutionary and iterative
modeling and design approaches are supported. Additionally,
submodels may be constructed from other submodels resulting
in hierarchical structures.

B. Dirac Structure and Port-Hamiltonian System

1) Dirac Structure:Let F ×F ∗ denote the space of power
variables, withF being ann-dimensional linear space, which
is the space of flows (e.g., velocities in mechanical domain and
currents in electrical domain), andF ∗ being its dual, which
is the space of efforts (e.g., forces in mechanical domain and
voltages in electrical domain), and let the dual product〈e, f〉
denote the power associated with the port(e, f) ∈ F ×F ∗.

Definition 2.1: A (constant) Dirac structure onF is a
linear subspaceD ⊂ F ×F ∗ such thatD = D⊥ with ⊥ the
orthogonal complement with respect to〈·, ·〉, or, equivalently,
dimD = dimF and 〈e, f〉= 0,∀(e, f) ∈ D .

Remark 2.2:The condition implies that, if each pair(e, f)
belongs to the Dirac structure, or satisfies the network con-
straints, then〈e, f〉 = 0, i.e., the sum of instantaneous powers
passing through the port equals zero, which is nothing else than
the Tellegen’s theorem. This will lead to a rigorous description
of a network structure which can be directly used for analysis.

Every Dirac structureD admits a kernel representation.
Given a basisf1, . . . , fn in F , the corresponding dual basis
e1, . . . ,en in F ∗, and any basis inU , with dimU = m≥ n, the
linear mapsF andE are represented bym×n matrices (which
we denote by the same symbol as the maps) satisfying

EFT +FET = 0,

rank[F |E] = n.

2) Port-Hamiltonian System:Consider a lumped-parameter
physical system defined on a manifoldM, with local coor-
dinatesx ∈ R

n. The total energy of the system is given by
the HamiltonianH(x), and the system is assumed to havem
boundary ports. For eachx ∈ M we considerFx = TxM×Rm

and F ∗
x = T∗

x M ×Rm, and define a Dirac structureD(x) ⊂
Fx×F ∗

x .
The flow variables of energy-storing elements are given as

ẋ(t) and its effort variables as∂H
∂x (x(t)), which implies that

〈 ∂H
∂x (x(t))ẋ(t)〉 =

dH
dt (x(t)) is the increase in energy. In order

to have a consistent sign convention that energy flows from the
boundary ports into the system and from the internal network
into the energy storing elements, letfx = −ẋ andex =

∂H
∂x . In

addition, fb and eb are power variables associated to them
boundary ports.

An implicit port-Hamiltonian system onM is defined by the
set of differential and algebraic equations (DAE):

(

−ẋ, fb,
∂H
∂x

,eb

)

∈ D(x), ∀x ∈ M

with the power-conservation property

0= 〈e, f〉= 〈ex, fx〉+ 〈eb, fb〉=−
∂H
∂x

ẋ+ eT
b fb

from which dH
dt = eT

b fb.
Obviously, source or dissipative terms can be added to the

system through the boundary ports.
Consider a kernel representation of an IPHS:

F(x)
(

−ẋ
fb

)

+E(x)
( ∂H

∂x
eb

)

= 0.

Assume thatF and E can be split (non necessarily in a
unique way) as

F = (Fx Fb1 Fb2), E = (Ex Eb1 Eb2)

with rank Fx = n and rank(Fx Fb1 Eb2) = n+m.
Let F̃ = (Fx Fb1 Eb2), Ẽ = (Ex Eb1 Fb2), y = (fT

b1
eT

b2
)T , and

u = (eT
b1

fT
b2
)T .

We have

F̃

(

−ẋ
y

)

+ Ẽ

( ∂H
∂x
u

)

= 0

with F̃ẼT + ẼF̃T = 0 andF̃ is invertible.
PremultiplyingF̃−1 on both sides, there is

(

−ẋ
y

)

=−F̃−1Ẽ

( ∂H
∂x
u

)

,

where F̃−1Ẽ is skew-symmetric becausẽFẼT + ẼF̃T = 0,
which is rewritten as

F̃−1(x)Ẽ(x) =
(

J(x) g(x)
−xT(x) −B(x)

)

,

with g arbitrary andJ andB both skew-symmetric.
Finally, we obtain an explicit input/output PHS [15]:

ẋ = J(x)
∂H
∂x

+g(x)u,

y = g(x)T ∂H
∂x

+B(x)u.



III. R IGID BODY K INEMATICS AND DYNAMICS

The motion of a rigid body can be described by the special
Euclidean groupSE(3), whose element denoted the rigid body
transformation relative to the reference frame. LetA be the
reference frame andB the body frame. The element in the
groupSE(3) may be represented by a homogeneous matrix of
the form

Ta
b =

(

Ra
b pa

b
0 1

)

,

whereRa
b is the rotation matrix of the body, belonging to the

special orthogonal groupSO(3), andpa
b the position vector of

the origin of body frame.
The instantaneous velocity of a body with the frameB

relative to another body with the frameC with respect to the
reference frameA can be represented by a twisttab,c of the
form:

ta,cb =

[

ωa,c
b

va,c
b

]

,

whereωa,c
b denotes the angular velocity of the bodyB relative

to the bodyC with respect to the frameA, andva,c
b the linear

velocity (relative to the frameC) of the fixed point in the frame
B, that passes through the origin of the frameA.

A generalized force acting on a rigid body consists of a
linear component (pure force)f and an angular component
(pure moment)τ acting at a point, which is usually expressed
by the wrench of the body with the frameB with respect to
the reference frameA:

wa
b =

[

fa
b

τa
b

]

.

The adjoint representation of a Lie group is indicated with
AdTa

b
:

AdTa
b
=

(

Rk
b p̂a

bRa
b

0 Ra
b

)

,

which transforms twists from the frameB to the frameK, i,e.,

tk,bc = AdTk
b

tb,bc .

The dualityAdT
Tk

b
transforms wrenches from the frameK to the

frameB, i,e.,
wk

c = AdT
Tk

b
wb

c.

IV. CONTACT K INEMATICS DURING MASSAGE

MANIPULATION

A. Gauss Map

In differential geometry, the Gauss map maps locally a
surface in Euclidean spaceR3 to the unit sphereS2, i.e., given
a surfaceX embedded inR3, the Gauss map is a continuous
map n : X → S

2 such thatn(p) is a unit vector orthogonal to
X at p, the normal vector toX at p. The Gauss map can be
defined globally if and only if the surface is orientable. The
Jacobian determinant of the Gauss map is equal to Gaussian
curvature. Its differential of the Gauss map is called the shape
operator.

If X is orientable and smooth, thenn(p) is well-defined and
smooth overX. Hence a derivative mappingn∗ : TX→TS2 can
be defined. This implies that, while a point move tangentially
on the surfaceX at the velocityv∈ TX, then the normal vector
varies at the velocityn∗v ∈ TS2. Since the vectorn(p) is
commonly orthogonal to the surfaceX at p and the sphere
S

2 at n(p), an elementn∗v ∈ TS2 can be mapped directly as
an elementPn∗v ∈ TpX, whereP is the linear mapping from
Tn(p)S

2 to TpX.
If n∗(p)v = 0 for all v ∈ TpX, then the surfaceX is locally

flat at p. If 〈v,Pn∗v〉> 0 for all v ∈ TpX, then the surfaceX is
locally convex atp.

B. Contact Kinematics During Massage Manipulation

For sake of kinematic analysis, the massage head and the
human body are treated as two rigid bodies with the smooth,
orientable surfacesX1 and X2, whose the Gauss maps are,
respectively, defined asn1 and n2. As a result, the contact
kinematics is amounted to the motion between two pointsp1

and p2 on the surfacesX1 and X2 with the shortest distance.
Under the convexness assumptions, there are always such two
unique pointsp1 andp2 in the boundaryX1∪X2) whose linking
line ln is normal to both the surfacesX1 andX2. Given a point
c∈ ln (e.g., the desired contact point), there is a unique plane
O orthogonal toln and passing through the pointc, as shown
in Fig.1.

Fig. 1: Two points onX1 andX2 with the shortest distance.

Let pi , i = 1,2, denote the position vector of the pointpi in
its own frames 1 and 2. A minimum sign distance△ ∈ R is
defined as:

△= 〈n2,T
1
2 p1− p2〉.

If △ > 0, there is a distance△ > 0 between the bodies;
otherwise, the bodies have a maximum penetration distance
of |△| for △< 0 or the contact for△= 0. Here, a geometric
description of the bodies is assume to be inflexible. This means
that the two bodies are allowed to intersect virtually.

The velocities ofp1 and p2 are uniquely determined by the
following equations [20]:
[

n1∗+T1
2 n2∗T2

1 (I +△n1∗)
]

ṗ2 = t̂1,12 +T1
2 n2∗(△̇n2− t̂2,21 p2)

[

n2∗+T2
1 n1∗T1

2 (I +△n2∗)
]

ṗ1 = t̂2,21 +T2
1 n1∗(△̇n1− t̂1,12 p1),

where t̂1,12 = −T1
2 t̂2,21 T2

1 can be any relative twist of the two
bodies,△̇= 〈n2, t̂

2,2
1 T2

1 p1〉, and△>△min for some△min < 0,
which depends on the physical property of two bodies.



V. CONTACT DYNAMICS DURING MASSAGE

MANIPULATION

A. Hunt-Crossley Model

The soft tissues on the human body exhibit viscoelasticity.
The simplest model characterized viscoelasticity is knownas
the Kelvin-Voigt model, which is represented by the parallel
of a linear spring and a viscous damper. However, the linear
model is not suitable to describe the behavior of human
tissues, for viscous effects are substantial [21], [13]. Hunt and
Crossley [22] showed that it is possible to obtain a behavior
that is in better agreement with the physical intuition if the
damping coefficient is made dependent on the body’s relative
penetration:

f (t) =

{

kdn(t)+λdn(t)ḋ(t) d ≥ 0
0, d < 0

where the exponentn is a real number, usually close to
unity, that takes into account the geometry of contact surfaces.
Indeed, since the contact surface increases as the penetration
depthd(t) increases, the exponent allows taking into account
the stiffness variation due to a larger contact area.

Moreover, the Hunt-Crossley model is consistent with the
notion of coefficient of restitution used to characterize energy
loss during impacts and, even if nonlinear, retains a certain
computational simplicity. Beside these properties, it is impor-
tant to note that the physical consistency of the model can be
preserved by a proper generalization to the full geometrical
contact description [six degrees of freedom (DOF)], as dis-
cussed in [23], [24]. Therefore, we can use a spatial spring in
parallel with a spatial damper to describe soft tissues.

B. Port-Based Network Description for Massage Manipulation

During massage manipulation, one is asked to sit on a chair
or to lie on a bed, to keep relaxed and steady as far as possible,
and not to actively exert any force back. It is reasonable that
the human body in massage manipulation is modeled as an
inertial mass with a spatial spring and damper, representing
the viscoelastic property of soft tissues, and a spatial spring,
representing the reaction force on the robotic arm from the
chair or the bed, or by one who tries to keep his body steady,
see Fig. 2.

Fig. 2: Dynamical description for massage manipulation.

From the view point of port-based network modeling, a
contact Dirac structure may be used to interconnect the robotic

arm, the inertial mass with a spatial spring representing the
human body with some kinematic constraints, the storage
elements representing elastic effect of soft tissue, and the
dissipation elements representing viscous effect of soft tissue
and Coulomb friction. Optionally, one control port can be
added to regulate the behaviors of the robotic arm. Figure
3 shows the interconnection structure of port-based model of
massage manipulation.

Fig. 3: Interconnection structure of port-based model.

C. Contact Dynamics During Massage Manipulation

1) Contact Dirac Structure:Define the binary signals△ as

s△ =

{

1, if △≥ 0,
0, otherwise.

Then, s△ = 1 if there is no contact ands△ = 0 if there is
contact.

Here, we only consider the massage manipulations without
rolling on the human body. Hence the motion can be decom-
posed into two terms involving rolling or not. A set of basis
velocity screws ofse(3) are chosen as two screws(rx, ry)
representing the pure rotations around two axis lying onO
and passing throughc, and the others(tx, ty, tz, rz) the three
translations and the pure rotation aroundln, as shown in Fig.1.
Now se(3) has the following decomposition:

se(3) = Rxy⊕ (se(2)×Tz),

where Rxy := span{rx, ry} and the Lie algebrase(2) × Tz

represents the motions onO(se(2)) together with the normal
translation alongln(T).

Define a projection operatorPse(2)×Tz : se(3)→ se(2)×Tz. It
can be represented by the matrixP while the coordinate system
is selected. Its adjoint operatorP∗

se(2)×Tz
: (se(2)×Tz)

∗ → se∗(3)
maps the wrenchwc

2,1 ∈ (se(2)×Tz)
∗ into the wrenchPTwc

2,1 ∈
se∗(3), the sum of the wrenches from the spatial spring and
damper as well as the friction effect.

The Dirac structure with the desired ports(ta,a1 ,wa
1),

(ta,a2 ,wa
2), (t

c,1
2(store),w

c
store) and (tc,12(diss),w

c
diss) is given as[24]:

E









wa
1

wa
2

wc
store

wc
diss









+F











ta,a1
ta,a2

tc,12(store)

tc,12(diss)











= 0



with

E :=









I6 0 (s△−1)AdT
Tc

a
PT (s△−1)AdT

Tc
a
PT

0 I6 (1− s△)AdT
Tc

a
PT (1− s△)AdT

Tc
a
PT

0 0 0 0
0 0 0 0









and

F :=









0 0 0 0
0 0 0 0

(s△−1)PAdTc
a

(s△−1)PAdTc
a

−I4 0
(s△−1)PAdTc

a (s△−1)PAdTc
a 0 −I4









,

where the switching element inE is used to switch off the
contact forceswc

store and wc
diss while no contact occurs. Since

the matrix F and E satisfy the rank condition, the power
continuity conditionEFT +FET = 0 holds for all values of
s△.

The connection of the storage and dissipation elements
depends on whether the contact occurs or not, thus the Dirac
structure is time-varying.

2) Compliant Robotic Arms:As shown in Fig. 4, the serial
elasticity in theith compliant rotary joint is modeled as a linear
torsional spring with stiffnesski . Due to the extra degrees of
freedom introducing by the serial elasticity between the motor
shaft and the link, the motor rotor (including gear) has to be
modeled by a fictitious link with its own inertiaI r

i . Thereby
we can regard that ann-link compliant robotic arm consists of
n actual links andn fictitious links [25].

Fig. 4: Diagram of thei-th compliant joint

Assume that the the rotor inertia is symmetric with respect to
the rotor axis of rotation so that the gravitational potential and
also the velocity of the rotor center of mass are both indepen-
dent of the rotor angular position. Normally, this assumption
hardly needs to be justified, for it is a norm in robot design.

Let q = (q1, . . . ,qn)
T and θ = (θ1, . . . ,θn)

T be the general-
ized coordinates for ann-link compliant robotic arm whereqi

andθi , respectively, represent the angles of the linki and the
rotor i, i = 1, . . . ,n.

The kinetic energy of theith rotor is

T r
i =

1
2

mi(vr
i )

Tvr
i +

1
2

θ̇ T
i Bi θ̇i , (1)

where vr
i denotes the velocity of the center of mass of the

rotor, mi the rotor mass, andBi the inertia of the rotor. Now
by the symmetry assumption of the rotor the velocityvr

i only
depends on the link variablesq1, . . . ,qi−1. Thus if the rotor
mass is included as a part of the linki − 1 to calculate its
inertia tensor then the first term in (1) will be absorbed in the
translational kinetic energy of the linki −1.

We have shown that the total kinetic energy of ann-
link compliant robotic arm under the symmetry assumption
is composed of two parts: the kinetic energy of the rigid
robotic arm where we neglect the elasticity in the joint, and
the rotational kinetic energy of the rotors, namely

T(q,θ , q̇, θ̇ ) =
1
2

q̇TM(q)q+
1
2

θ̇ TBθ̇ , (2)

where M(q) is the inertia matrix of the rigid robotic arm,
which can be calculated using standard techniques once the
rotor masses are regarded as a part of the proximal links for
calculating their inertia tensor, andB the inertia matrix of the
rotors.

Next, the elastic potential of the spring is given as

P(q,θ ) =
1
2
(q−θ )TK(q−θ ),

where K is a diagonal matrix whose diagonal elements are
the spring stiffness coefficients. Invoking again the symmetry
assumption, the gravitational potential is a function onlyof q.
Therefore, the total potential energy is

U(q,θ ) = P(q,θ )+G(q), (3)

where the gravitational potential energy termG(q) is found
from the standard formulae for rigid robots.

The Lagrangian is

L(q,θ , q̇, θ̇ ) = T(q,θ , q̇, θ̇ )−U(q,θ ).

For sake of clarity, the generalized coordinatesq and θ are
rewritten asqq andqθ . Now the generalized momentapq and
pθ are defined as

pq =
∂L
∂ q̇q

,

pθ =
∂L
∂ q̇θ

.

By the Legendre transform ofL(qq,qθ , q̇q, q̇θ ) as a function of
(q̇q, q̇θ ), it follows that the Hamiltonian function is

HR(qq,qθ ,pq,pθ ) =
1
2

pT
q M−1(qq)pq+

1
2

pT
θ B−1pθ

+
1
2
(qq− qθ )

TK(qq− qθ )+G(qq).

Hence, the Hamiltonian system of the compliant robotic arm
are given as

q̇q = M−1(qq)pq

q̇θ = B−1pθ

ṗq = −
1
2

pT
q

∂M−1(qq)

∂qq
pq−K(qq− qθ )− g(qq)

ṗθ = K(qq− qθ ),

whereg(qq) =
G(qq)

∂qq
.

Assume thatta,a2 = JR(qq)q̇q whereJ(qq) is the Jacobian of
the rigid robotic arm. Its dual relation isτext= JT

R(qq)w
a
2 where



τext represents the external torque acting on the end-effector of
robotic arm. If one control port(u,y) and one interacted port
(ta,a2 ,wa

2) are attached, we obtain a port-Hamiltonian system
with two ports, written in more compact form:








q̇q
q̇θ
ṗq
ṗθ









=









0 0 Iq 0
0 0 0 Iθ

−Iq 0 0 0
0 −Iθ 0 0









×











M−1(qq)pq
B−1pθ

1
2pT

q
∂M−1(qq)

∂qq
pq+K(qq− qθ )+ g(qq)

−K(qq− qθ )











+









0
0
0
u









+









0
0

JT
R(qq)w

a
2

0









y = −K(qq− qθ )

ta,a2 = JR(qq)q̇q,

whereu represents the motor torque vector.
3) Inertial Mass With Spatial Spring:The Hamiltonian of

the inertial mass with spatial spring is

HI (qI , q̇I ) =
1
2

q̇T
I MI (qI )q̇I +

1
2
(qI − q0

I )
TKI (qI )(qI − q0

I ),

whereqI is the configuration vector,MI (qI ) the inertia matrix,
andKI (qI ) the linear spatial spring stiffness matrix.q0

I is some
reference position.

Let pI = MI (qI )q̇I . The port-Hamiltonian equation with the
port pair (ta,a1 ,wa

1) is

q̇I = M−1
I (qI )pI + JI (qI )t

a,a
1 ,

ṗI = −
1
2

pT
I

∂M−1(qI )

∂qI
pI −KI (qI )(qI − q0

I )

−
1
2
(qI − q0

I )
T ∂KI (qI )

∂qI

(qI − q0
I ),

wI = JT
I (qI )w

a
1,

whereJI (qI ) is the transformation matrix from the frame A to
the frame in the inertial mass.

The energy balancing relation is

dHI

dt
= (wa

1)
T ta,a1 .

4) Viscoelastic Coupling Description and Coulomb friction:
Normally, the massage head is made by ceramic material,
which is much stiffer than the human body, and thus may be
regraded as a rigid body. Therefore, the contact pointc lies
on the surface of the human body, and then the planeO is
the tangent plane of the surface atc. As a contact frameC is
defined, the deformation at timet is calculated as:

T(t) =
∫ t

0
tc,12(store)(τ)T(τ)dτ.

Here,T(t) is a 4×4 homogeneous matrix of the form

T(t) =









cosθ −sinθ 0 x
sinθ cosθ 0 y

0 0 1 z
0 0 0 1









whereθ is the rotational angle around the lineln.
The stiffness matrix on a manifold requires differentiation

of the generalized force in the direction of the generalized
velocity. Given a potential functionΦ, the force one-formF

is therefore:
F = dΦ.

Assume that the vectorsL1, . . . ,L4 are basis for the Lie algebra
se(2)×T, the vectorsL̂1, . . . , L̂4 form a basis of the tangent
space at any pointT ∈ SE(2)×T, whereL̂i , i = 1, . . . ,4, are
the left invariant vector fields atT. In order to give the stiffness
matrix, the manifold is endowed with an affine connection so
that the covariant derivative,∇YX, of a vector fieldX with
respect to a vector fieldY may be defined. IfXi is a set of
basis vector fields, there is

∇Xi Xj = Γk
ji Xk,

where the coefficientsΓk
ji are called Christoffel symbols.

Hence, the coefficients of the stiffness matrixKs

(

Tc,1
2(store)

)

are [26]
ks

i j

(

Tc,1
2(store)

)

= 〈∇L̂i
dPspring; L̂i〉.

Finally, we have

wc
store= Ks

(

Tc,1
2

)

δ tc,12(store),

whereδ tc,12(store) represents the variation of the twisttc,12(store).
Likewise, the dissipative parts are expressed in the form:

wc
diss= Dd

(

δ tc,12(diss)

)

tc,12(diss)+K f t
c,1
2(diss),

where Dd

(

δ tc,12(diss)

)

is the damping matrix defined by the

Rayleigh functionRdamper in the way thatwc
damper=

∂Rdamper

∂ tc,12(diss)

,

and K f is the constant friction coefficient matrix. Here, only
kinetic friction is considered.

The total energy of the viscoelastic and friction parts is

HV = Pspring+Rdamper+Rf ric

with

Rf ric =
1
2

(

tc,12(diss)

)T
K f tc,12(diss).

VI. I MPEDANCE CONTROLLER AND COUPLED STABILITY

A. Impedance Controller

From the energy shaping viewpoints, an impedance con-
troller with two feedback loops is constructed in [1], [2].
Rewritten in the matrix form, the torque inner loop is

u = BB−1
a v+(I −BB−1

a )K(qq− qθ )+DK−1(q̇q− q̇θ ), (4)



wherev is an intermediate control input vector,Ba the motor
apparent inertia vector with respect tov, and D the desired
damping matrix.

The impedance outer loop is a PD controller with gravity
compensation:

v =−Kq(qq− qd
q)−Dqq̇q+ g(qq), (5)

whereqd
q is the desired rotor angular position vector.

Obviously, the impedance controller is a full-state feedback
controller. Unfortunately, the control law (5) does not satisfy
the required passivity condition. A solution is to choosev as
a function ofqθ and its derivative ˙qθ by replacingqq with its
stationary equivalent to ˆqq(qθ ), namely:

v =−Kq(q̂q(qθ )− qd
q)−Dq ˙̂qq(qθ )+ g(q̂q(qθ )), (6)

In the sufficiently small neighborhood of the equilibrium
point, q̂q(qθ ) can be solved from

qθ = f(qq) = qq+K−1[−Kq(qq− qθ )+ g(qq)].

Generally, the inverse functionf−1 has not analytic expression.
For a givenqθ , it is possible to approximate the value ˆqq(qθ ) =

f−1(qθ ) with arbitrary precision by iteration method.
Due to gravity compensation and propositional terms in the

controller, the Hamiltonian of the closed-loop system is

Hc
R(qq,qθ ,pq,pθ ) =

1
2

pT
q M−1(qq)pq+

1
2

pT
θ B−1

a pθ

+
1
2
(qq− qθ )

TK(qq− qθ )+
1
2
(qq− qd

q)
TK(qq− qd

q).

It has been shown [] that, for the robots only with rotational
joints, there is

dHc
R

dt
= −q̇T

θ Dqq̇θ − (q̇θ − q̇q)
TD(q̇θ − q̇q)+ (wa

2)
T ta,a2

< (wa
2)

T ta,a2 ,

i.e., the overall closed system is strictly passive with respect
to the port pair(ta,a2 ,wa

2). The compliant robotic arm with the
impedance controller is a port-Hamiltonian system.

B. Coupled Stability

The Hamiltonian of the total interconnection systems is

H = Hc
R+HI +HV .

By their definition, we have evidently

dH
dt

< 0, ∀s△.

In other words, the compliant robotic arm with impedance
controller is asympotically stable no matter whether it contacts
with the human body or not.

VII. E XPERIMENTAL VERIFICATION

To verify coupled stability, pressing, kneading, and plucking
are realized on the human body by the 4-DOF anthropomorphic
compliant robotic arm in two scenarios with sitting on a chair
and lying on a bed, see Fig. 5. Their manipulation processes
can be described as an up and down cyclic motion vertical
to the surface of human body, a circular and rectilinear cyclic
motions tangential to the surface of human body, respectively.
All of three massage movements have a downward force
on the human body. During massage manipulation process,

(a) Sitting scenario (b) Lying scenario

Fig. 5: Two scenarios for verifying coupled stability

force curves are measured by JR3 6DOF force-torque sensors
50M31. The experimental results in in Fig. 6 and Fig. 7 show
that coupled stability is guaranteed during different interacted
scenarios, as indicated by the foregoing theoretical analysis.
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(c) Plucking

Fig. 6: Force curves of massage manipulation in lying scenario

VIII. C ONCLUSIONS ANDDISCUSSIONS

In this paper, the port-Hamiltonian modeling approach is
used to model the massage manipulation by compliant robotic
arm. Its use is substantiate three aspects: the impedance control
for compliant robotic arm in [1], [2] is reformulated from the
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(c) Plucking

Fig. 7: Force curves of massage manipulation in sitting scenario

energetic viewpoints, and coupled stability is reassured in the
port-Hamiltonian framework; it is possible to improve the in-
teracted behavior of impedance control with better knowledge
on the contact dynamics for massage manipulation; the control
schemes by portinterconnection, which have been intensively
studied in the literature, may be used for massage manipulation.
Then, pressing, kneading, and plucking are realized on the
human body by the 4-DOF anthropomorphic compliant robotic
arm in two scenarios to verify the coupled stability during
massage manipulation. The results show that coupled stability
is guaranteed during different interacted scenarios, as indicated
by the foregoing theoretical analysis.

In the future, we will use the contact dynamics to study
the massage performance of impedance control, to explore
the influence of the impedance variation, and to develop new
control schemes and new model so that more complicated
massage manipulation is realized,e.g., rolling on the human
body in which nonholonomic constraints must be considered,
and tapping on the human body in which we need to describe
impact dynamics.
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