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Feedback Nash Equilibrium for Randomly
Switching Differential-Algebraic Games

Aneel Tanwani

Abstract—As a subclass of stochastic differential games with
algebraic constraints, this article studies dynamic noncooper-
ative games where the dynamics are described by Markov
jump differential-algebraic equations (DAEs). Theoretical tools,
which require computing the extended generator and deriv-
ing Hamilton-Jacobi-Bellman (HJB) equation for Markov jump
DAEs, are developed. These fundamental results lead to pure
feedback optimal strategies to compute the Nash equilibrium in
noncooperative setting. In case of quadratic cost and linear dy-
namics, these strategies are obtained by solving coupled Riccati-
like differential equations. Under an appropriate stabilizability
assumption on system dynamics, these differential equations
reduce to coupled algebraic Riccati equations when the cost
functionals are considered over infinite-horizon. As a first case-
study, the application of our results is studied in the context of
an economic system where different suppliers aim to maximize
their profits subject to the market demands and fluctuations
in operating conditions. The second case-study refers to the
conventional problem of robust control for randomly switching
linear DAEs, which can be formulated as a two-player zero sum
game and is solved using the results developed in this paper.

Index Terms—Noncooperative games; differential-algebraic
dynamical systems; piecewise deterministic Markov processes;
infinitesimal generators; generalized HJB equation; coupled Ric-
cati equations; minimax robust control; Leontief input-output
models.

I. INTRODUCTION

Noncooperative dynamic games provide a framework for
interaction of several decision makers, or players, competing
against each other for maximizing or minimizing their respec-
tive objective functions. The reader may consult the books
[5], [15] to get an overview of the extensive work done in this
field, and its relevance to control theoretic problems. Different
from the conventional setup of dynamic games, many practical
applications require us to incorporate algebraic constraints on
the state trajectories and the action variables (control inputs).
For example, in electric power systems, multiple generators
are constrained by algebraic power flow constraints arising
from Kirchhoff’s circuit laws. Similarly, in economic sys-
tems, interdependencies between different industries or regions
within an economy are captured using algebraic Leontief
input-output models [22], [26]. These examples provide the
motivation to study dynamic noncooperative games where the
evolution of the states is described by differential-algebraic

A. Tanwani is affiliated with LAAS — CNRS, University of Toulouse,
31400 Toulouse, France. E-mail: aneel.tanwani@laas.fr. Q. Zhu is
affiliated with Department of Electrical Engineering, New York University,
New York, NY USA. E-mail: quanyan.zhu@nyu.edu. This work was
partially supported by the ANR project CONVAN with grant number ANR-
17-CE40-0019-01, in part by NSF grants ECCS-1847056, CNS- 1544782, and
SES-1541164, and ARO grant WO11NF1910041.

Quanyan Zhu

equations (DAEs), which comprise ordinary differential equa-
tions (ODEs) and algebraic equations. In addition, we allow
the differential and algebraic constraints to change randomly
with time, and this switching in system dynamics is governed
by a finite state Markov chain, giving rise to piecewise-
deterministic Markov DAEs. The switching can represent the
structural changes in the system dynamics and constraints for
several applications of interest, such as power systems [14].

This article investigates decentralized decision-making and
control for the aforementioned class of dynamical systems.
Each player designs an optimal controller to minimize its cost,
which is defined by taking the expected value of a continuous
functional over all sample paths resulting from randomness
in switching. In particular, we establish conditions for the
existence of Nash equilibrium using pure feedback strategies
for individual players, and provide algorithms for computing
the optimal strategies. It will be assumed that the players are
aware of the system dynamics, and for each sample path, the
knowledge of the switching signal is available for computing
the feedback strategy. Applications of our theoretical results
are proposed in the context of robust control of Markov
jump DAEs where the objective is to design a control input
which attenuates the effect of disturbance in the dynamics; and
secondly, we consider economic systems described by Leontief
input-output model where different suppliers aim to maximize
their profits subject to a given demand of goods.

Noncooperative games with continuous kernels have been
extensively studied when the formulation of the cost function
involves deterministic ordinary differential equations, see [4]
for an overview. The games where the parameters of the
differential equations may change according to some Markov
transition matrix appear in [3], [33], and an application
of frameworks in modern control systems can be seen in
[44]. However, games comprising differential equations with
equality constraints [11], [12], or with inequality constraints
[31], [32], have only attracted attention recently. The in-
terest in studying games with constraints is also visible in
some recent works on finite-stage games (without differential
equations), where the dynamic nature arises from the time-
varying information patterns available to the players [36], [37].
This paper addresses an N-player nonzero sum game in the
presence of differential-algebraic equations (DAEs), where the
transitions in the system parameters may occur according to
a Markov process. Thus, the main focus of this paper is to
solve multi-player game-theoretic problems using feedback
strategies, where the dynamical systems are described by
randomly switching DAE:s.



When studying stochastic games with jump linear systems
[3], [30], one needs several tools such as infinitesimal genera-
tor for the corresponding cost functionals, which for the ODE
case first appeared in [33]. On the other hand, for switched
DAEs, we have seen Lyapunov function based techniques
in [25]. Since Lyapunov functions have not been studied
for stochastic DAEs, we first provide a rigorous derivation
of the infinitesimal generator associated with a real-valued
functional. We then use this result in the context of dynamic
programming to derive the Hamilton-Jacobi-Bellman equation
associated with Markov jump DAEs under consideration.
These statements lay the foundation for us to compute the
optimal strategies of the individual players in the game setting.
In the general case, with nonlinear dynamics, these strategies
rely on solving coupled partial differential equations. For the
case of linear dynamics and quadratic cost functionals, these
strategies can be obtained by solving coupled generalized
Riccati differential equations. When studying the infinite-
horizon case, the solution of these differential equations are
shown to converge to a stationary solution under a stabilizabil-
ity condition on system dynamics; consequently, the optimal
strategies for infinite-horizon case can be computed by solving
generalized coupled algebraic Riccati equations.

As an application of our results, we design robust 7> con-
trollers for Markov jump DAEs subject to some disturbances
in the dynamics. This is done by studying the two-player
zero-sum game where the performance index is the expected
value of a quadratic function of the state, input, and the
disturbance. One can also interpret DAEs as the limiting case
of singularly perturbed systems where the fast dynamics are
replaced by an algebraic equation; some results on H “°-control
for nonlinear singularly perturbed systems can be found in
[13]. An overview of robust control problems for DAEs in
deterministic setting without switching can be found in [20],
[21], [27], [42], and this article generalizes those results when
the dynamics undergo switching driven by a Markov process.

Another application of our results lies in the study of
economic systems for a certain class of models which relate
the production of different industries in the national economy.
In the seminal work [22, Part I] carried out by W. Leontief,’
static and dynamic models are proposed which relate the pro-
duction of different industries with one another and the given
demand of goods determined by the market and consumers.
Switched DAEs provide one possible framework to unify the
static and dynamic models proposed by Leontief, and the
random changes in the system matrices allow us to capture
the structural changes in the economy which could result
from unknown factors such as climate change, varying natural
resources, or unpredictable changes in labor resources. In the
game setting, the problem of interest that can be addressed in
such models is the design of optimal strategies for the supply
functions of individual industries.

'In 1973, W. Leontief got the Nobel prize in economics for his work on
input-output tables which provide a quantitative relationship between different
economic sectors in the national economy.

A preliminary version of some of the results appearing
in this paper have been presented in the conference paper
[40]. While the paper [40] focused on linear dynamics, this
paper carries out a more general treatment with nonlinear
dynamics. We also provide detailed proofs of the theoretical
tools required to solve the problem, and relax some structural
assumptions on the system dynamics.

II. SYSTEM CLASS AND PROBLEM FORMULATION

The multi-player differential games considered in this paper
have two central elements: first is the cost functional which is
to be minimized by each player, and secondly, the controlled
dynamics and algebraic constraints subject to which each
functional is to be minimized. In this section, we provide a
short description of the stochastic DAEs which will be used
to describe the constraints in the differential games. Then, we
formulate the game problem and describe the cost functionals
and strategies for which we propose a solution.

A. System Class

For the problems studied in this paper, the dynamics of
the state are described by the following differential-algebraic
equation:

E,(z) = fo(t,x,u), x(0) = 29 € R", (D

where o is a continuous-time finite-state Markov chain defined
on the state space S := {1,2,---,S}, characterized by the
rate transition matrix A := {\;;} € RS>, for (i,j) € S x S.
The transition rates are such that

Xij =20, j#i
> Aij=0, Vies,

jes

(2a)
(2b)

where the later condition is true only if A\;; < 0, for each
i € S. Let (Q, F,P) denote the underlying probability space?,
then by definition, the stochastic process o satisfies

P[U(t+h)=j|cr(t) Z] = Aijh + o(h)
Plo(t+h) =i|o(t) =i] =1+ Aizh + o(h)

(3a)
(3b)

for h > 0 sufficiently small, and o(h) is independent of ¢
satisfying limy, o @ = 0. The sample paths of o are right-
continuous and piecewise constant; Its value at a given time
determines the following active subsystem modeled as a DAE:

Ei(z)z = fi(t,x,u), 1€S8 4)
between two consecutive jumps of ¢. The matrix E;(z) €
R™*™ may be singular, and hence DAEs provide a generaliza-
tion of ODEs with algebraic constraints involving states and
inputs embedded in the formulation of the dynamical equation.

2 All random variables in this article will be considered with respect to this
probability space.



B. Game Formulation

We are interested in a class of N — person continuous-time
dynamic games, or differential games, wherein the evolution
of the state is described by the differential equation

Eg(ﬂf)i‘:fg(t7l‘7ul7'-' auN)v x(o):Im @)

with o, as earlier, describing a Markov process on S. The
control action of player p is denoted by u,, € U, C R™7. The
input of each player p € N := {1,2,--- , N} is generated by
a strategy /i, so that®

up(t) = /J'p(t’ CE(t)v U(t)) (6)

where p, : R x R" x & — U, is measurable in ¢, locally
Lipschitz continuous in x, continuous in o, and satisfies the
causality condition. Thus, the class of strategies we consider
for each player are memoryless, and require full information
of the state at current time, and also the information about cur-
rently active mode through o (¢). Let 3, denote this admissible
class of strategies of player p.

The objective of the player p is to choose a strategy 1, that
minimizes the following finite-horizon performance index:

jp(ﬂla cee 7/1/N) = E[CP’T(J’.(T); U(T))]

T

FE| [ (sa9)m(s) e u(sgio)as] )
to

where we fix u,(s) = pp(s,z(s),o(s)). We stipulate that

the terminal cost ¢, 7, and the running cost c,, are jointly

continuous in its arguments for each p € {1,..., N}.

Definition 1 (Nash equilibrium [29]). An N-tuple of strategies
{1y |p € N} constitutes a feedback Nash equilibrium if, and
only if, the following inequalities hold for all 11, € ¥, p € N,

Ty = Tp(B1s s 1y fps Fpge1s - -+ M)
< Jp(pi, - S HN)-

The fundamental problem addressed in this paper relates to
finding the Nash equilibrium for the N-player game, where
a player p minimizes the functional 7, in (7) subject to the
stochastic dynamic constraints (5). To address this problem,
we study solutions of system (1), and use them to derive
the tools that allow us to compute the optimal strategies that
constitute the Nash equilibrium.

®)

* *
?,upfh ,U/p7/j/p+1, .

III. BASIC HYPOTHESIS AND SOLUTIONS

Within the literature on stochastic systems, the system
class (1) basically falls under the framework of piecewise-
deterministic Markov processes, introduced in [10]. The hold-
ing time between two jumps of ¢ is determined by a random
variable with exponential distribution, and in between these
jumps, the system evolves according to a deterministic DAE.
However, in the conventional setup of [10], only the evolution
due to deterministic ODEs is considered. In the sequel, we

31t is assumed that the sample paths of o are right-continuous, which
results in sample-paths of the state being right-continuous. Unless explicitly
mentioned, the value of input or state at a time instant denotes its right limit.

first describe the hypotheses on each subsystem which allow
us to construct the solution for a fixed mode, and then use it
to describe solutions for the stochastic process with Markov
jumps.

A. Nonlinear time-invariant DAEs

When focusing on the individual DAE (4) described by the
pair (E;, f;) with ¢ € S fixed, there are several technical
issues to be considered when talking about their solution, see
[19], [16], and [41]. Here, we focus our attention to the case
where each subsystem (E;, f;) describes an index-one* DAE.
This assumption allows us to define the algebraic constraints
explicitly as formalized below:

(A1) For each ¢ € &, it holds that the pair (F;, f;) de-
scribes a regular index-one DAE, that is, there exist
diffeomoerhlsms Si,T; : R™ — R”™ such that, with
2= (2} ,22 )T =T Y (x), 2} € R%, 22 € R™
and v; := rank(F;(z)) for each z € R", it holds that
for every (t, z;,u) € R x R" x R™,

s, (Eim(z))aT'(z)

i I 0
0= ©) o of*
Lt 2 22,0
9= (B3
9)
Moreover, the function f?(t,21,-,u) has the property

that 2 )
t,z;,27,u
rank [822] =n—v,

(2

Si(fi(t’ Ti(z>7

(10)

and there exists amap g; : Rx R x R™ — R" ™% so
that f2(t, 2}, 22,u) = 0 implies 27 = g;(¢, 2}, u).

It is thus seen that (A1) allows us to rewrite each subsystem
as a semi-explicit DAE with index-one, also called Hessenberg
form with index-one [19, Chapter 4]. The rank condition in
(10) allows us to invoke the implicit function theorem and
solve the equation f2(t, 2}, 22, u) = 0 for 22, and the resulting

map (¢, 2},u) — 22 is denoted by g;. Because of this structure

resulting from (A1), we can introduce the consistency manifold
for each pair (E;, f;), denoted by €;. To do so, we let T'; :=

T{l, so that
<> _(Ty@
%) \Ti(x)
and the system in z-coordinates satisfies the following equa-
tions
I 0] [z fit, 2}, 22 )
0 0f \z2 f2(t 2, 22 u))
As a result, we define the consistency set as
72 (BT0(@), T (2),u) = 0}

We say that v € dom(€(¢,-)) whenever €(¢,u) is not an
empty set. As a consequence of index-one assumption imposed

(1)

Ci(t,u) == {z eR"”

“4For nonlinear DAEs, there are different notions of index that appear in the
literature. In this paper, we refer to the “differentiation-index” only and refer
the reader to [19] for further details.



on the system structure, one can essentially solve the algebraic
constraint and get an ODE in the variable z}. More precisely,
if a subsystem i € S is active on an interval [t,t1), with
x(to) € €;(to,u(to)), then the state-trajectories evolve in a
manner such that z(t) € €;(¢,u(t)), for each ¢ € [to,11).

When the initial condition z(t;) is not consistent with
€(tg, u(tg)), there is a jump in the value of the state such
that z(td) € €(t5,u(ty)). Thus, we introduce a mapping
II; which maps possibly inconsistent initial conditions to the
consistency manifold of the active subsystem:

T, (2)

To guarantee existence of solutions for a fixed subsystem
starting with a consistent initial condition, we introduce the
following assumption:

(A2) For each ¢ € &, the mapping ¢g; is continuous and
9i(t, -, u) is continuously differentiable for each (¢, u) €
R x R™. Also, for each admissible feedback control
input of the form (6) such that, for each initial condition

Z} € R¥:, the solution to the ODE
z

il :fil(t’zilvgi(tazilvu)au)’ Zil(tO):Ez1

is a uniquely defined absolutely continuous function over
[to, t1), for every t1 > to, and has no finite escape times.

With assumptions (A1) and (A2), the system (4) is solvable for
each sample path of 0. The following proposition describes the
solutions of the system when the switching signal is described
by a random process.

Proposition 1. Consider system (1) in which o is a Markov
process, and for each i € S, assumptions (A1) and (A2) hold.
For each z(0) = xo € R", the process (z(t),o(t))i>0 is a
Markov process. Along each sample path of this process, if
tj, j € N denotes the time instants at which o changes its
value, then x is a piecewise absolutely continuous function
that satisfies, for each j € N,

By ((t)2(t) = fo(t,2(t),u(t)), t € (t;,tj41), (13a)
z(tj) = Wy, (L), (2 ), ulty)) € Coty) (L), ulty)). (13b)

In other words, along a sample path of the stochastic
process (1), o only changes its value at time instants ¢;, j € N
which are determined randomly by the underlying probability
distribution. The state trajectory x evolves as a piecewise
absolutely continuous function so that z(t) € €q(s,)(t, u(t)),
for t € [tj,t;41), and is obtained by integrating the equa-
tion (13a). Then at ¢ = t;11, when o changes its value,
so that o(tj4+1) # o(t;), there is a possible jump in x
trajectory and z(tj+1) = Uy, ) (Giv1, o(t ), ultj1)) €
Cot;40) (i1, u(tjr1)). Again, the evolution of x over the
interval [t;;1,t¢;42) is described by integrating (13a) and
z(t) € Cou,,(t,u(t)), for t € [tjp1,t542); the process
continues like that.

B. The linear regular case

Let us apply the foregoing discussion to the linear systems.
In this case, the system dynamics are described as:

E,i = A,z + Bou, (14)

where ¢ is a continuous-time finite-state Markov process over
the finite set S, and F;, A; € R™*", and B; € R™*™ for each
1 € S. For such linear systems, the assumptions (A1) and (A2)
hold if the matrix pair (E;, A;) is regular and index-one. The
pair (E;, A;) is regular, if there exists A € C such that the
complex matrix AE; — A; is nonsingular.

Proposition 2. Assume that the pair (E;, A;) describes a
regular DAE, for each i € S. Then there exist invertible
matrices S;,T; such that

1, v 0
SiET; = [ v ] ; (15a)
0 No—vix(n-v)
Jo. v 0
S ATy = [ vixv } ) (15b)
0 I(n—w)x(n—ui)

where J,,x,, € RV"*" is a matrix in block Jordan form and
Nn—vi)x(n-v;) is a nilpotent matrix; the smallest k € N,
Jor which N{;:,—vi)x(n—ui) =0, is called the index of the pair
(Ei, A;). In particular, if the pair (E;, A;) has index-one, then
N(n—v;)x (n—v;) 18 a zero matrix. The mapping 11;(t, z,u) is
defined by

x = IL(¢ x,u) = 11 e + I jpu

Lxu, 0], 0
where T1; g = T; [ o o] T i =T, {BJ , and

B, denotes the last n — v; rows of the matrix S; B;.

(16)

The matrices S;,7; in Proposition 2 transform the sys-
tem (14) in the so-called quasi-Weierstrall form [6], [43]. In
the context of switched DAEs with deterministic transitions,
the transformations introduced in Proposition 2 have been
used for stability analysis [25], and solving observability
related problems [39]. In the remainder of the paper, (A1) and
(A2) will be considered as standing assumptions so that the
solutions of system (1) are well-defined, either in open-loop
or closed-loop.

IV. GENERATOR AND STABILITY CONDITIONS

Using the fundamental development on existence of so-
lutions from previous section, we now develop two further
results for stochastic DAEs (1). The first one concerns com-
putation of infinitesimal generator for the class of DAEs (1)
with stochastic Lyapunov function. This result is used in
deriving an analogue of Hamilton-Jacobi-Bellman equation
for an optimization problem with constraints described by a
Markov jump DAE.

A. Infinitesimal Generator

In the context of this paper, the notion of infinitesimal
generator generalizes the notion of differential operator when
the system dynamics are described by a stochastic process.



Definition 2 (Infinitesimal Generator). The infinitesimal gen-
erator of the joint process (x(t), o(t)), . , is the linear operator

t>0
V — LV, defined as

) . 1 .
(t,2,0) = LV (t, 2,1) = 1’:&1 7 (—V(t, 2,1)
FE[V(E+ha(t+h), ot +h)) | 2(t) = 2, 0(t) = 1']2
a7)
for all maps V' : RxR" xS — R such that the limit is defined
everywhere.

We are interested in computing the infinitesimal generator
for the systems described by

E,(z)t = fo(t,z,u)

where o is a Markov jump process with right-continuous
sample paths taking values in S := {1,2,---,S5}. The
transition rate matrix is A = {);;}, with (i,j) € § x S,
Aij € R0, and Ay = — 3, Aij. The main result of this
section provides an expression for the infinitesimal generator
of the process described by (18). For piecewise deterministic
Markov processes with ODEs and a renewal jump process,
one can find the computation of generator in [9]. These tools
can be tailored to study the stability of randomly switching
ODEs [7]. Here, we generalize this operator based approach
to compute the infinitesimal generator explicitly for randomly
switching DAE:s.

(18)

Proposition 3. The joint process (O’, x) described by (1) and

(3) is a Markov process under (A1) and (A2). Moreover, for

a function V : RxR"™ x & — Rx( continuously differentiable

in first two arguments, if

(A3) For each i € S, there exists a function F; : R x R™ x
R™ — R such that

<8ZV(t,z,i),w> = Fi(t,z, B (2)w), VYweRY

Then, for each z € €;(t,u),

£V(ta Z,Z) = Fl(t7 2, fl(t7 Z,U)) + )\“V(t, Z7Z)+

Z )\ijV(t, Hj(t, zZ, u),]) + 8tV(t, zZ, Z) (19)

J#i
Before giving the proof of Proposition 3, we compute the
expression in (19) for the case of autonomous linear systems
and V' of quadratic form. As an application of this result, we
provide conditions for mean-square stability of linear systems.

B. Stability of Markov Switched Linear DAEs

Consider an autonomous linear switched DAE

E,i = A,z, z(0)=xq, (20)

where o is again considered to be a Markov processes over a
finite set. If each pair (F;, A;) is regular and index-one, then
using Proposition 2, it is seen that IT;(¢, ) = II; ez and the
consistency space €; (independent of ¢ and w) is given by

¢, =im Hi,aut = {Hi,autx | x € Rn}

We say that (20) is asymptotically mean-square stable, if

E {|a¢(t)\2 ’ x(0),0(0)| converges to the origin asymptotically

as t — oo. To derive stability conditions, we introduce the

following assumptions on the dynamics of individual modes:

(S1) For each pair (E;, 4;), i € S, there exists a symmetric
positive definite matrix P; such that®

Al PE; + E] P,A; < aE] PE;, on¢;

for some o € R.
(S2) There exists 5 > 0 such that for each 7,j € S, j # 1,

E] PJE; <BE/ PE;, on¢;.

Proposition 4. Consider the autonomous switched system (20)
driven by Markov process o over the finite set {1,--- , S} with
transition rates {)\ij}(i’ esxs, and suppose that each matrix
pair (E;, A;) is regular and index-one. Assume, in addition,
that statements (S1), (S2) hold, and

a+X\i(1-58)<0, Vies, (21)

then system (20) is mean-square stable.

The proof of this result relies on computing LV (¢, z,¢) for
(19) with some appropriate V, and then employing Dynkin’s
formula® to get a bound on E[V(z(t),o’(t)) ‘x(O), 0(0)} by
integration.

Proof. For each i € S, we consider the time-invariant V' :
R" x S — R, to be V(z,i) = (E;2)" Pi(E;z),then this
function satisfies (A3) by choosing

Fi(t, z, EZW) = (EZZ)TPl(Elw) =+ (Elw)TPlEzz

When the individual modes are described by linear time-
invariant dynamics, f;(t,z) = A;x, i € S, then I1; 3, = 0, and
IT;(x) = II; aux. Moreover, it is observed that E;IT; o = E;.
The expression (19) thus takes the form

LV (z,i) =z (A] P.E; + E] P;A;)z
J#i
for each z € €;. Using (S1) and (S2), we thus get

£V<Z,Z) < a+)\ii+ﬁz)\ij V(Z,i), z € C;.
J#i
Due to the property of the rate-transition matrix, \; =
- Z#i Aij < 0, so that

ﬁV(Z, 7,) < (Oé + /\ii(l - ﬂ))V(Z, i), z e €.

SWe say that a matrix Q > 0 on &;, if for each z € €;, ' Qz > 0.
Similarly, @ > 0 on €; if a:TQ:c > 0 for each € ¢;, x # 0. Finally, we
say that A< Bon ¢; if B—A>0on¢;.

®Dynkin’s formula, see for example [28], states that E[V (z(t))] =

E[V (z(0))] —HE[fOt cV(x(s))ds}



Using condition (21), choose ¢ > 0 such that (o 4+ A;;(1
B)) < —e. It then follows from Dynkin’s formula that

E[V(@(t), o)) |2(0),0(0)] < exp (~t)V ((0), 0(0))
and hence the desired result follows. O]

C. Proof of Proposition 3

The basic idea of the proof of the result is to use the

property of Markovian switching to write down the expression
for the joint process (o,z) up to first order terms. The
resulting expressions are then substituted in the definition of
infinitesimal generator (17), along with Assumption (A3), to
get (19).
Proof of Proposition 3. Based on the definition of LV (¢, z, )
given in (17), the primary step in the proof is to compute
E[V(t+h,z(t+h),o(t+h)) |z(t) = z,0(t) =i] for h >0
arbitrarily small. Toward this end, we compute the conditional
probability distribution of (2(t+h),o(t+h)) for small h > 0
given (z(t), o(t)) using the definition of Markovian switching
given in (3). For h > 0 small, it is seen that

E[V(t+h,z(t+h),o t+h)]a z(t)]
=E[V(t+h,z(t+h),o h)(n{gt+h) o(t)}
+ Lo (t-+h)£o(t) )|l” ,o(t)]
:E[V(t+hx(t+h + h))|z(t) =o(t+h) =i
(1+)\n‘h+0(h))+
S ONGREV (t+ h,a(t+ h), ot + b)) |2(t), o(t) = i,
i#]
o(t+h) = j] +o(h), (23)

where 1(,(44n)=s(t)} is the indicator for the event when o
does not change its value on the interval [¢,¢ + h], while
Lis(t4+n)#o(t)}y 18 the indicator for the event when o changes
its value over the interval [t,¢ + h]. For the case when
o(t +h) = o(t) = i, there is no change in the dynamics
on the interval [¢,t + h[, and hence

Ei(x(t))x(t + h) = E;(2(t))z(t) + hfi(t, z(),
We thus obtain

u) + o(h).

V(t+h,z(t+h),o(t+h) =V(t,x(t),ot)+
h(0.V (t,x(t),o(t)),z(t)) + hO,V(t,x(t),o(t)) + o(h).
Using Assumption (A3), we get
V(t+h,z(t+h),o(t+h) =V(t,x(t),ot)+
hE;(t, z(t), fi(t, z,u)) + ROV (t, z(t),0(t)) + o(h)
leading to the estimate
E[V(t+ h,x(t+ h),o(t + h))|z(t),o(t)
(14 Xish +o(h))
=V(t,z(t),o(t)) + X\i;hV(t,z(t),o(t))+
hE;(t,x(t), fi(t,x(t),u)) + hd V (¢, z(t),

=o(t+h)=1i

a(t)) +o(h).
(24

Concerning the second term on the right-hand side of (23),
we let t;; €]t,t + h[ denote the time at which ¢ changes its
value from ¢ to j. We can then write

— 1)@ (t) + o(h).

Because of the jump at switching time t;;

x(ty;) = x(t) + (tij

() =T (ti, o (t;;), u)

=11, (tij, x(t) + (tij — )2(t) + o(h), u)
- Hj( ijs %, ) + (tij - t)aZHj (tija 2, u)x(t) + O(h)a

where we substituted x(t) = z € €;(¢, u) in the last equation,
and we recall that II; is differentiable in second argument due
to (A2). Next, we observe that

w(t +h) = z(tf) + (t+ b — ti;)i(ti;) + o(h)
= 10 (tij, 2, u) + (ti; — 1) 0115 (835, 2, u)2(t)
+ (t +h— tij)i’(tij) + O(h)
We now recall that given o(t) = ¢, the probability that there
are no jumps of ¢ in the interval [t, ] is e*(!=1)_ Also, given
o(t) = i, the probability density that the first jump of o after
time ¢ is from mode i to j occurs at £ is A;;e* ("%, Taking
the expectation with respect to the values of ¢ and the holding
times in the modes before and after the switch results in

[V(t—i—hxt—i—h) (t+h)|z(t),o(t) =i,0(t+h) = j]
= V(1 (t, 2(t), u), j) + hoV (2, ()J)+
h<8Vtzy (t — t)D.11(t, z,u)i(t)e “(t—t>dt>+

h <8ZV(t, Z,j), )\ij (% — t)i‘(tij)eA“(t_t)dt> + O(h)

t

Using the properties of the decaying exponential function, we
thus get

E[V(t+h,z(t+h),o(t+h))|z(t),ot) =i,0(t+h) = j]

=V(t,10;(z(t)),7) + O(h). (25)
Substituting (24) and (25) in (23) results in
E[V(t+h,a(t+h),o(t+h))|o(t),z(t)]
=V(t,z(t),o(t)) + AihV (L, z(t),o(t))
+ h‘F’L(t) Q?(t), fz(ty 2, U)) + hatv(t7 I(t), U(t))
+h > NGV (Tt 2(t),u), §) + o(h).
i#j
We can now invoke the definition of £V given in (17), from
where the desired expression (19) follows. O

D. Dynamic Programming

The next tool that we need is an analogue of the Hamilton-
Jacobi-Bellman equation for Markov jump DAE:s. This is done
by using the result of Proposition 3 to address the single player



optimal control problem in Markov jump DAEs. For a given
initial condition, let us consider the cost functional defined by

T
J(u)=E U (s, 2(s), u(s), o(s)) ds + cT(a:(T),a(T))}
t
' (26)
where the expectation is taken over all possible sample paths
of o conditioned upon x(0) and o(0). We consider the optimal
control problem

inf J(u)

(27)
subject to E, ()t = fo(t,x,u),

x(0) = .
As is well-known, there are two common techniques for
addressing such optimization problems. We can get candidates
for open-loop optimal control which satisfy the necessary
conditions provided by Pontryagin’s Maximum principle. But
since we are interested in optimal feedback policies in our
game formulation, here we use the dynamic programming
approach which provides sufficient conditions for optimal
feedback control law. While in the general case, this approach
leads to coupled partial differential equations, we will show
that for linear dynamics with quadratic cost, the problem of
finding optimal control boils down to solving coupled Riccati
differential equations. Before going further, we remark that dy-
namic programming has been extensively used in the literature
for solving optimal control problems for stochastic systems.
The following result is in particular a generalization of the
optimality conditions developed for Markov jump processes
with ODEs [1], [33], [34], where unlike ODEs, the state
jumps between consistency spaces of the constituent DAE
subsystems.

To implement the dynamic programming approach, we
introduce the value function V : R x R™ x § — R defined via
conditional expectation as

V(t 2i) = inf EMT o(s, 2(), u(s), o(s)) ds

Ult,T)

+er(z(T),o(T)) |z(t) = 2z,0(t) =i (28)

satisfying the boundary condition
V(Ta 2, U) = CT(Z7 U)'

Intuitively speaking, V' (¢, z,4) is the cost-to-go from time ¢
with z(t) = z, o(t) = i, as it provides the minimum value of
the cost functional in (26) over the interval [¢, T].

Proposition 5. Consider the optimal control problem (27)
under the assumptions (A1) and (A2). If, for each i € S, the
optimal cost-to-go function V (-,-,1) is continuously differen-
tiable in its arguments, and satisfies (A3), then it satisfies the
following partial differential equation:
-0V (t,z,1) = inf
t ( “ Z) quo}'rrllQ‘i(t,-)
AV 2+ Y )\ijV(t,Hj(tz,u),j)], (29)
J#i,J€S

[c (t, z,u,8)+F;(t, z, fi(t, z,u))

for every z € &(t,u), with the boundary condition

V(T,z,i) = cr(z,14).

Remark 1. As a result of Proposition 5, the optimal control
problem for randomly switching DAEs is solved by comput-
ing, for each i € S, V(-,-,i) that satisfies (29) with the
terminal condition V(T,z,i) = cp(z,i); and the optimal
control (at each time instant) is obtained by minimizing the so-
called Hamiltonian on the right-hand side of (29). In contrast
to the standard HJB equation that appears in the optimal
control problems associated with nonlinear control systems
[24], there is a coupling in (29) between the value functions
associated with individual subsystems. One also has to be
careful about the fact that the equation (29) is only required
to hold for z € &;(t,u). Also, when solving for V (-, -, %), the
minimization problem on the right-hand side of (29) contains
the terms V' (¢,11,(¢, z,u),j), 7 # ¢ which depend on w. In
Example 1 below, it is shown that this dependence on u can
be ruled out in certain cases.

Before giving the proof of this result, we present some
examples to see how (29) can be solved.

Example 1. Consider the nonlinear system in R? with two
subsystems described as,

{ = b + b

S, )i fi(w1,22) + g1(71, 22)u 30)
0= To — I‘lhl(l’l) —Uu
0= 1 — oha(zs) —

pog.] 0= @ —azha(as) —u 31)
Ty = fo(w1,22) + g2(w1, T2)u

The jump maps are thus given by

2= (21,22) " > T (2, u) = <x1h1(§11) +u>

and for the second subsystem

v = (21, 22) T > T, u) = <$2h2($2) + “> .

T2
The cost function that we consider is

c(z,u,1) =22 +u?, and c(z,u,2) = 22 +u?

with terminal cost given by

cr(z, 1) = a12?, and cp(x,2) = ayxl

for a1,a9 > 0.
Let V(t,z,1) := a1z, and V(t,2,2) := agx3. With this
choice of value functions, for ¢ with o(t) = 1, we choose

w*(t,x) = arg min
u€R

+ 2a17191 (%1, T2)u — A1as(z1hy (z1) + u)z} ,

[Sﬂ% +u? 4 2a121 f1 (71, 22) + A1a127

so that

pr(t, x) = biizrha(z1) — biaz1g1 (1, 22)



where b11 = )\11(12/(1 — )\uag) and b12 = al/(l — )\11@2).
Therefore, (29) takes the form

0= (1+)\11a1)x%—&—Zalxlfl+(b%2—2a1bf2—x\llagbfz)x%g%

and using the fact that F;1I; . = E;, we have

V(t,Hj(t,z,u),]) TH]Taut

E] PiEjIl; auz = 2 E] PjE;z.

For z € €;(t,u), we have that z = II; yuz + IL;jnu, so

+(b%; —A11a2(14b11))aThT +b11(2(a1 —b12) +A11a2b12) w7 h1 g1 that V(t,11;(t, z,u),j) also depends on u. As a result, the

where we have suppressed the arguments of the functions
f1,91, hy for simplifying the expression. The foregoing equa-
tion holds if
fi(z1,22) = cnizn + 012$19%(5U17$2) + 613$1h%($1)
+ craz1hi(21)g1 (71, 72)

with appropriately chosen constants cy;, ¢ = 1,2, 3, 4.
Similarly, for ¢ when o(t) = 2, we compute

/.L* (t, .13) = arg min |:3;‘§ + u? + 2a2x2f2 (l‘1, 3;‘2) + /\22&21‘%
u€R

+ 2a2w2g2(71, T2)u — Aagay (waho(z2) + u)ﬂ ,
so that, with by; = )\22@1/(1 — )\22@1) and byy := ag/(l —
Ao2a)

p(t,x) = bararxaho(x2) — baowaga(wy, 2).

Equation (29) then takes the form

0= (1+)\22a2)$§+2a2$2f2+(b§2—2a2b§2—)\22a1b§2)$§g§
+ (b3 —A22a2 (14b21)?) 23 h3+bo1 (2(az—baz )+ A22a1baz )23 hage

and is satisfied if

fa(@1,22) = ez + coowag3 (w1, T2) + Coswahi(x2)
+ coaaha(22)ga (71, T2)
with appropriately chosen constants cg;, ¢ = 1,2, 3, 4.
As the next example, we study linear dynamics and
quadratic cost functionals. In such cases, it is seen that the
partial differential equation in (29) leads to a Riccati-like

differential equation. In the context of ODEs, such equations
can be found in [8], [35].

Example 2. Let us consider the cost functional

T
/ x(s)TQU(S)m(s) + u(s)TRJ(S)u(s) ds

to

Jwu)=E

+ CL‘(T)TMU(T)JJ(T)

subject to the dynamics E,t = A,z + B,u, where o is a
Markov process over the finite set S as introduced in Sec-
tion II. Let us take V (¢, z,i) = (E;2) T Pi(t)(E;z), for some
nonnegative definite matrix valued function P;(-). Following
the same calculations as in the linear autonomous case, we let

Fi(t, z, Eiw) = (ElZ)TPI(t) (Ezw) + (Eiw)TPi(t)Eiz.

Choosing the matrices S;,T; as in Proposition 2, it is seen

that 0
—Bi,2] =0 (32)

ElIL i = Sflsz‘EiTi {

minimization problem in (29) can be solved by computing
inf [c (¢, z,u34) + F(t, 2, Aiz + Byu) + Z AijV(t,2,7)]
“ jes
=inf[u' Riu+ 2" (E; P;A; + A] P,E; + N\ E] P,E;)z
+2 B/ PBu+u" Bl PEiz+2"(Q; + Y _ N\, E] PE))z]
J#i
We will provide conditions to obtain P;(¢) such that (29) holds
for z € €; , for the optimal choice of u. We write z = 2; qu +
Ziin» Where 2; que = Il que2, and 250 := II; jau, so that 2; au

does not depend on the input, and z;;, depends on the input
directly. For each i € S, let us introduce the matrix O;,

j#i
The right-hand side of (29) is obtained by taking the infimum
of the following Hamiltonian over all ©v € R™:

2 (B PiA; + Al PiE; + M E] PE; + 0;)2; au
+ 2z i(AiHi,in + B) i dmO I1; m]
u' (R + 11,01 50)

7,1n

zaut[ 7

where we used the fact that II; ,,; being a projector has the
property that IT; aut2; aut = %;,aur. It is thus seen that the optimal
input is

Wit 2) = —R;1 (EJP ()E, +10,,0,11, am)
where R; :== R; + II; lnO IL; ;n is positive definite, and we let

Ei = B; + A;11; iy Using the notation,
Gi(P;, B;) := B Pi(t)E; + 11, OilL;

7,1n

and plugging the expression for p* in (29), we obtain

E P,E; + B PAL o + 11
Oill; au — G (P, Bi)R

AiT PE; + \yE] P,E;
7 1Gi(Pi, B;) =0, (33)

z aul

which must be solved backward in time for P; with boundary
condition E; P,(T)E; = M, for each i € S.

Remark 2. The term G;(P;, B;) captures the difference ob-
served in the Riccati differential equation because of the
dependence of the algebraic constraints on the input. In
particular, if the algebraic constraints do not depend on the
input, then IL;;, = 0, which results in R, = R; and
Gi(P;,B;) = B P,(t)E;. This case was studied in our
conference paper [40].

Remark 3. Unlike linear ODEs, it is not true for DAEs that
the same quadratic function satisfying the Hamilton-Jacobi-
Bellman equation satisfies also the Euler-Lagrange equations



[18]. Therefore, it is also possible to choose another structure
for the value function and work out different equations for
computing the feedback control. As an alternate choice for
the value function, one may choose

V(t, z,i) = (E;z)  Pi(t)z
where P(t) is such that P;(t)"E; = E; P;(t) > 0.
This completes the examples, and we now prove Proposi-
tion 5 and derive (29) in the process.

Proof of Proposition 5. According to the principle of optimal-
ity, it can be shown that V' in (28) satisfies the relation

V(t,z,i) = inf E {/tt—‘_h c(s,z(s),u(s),o(s)) ds}

Ut t+h)
FE[V(t+ha(t+h), ol + 1) ‘ a(t) = 2,0(t) = ]
(34)

for every z € €;(t,u(t)) and arbitrarily small h > 0. Using
the definition of infinitesimal generator, we have

E[V(t+h,a(t+h),o(t+h))|z(t) =z0(t) =i] =
V(t,z,i) + hLV (t,z,i) + o(h), (35)
and similarly, we can obtain
t+h
E[/t (s, 2(5), u(s), o(s)) ds ‘ 2(t) = z,0(t) = z}
= he(t,z,u(t),i) + o(h). (36)

Plugging the values from (35) and (36) in (34) yields

inf
U[t,t4-h]

V(t,z,0) = {V(t,z,i) + etz ult), i)

FRLV(t, 2,0) + o(h)}.
Cancelling out V' on both sides, we get

inf ][hc(t z,u(t),1) + hLV (L, 2 z)—|—o(h)}

Ult,t+h

0=

Divide the last expression by h, and let A go to zero, then the
term o(h)/h vanishes. Plugging the expression for LV (¢, z, %)
from (19) results in

0 = inf [c (t,z,u,i) + F;(t, 2, fi(t, z,u)) + A\i;V(E, 2,0)+
Z )\ijv(t, Hj(u, Z)a ]) + atv(ta Z, Z):| ’
J#i
or equivalently, for every z € &;(t, u),
— 0V (t, z,i) = inf [c (t, z,u,1) + Fi(t, z, fi(t, z,u))+
J#i
which is the desired equality. (]

V. OPTIMAL STRATEGIES FOR NONCOOPERATIVE GAME

We now use the theoretical results from previous section to
address the game problem formulated in Section II.

A. General Case

The general case concerns an N-player dynamic nonco-
operative game, where the objective of player p € N =
{1,...,N} is to find a strategy p, to minimize the cost 7,
given in (7), that is,

lilf jp(/’[/h AR 7/’(‘]\7)7 (378-)

subject to
E,& = fo’(t7xvﬂlv s

where we recall that ¢ is a Markov process over the finite
set S and pp : R x R" x & — U, belongs to the class of
memoryless pure feedback strategies. To state the main result
on existence of Nash equilibrium and the optimal strategies,
we introduce the notation

s N (37b)

i zyup) i= fit, 2, Yooyl g5 Ups [y s - -5 JAN)
(t zyup) = TL(t, 2, 1] s gy 15 Uy fy 15+ -+ 5 )
ip(tup) = &b, pT, oo iy Upy fp gy - N)
p(t,z,up,z) = Cp(t 2, sy 15 Upsy Hop 1 -+ -5 KN 5 1)

Theorem 1. Consider the N-player noncooperative stochastic

differential game where the objective of each player is de-

scribed by (37a) subject to (37b). Assume that, for each player

pEN,

o There exist continuously differentiable functions V,(-,-, 1),
and F; ,, 1 € S, which satisfy (A3) and the coupled partial
differential equations

_ PT = ul;)nelll;{lp {Fi)p(t, z, fi’p(t, Z,up)) + cp(ty 2, up, i)
+ XiVip(t, 2,9) Z)\”V tH tzup) )}

J#i
(38)

for every z € @;k,p(t, Up), with the boundary condition

Vp(T, 2,%) = cpr(2,0(T)).

o Foraplayerp € N, given a triplet (t, z,1), let p(t, 2,1) :=
uy, with uy, being the minimizer of the optimization problem
min

up, €U, Fivp(t7zaf;:p(taz7ul))) +E;(ta Zvupai)

N Vo(t, 2,0) + ) N Vo115, (E 2,1p), )
i
p(t7 up)7
and assume that the functions p,, : R X R" x § — U, are
such that the pair (E;, fi(u3,--- ,uy)) satisfies (A1) and
(A2) for each i € S.
Then, the memoryless pure-feedback strategies
{pst,z,0(t))|pe{l,...,N}}  constiute —a  Nash
equilibrium and the minimum cost for each player is
Vi (to, 2o, o (to))-

Proof. For each player p € {1,..., N}, the minimum cost-
to-go function from an initial state z at an initial time ¢ is

subject to  z € €



described by the corresponding value function V,, : R x R™ x
S — R given by

Vp(t,z,4) := inf E[/tTE;(s,x(s),up(s),a(s))ds

Upre, T
+ epr(2(T), o (T)) ’z(t) —zo(t)=i

where x is the solution of the system E,i = f; (t,2,up)
over the interval [¢t, T]. The function V), satisfies the boundary
condition

Vo(T,2(T),0(T)) = cpr(a(T).0(T)).  (40)

According to Proposition 5, this function satisfies the equation
(38) and the strategy j1,, which makes J, (1}, ..., ftps - -+, )
equal to its minimal value is given by f,. The existence of
solutions is guaranteed due to Proposition 1. According to
Definition 1, such strategies constitute the Nash equilibrium
and the corresponding optimal cost for each player p is
V;;(to,l'o,d(to)). 0

From implementation viewpoint, the major obstacle in the
application of Theorem 1 lies in solving the coupled partial
differential equations in (38), as the computation of optimal
strategy directly follows from knowing V.. In certain cases, we
can formulate (38) as finite dimensional ordinary differential
equations or even as static algebraic equations, as we discuss
such cases in the sequel.

B. Linear Quadratic Dynamic Game

We consider the particular case of the games with quadratic
cost functions for each player and linear dynamics with
Markovian switching in the matrices describing the con-
straints. In this case, the coupled partial differential equations
from Theorem 1 lead to coupled Riccati differential equations
and the optimal feedback strategies are described by linear
time-varying functions of the state.

The differential game (37) is now described by taking the
cost functional of player p € {1,..., N} as,

To(ptt, - pn) = E[2(T) T Myiry o (T)

T
IE [ [ 06T Qutp5) + 5) Ro gl ds}
to
41

where (); , is symmetric positive semidefinite, R; ;, is symmet-
ric positive definite for each ¢ € S, and fix u,, to be of form (6).
For the sake of simplicity, we have taken the cost functional
for player p in (41) to be independent of other players. The
dynamical system which describes the evolution of the state
is given by

N
Eyi = A,z + Y Bypup,
p=1

where E;, A; € R™*™ and B;, € R"*™», 4 ¢ S. To work
out a specific case of Theorem 1 for the aforementioned case,

(42)

we introduce the following notation in the spirit of Example 2.
Foreachi € S,p e N, let O;p := Qip+>, 2 \ij Ej P p Ej;

0
let Hi,p = T‘z |:Bi7p
rows of the matrix B; ;. Next, we let B; ,, := (Aiﬂi,p +Bi,p)7
R;p = (Rip + 101,05 ,11; ), and finally, let

], where B; , denotes the last (n — v;)

Gi(Pip, Biyg) == Bl P, (1) E; + 11} 0 ()L qur. (43)

Corollary 1. Consider the N-player quadratic game where
the objective of each player is described by (37a), (41), subject
to (42). For each i € S, assume that the pair (E;, A;)
is regular with index one and that there exist symmetric
nonnegative definite matrix-valued P; ,(-), p € {1,...,N},
which satisfy the condition”

] ,0; 11 g =0, Vp,q € N,p # g, (44)

and solve the coupled Riccati differential equations
EP,,E; + E/ P,y ATl i + 1] A P, E; + N B} P, E;
+11;

z,autOLPHiyﬂm - G;(Pi,p’ Biyp)éi_,;}Gi(Pi-,pv Bi,p)

N
— Y. G/ (Pip Big)R; ;Gi(Pig, Biy)
q=1,q#p
N ~
= Y. G/ (Pig,Big)R; Gi(P;p, Bi,)
q=1,q#p
+ Y Gl (Pig, Bi ) o Ry JT1] 05 ,Gi(Pi g, Big) =0,
qa#p

(45)
with the boundary condition
E] P, ,(T)E; = M. (46)
Then, the memoryless feedback optimal strategies
Hp(tw) = =R Goo(Po p(t), Bonyp)z (47

constitute the Nash equilibrium, and the optimal value for
player p is given by ac(—)'—E;r(O)Pa(o)ypEg(o):vo.

Proof. The proof relies on considering the value function for
player p € {1,...,N} to be V,(t,z,0) := 2" E] P, ,(t)E,x
and showing that the conditions of Theorem 1 hold. It is seen
from the calculations carried out in Example 2 that,® with
P; , satisfying (45) and (46), equation (38) indeed holds for
eachi € S, p € {1,...,N}. We just need to check that the
closed-loop system satisfies (A1) and (A2) under the feedback
policies (47). Indeed, this is seen from the fact that if the
pair (E;, A;) is regular and index-one, then the pair (E;, A; —
K, E;), for any matrix K; € R™*", is also regular and index-
one. To see that, let S;, T; be the matrices as in Proposition 2,

7In our conference paper [40], instead of (44), the feedback strategies were
computed under the stronger condition that II; , = 0 for each ¢ € S, and
each player p € N.

80ne difference compared to Example 2 is that we write z € R™ as z =
II; quez + z;vzl II;,pup and condition (44) eliminates the products between
up and ug which arise due to algebraic constraints.



-1 . f(i,u f(i,m A o._ 7| I 0
and k.:t .SiKiSi = [f(i,m a } Choose T; :=T; [le I},
then it is seen that

md aia _geryiy— (1L 0 Ji—f?i,n 0
(SiE/T;, Si(A; K,El)ﬂ)—({o 0][ 0 ID

For each mode i € S, the optimal policy i, indeed results in
the closed-loop system of the form E,i = A,z — K, E,,
where K; = 25:1 Bi,pRZ; (B, Pip(t)+11] ,0; ,T;S;), and
hence (A1) and (A2) hold. O

Compared to the Riccati differential equation derived in the
single player case in Example 2, we now see more complicated
expressions in (45), which involve products of the matrices
P;, and P;, that describe the value function for players
p and ¢, respectively. This adds the difficulty in solving
such equations numerically and even establishing existence of
solutions.

Remark 4. The feedback strategies given in (47) have a
particular structure in the sense that u(t) can be seen as
a matrix multiplying E,)x(t) and in the proof of Corol-
lary 1, we saw that the resulting closed-loop system is of
the form E,z = (A, — K,E,)r and that this particular
feedback preserves the index of the system. Moreover, if we
let (2},22) := T, 'z to be the new coordinates for the closed-
loop system in mode i € S, then we see that Z] remains
unchanged when the system switches to mode ¢ but we have
z2 = 0. In other words, 2} does not jump, but Z2 may jump.

Remark 5. Corollary 1 only provides one possible set of
feedback strategies and it is subject to the solution of (45).
But it is not necessarily the unique solution to the linear
quadratic game under consideration. As stated in Remark 3,
a different choice of the value function for each player would
result in a different set of Riccati-like differential equations,
and also different feedback strategies. It is instructive to recall
that this nonuniqueness feature also arises in the simplest case
of nonswitching deterministic ODEs [4, Remark 6.16].

VI. INFINITE HORIZON LINEAR QUADRATIC GAME

An important class of problems within the framework of lin-
ear quadratic dynamic games deals with cost functionals over
infinite horizon. In generalizing the finite-horizon approach to
deal with such cases, one has to make sure that the solutions
of the coupled Riccati equations converge to constant matrices
asymptotically in time. This issue is addressed in the sequel by
studying the feasibility of time-invariant stationary problems.

The differential game (37) is now described by taking, for
each pe {1,...,N},

To(pi1y - - -y i) = E{/OOO 2(5) " Qo) p(s)

-
+up(s) Ros)pup(s)ds| (48)
where it is assumed that (); ,, is symmetric positive semidefi-
nite, and R; , is symmetric positive definite for every ¢ € S.
The dynamical system under consideration is given by (42).
The terminal state is taken out of the cost function since x

must converge to zero asymptotically for the integral to be
finite.

A. Stabilizability of Markov Jump Linear DAEs

For the cost over infinite horizon to be finite, we need to
make sure that there is at least one input (in the class of
admissible feedbacks) which can steer the state to the origin.
This question is equally formulated by asking whether the
system under consideration (42) is stabilizable. We refer the
reader to a survey [16] for different notions of controllability
for nonswitching DAEs. Here, we are interested in studying
stabilizability for randomly switching DAE, and toward that
end, we rewrite (42) with single player

E,t = A,x + Byu. 49)

We say that a collection of triplets {(E;, A;, B;) }ics, is mean-
square stabilizable over {Q;};cs if, for each ¢ € S, there
exists L; such that the consistency space of (E;, A;— B;L; E;)
is € o = Q;, and there exist positive definite matrices
{P;}ies solving

Al PE;+E] P A;+\iE (P,— P,B;L; — L] B P))E;+
S NGE]PE; < ~Qi on €, (50)
JFALIES
for every matrix @); which is positive definite on €; ;.

Proposition 6. If the set of triplets {(E;, A;, B;)}ies is
mean-square stabilizable over some finite family of subspaces
{Q;}ics, then there exists a feedback law which renders
system (49) mean-square asymptotically stable.

In the definition of stabilizability, it is required that L;
should not depend on the choice of (Q;, whereas P; may
change as a function of @);. In contrast to the result of
Proposition 4, the condition in (50) allows us to compute sta-
bilizing gains which render the closed-loop system stable for
given values of transition rates associated with the Markovian
switching.

Proof of Proposition 6. Let L; and P;, i € S, be such that
(50) holds, and choose © = —L,E,z in (49), so that the
closed-loop system is

E,t = (A, — ByL,E;)z. (51)

We show that (51) is mean-square asymptotically stable, while
using (50), by working with the stochastic Lyapunov function

V(z,i) = (Biz) " Py(Esx).
The infinitesimal generator for this Lyapunov function was
computed in (22), that is,
LV (z,i) =2 ((A;—B;L;E;)" B,E;+E; P;(A;—B;L;E;))x

+ Ni(Biz) ' Pi(Eix) + > Nij(Ejx) T Pi(Ejx). (52)
J#i



Let II; orn be a matrix with orthonormal columns which span
C; aut- From condition (50), it then follows that’

_)\min (H;ljorthQiHi,orth)
)\max(EiTPiEi)

Amin(HzonhQiHi,onh) .
)\max(EiTPiEi) ’

LV (z,i) < —z' Qiz < V(x,i).

Let € := minses
mula

E[V(z(t),0(t)) | (0) = zg,0(0) = i] < e 'V (xo,7).

then, by Dynkin’s for-

From the definition of V/, it follows that E {|ac(t)|2 ’ Zo, 0’(0)&
converges to the origin asymptotically.

B. Solution of the Infinite-Horizon Game

We can now use the aforementioned property of stabiliz-
ability to provide a solution to the N-player game where
the player p minimizes the cost function (48) subject to the
dynamics given in (42). Thus, compared to the finite-horizon
case, we seek value functions Vj, with terminal condition
limr_ oo E[V,(2(T),0(T))] = 0, for each p € N. The
following result generalizes the single-player ODE based result
[17, Theorem 5] to the multi-player case where dynamics are
given by DAEs. To state the result, we use the same notation
as in Corollary 1 with one slight modification: Instead of time-
varying (G;, we use its time-stationary counter part

Gi(P;p,Biyg) = Ei—,rq?i,pEi + quéi,pni,aulv

where 6i7p =Qip+ Z#i /\ijEjTﬁj,pEj. The corresponding
stationary version of the Riccati equation is written as

E P p Aill o + 11 A Py B + N B Py, E;

— T — ~ =
+ 10} i Oi pliawe — G; (Pip, Bip)R; ) Gi(Pi , Bi p)
N
T — ~ i
- Z G; (Pi,poiyq)Ri,qui(Pi,qvBi,q)
q=1,q#p
N

T — ~ i
- Z G, (Pi,cpBi,q)Ri,qui(Pi,p,Bi,q)

q=1,9#p
+3°G/ (P Big) Wi By 1], 0:,Gi(Pig, Biy) = 0.

'q
q#p
(53)

To state the result, we need the following notation
— ~ T —
A;p=A; = B R; )G, (Pig, Biy),

q#p
where Ei,p = (Ri,p + Hzpii,pni,p)-

Theorem 2. Consider the N-player quadratic game where the
objective of each player is described by (37a), (48), subject to
(42). For each i € S, assume that

o the pair (E;, A;) is regular with index one,

9We use the fact that, for each z € Ciaue © R, there is a unique z € R¥7,
v; = dim(&; 4u) such that z = II; orinz, 2 = Hzorthx, and |z| = |z|. This
leads to x| Q;z > Amin(l'[iTthiH;’”h)|m|2, while we already have the

bound V(l‘,l) < Amax(ElTplEl)‘xP

e there exist symmetric positive definite matrix-valued EZ?P’
p € {1,..., N} which solve (53), and (44) holds with O; ;,
o for each player p, the triplets {(E;, A; , Bip)}ies is sta-
bilizable over {Q; p}ics, and for each i € S, the matrix
Qi.p in (48) is positive definite on the subspace Q; p.
Then, the static feedback optimal strategies
* D— rall D
pp(t, z) = _Rg(lt),pGa(t)(Pi,pvBi,p)x
constitute the Nash equilibrium, and the optimal value for
player p is given by x4 E ] Py (0) pEo(0) 0.

(54)

Proof. We recall that the matrix R; , is positive definite, and
Q;,p 1s positive definite on Q; , foreachi € S, p € N. Under
the stabilizability assumption, there exist matrices L, , such
that, for the closed-loop system

A, B, B, + E] B4,
TP > T pT B
+XiBy (Pip — PipBipLip — Ly, B, Pip) Eit

> NGE] PipEj < =Qip— Ll RipLi,

J#i
holds on Q; ,, for some positive definite matrix E,p, i e S.
The foregoing equation was obtained from (50) by replacing
Q; p on the right-hand side by the matrix Q; , + LZpRi,pLi}p,
which is positive definite on €; 5. To show that the strategies
(54) constitute a Nash equilibrium, let us now analyze the cost
of player p with (a not necessarily optimal) input u,(t) =
—Ly4)px(t), while the other players adopt the strategy (54).
In this case, by letting V,(z,i) = (E;2) " P ,(E;2), we get

* * *
jp(lu’la e Hu‘p—laupmup-‘,-la e

A I(s)T <QU(S)7P + LI(S)WRU(S),],LU(S)J,) I(S) d;|

S HN)

=E

<E <V (2(0), 0(0))

/Oo —LV,(x(s),0(s)) ds
0

where, in the last inequality, we used Dynkin’s formula and
the fact that E[|x(t)|2} converges to zero with the chosen
control input as ¢ goes to infinity. Thus, the cost 7, for
each player p € N, is bounded by V,,(2(0),c(0)) obtained
from (not necessarily optimal) input wu,(t) = — L) pz(t).
Also, in case of finite-horizon problems over the interval
[to, T, it is seen from (41) that the optimal cost Jy is a
monotonically nondecreasing function of the terminal time 7.
Thus, the solutions of the Riccati differential equations (45)
given by P; ,,(-) are bounded and monotonically nondecreasing
functions of time. As 7' goes to infinity, each of the matrices
P; »(t) converges to a constant matrix P; , that satisfies (53),
which is obtained from (45) by setting P, to 0. O

VII. CASE STUDY I: INPUT-OUTPUT MODELS IN
EcoNoMiIcs
The dynamic input-output (IO) analysis plays an important
role in understanding the interdependencies among industries
of an economy. In particular, the Leontief model has been used



for development of economic growth plans, social policies,
and the life cycle assessment in environmental sciences [22].
In the description of these models, the state z € R™ is the
vector of the output levels with each component z, € R
denoting the total output of industry p, and y(t) is final
demand vector. Another essential element in the model is
the matrix H, € R"*", called the Leontief input-output
function: the (p,q) entry of the matrix H, represents the
amount of commodity p used by per unit of production of
industry q. We denote by E, the possibly singular capital
matrix function. Both H, and E, are constant matrices for a
given o as the market and technology usually do not change
quickly over a period of time. The process o denotes the
disruptive changes in the economy that can be caused by
different types of events including natural disasters, technology
upgrade, and government policies. The framework of DAEs
without switching has been widely used for Leontief models.
To accommodate sudden changes being modeled by o, we
assume that these events occur in a stochastic manner that can
be modeled by a Markov chain, which results in

w(t) = Hya(t) + y(t) + Eya(t).

The demand vector y(t) is specified over a period of time
from ¢y to T. Demand can be increased and reduced by each
industry to make profit. Consider that y(¢) can be represented
by y(t) = >o0_1 bp(yp(t) — up(t)), where b, € R™ is an
n—dimensional vector with its p-th element being 1, but 0
otherwise. The variable u,(t) € R is the amount of resource
spent by p-th industry to meet the corresponding demand,
and it is of interest to minimize this effort. In addition, each
industry aims to regulate its output x, to a desired level Z,
without adjusting the demand too significantly. This fact can be
captured by an n—person game problem with each individual
p solving the following optimal control problem:

(55)

T
J,=E [/ (2p(8) = Tp)® + To(s) ptin(s) ds| , (56)
to

where 75(;), is the weighting factor that tradeoffs between
the control and the deviation of the output from the desired
trajectory. This problem falls into the framework addressed
in Section 5. The Leontief model can be rewritten in the
following form for computational convenience:

Eyi=Asz+he+ > bpuy,
p=1
H;, and hb(t) = AT —

(57)

where z = 2z — 7, A; = I —
22:1 byyp(t).

Finding control inputs as a solution to the n-person game
problem described above is an extension to the linear-quadratic
case in Section 5. We let the value function to take the
following generalized form:

Vi(t, 2,1) = (Eiz) " Pip(t)(Eiz) + (Eiz) " vip(t) + wip(t)

where P; ,(t) € R™*™ is positive definite, v; ,(t) € R", and
w; p(t) € R. Working with the notation B; ,, := b, + A,IL; ,

as before, and applying the result of Theorem 1, the optimal
strategy is given by

up(t) = _E;,;) GU(Pa,p(t)aEmp)(x = 7) + Wop(t)

where W () := B/l vip(t) + D ji Nij AL E] v;,(t), and
P; ,(t) is obtained by solving the backward Riccati differential
equation (45) with boundary condition P; ,(T") = 0, and Q; p,
a diagonal matrix with 1 only in p-th row. The vector-valued

function v; ,(-) is obtained by solving the differential equation

EiTi]i,p(t)

+ Z )"ijEjTUJ p

jES

= ETP ( )h ( )+Hz autATvim(t)
ZGT > Bisa) F;

—220T (Pps Big) Ry g Wi g(t)

g=1

+2) G (Pig. B

q#p
_ZGT zq>

with terminal condition v; ;(T') = 0. For computing the value
function, we need to solve for w; ,(t), which is given by

Z

ROMIT _
1,9 Hi,qu,pHi,qRi,q Wuq( )

1BT Vip(t)

)Ri_,ql HiT-,q O@PHLqRi_,ql Wi,q (t)

iaig | DA E vp(t)

i
Z)\”ww Y+h v p(t 1§qui,p(t)

+ ZWJ

q#p
n
- Z WZT R;
qg=1

with terminal condition w; ;(T") = 0.

w; (¢

Mg | D NisE vj(t)

J#i

VIII. CASE STUDY II: ROBUST CONTROL OF MARKOV
Jump DAES

We now address an application of our tools in controller
synthesis for Markov jump DAEs subject to disturbances in
the dynamics. For linear time-invariant plants, 7 °°-controllers
address the issue of worst-case design subject to unknown
additive disturbances and uncertainties in plants.'® While the
problem was originally studied in the context of frequency
domain, several research works from the mid 80’s have shown
that a time-domain characterization of these controllers uses
generalized Riccati differential equations which are closely
related to the ones found in linear quadratic dynamic games.
This naturally draws connections between H°°-control design
problems and the game-theoretic approaches [2]. In particular,
‘H>°-optimal control problem is reformulated as minimax

10The notation H> denotes Hardy space of complex-valued functions of
a complex variable, which are analytic and bounded in the open right-half
complex plane. For a continuous-time, linear time-invariant system, the #°°-
norm of the transfer function matrix G is defined as sup,,cg tmax(G(jw)),
where pmax denotes the largest singular value.



opitmization problem in time-domain, and hence they form
a particular class of a two-player zero-sum game where the
controller can be viewed as the minimizing player and the
disturbance as the maximizing player.

For Markovian jump systems with ODEs, this problem was
studied in [30]. In this section, we adopt this viewpoint to
design H° controllers which cater for the worst-case effect of
the disturbance. In particular, we consider Markov jump DAEs
with the control input u and the disturbance w, described by

E,i = A,z + Byu+ Dyw, 2(0) = xo. (58)

We will impose the following assumption on the system
dynamics for this section, which basically says the algebraic
constraints do not depend on the input u, or the disturbance
w. In other words, for each 7 € S, we have

T; {0} =0, and T; [O] =0. (59)

B; D;

The zero-sum game between the control input u and the

disturbance w is set up by taking the quadratic performance
index, parameterized by v > 0:

T
F(0) = B[ [ () Qugoya(6) + u(s) gyl

to

— ~2w(s) Tw(s)ds — 72xJMU(O)xo , (60)
where ;, M; are symmetric positive semidefinite and R;
is symmetric positive definite for each ¢ € S. The first
player chooses the strategy p so that the input u = u(t, )
minimizes the cost function and the second player chooses the
strategy v to define the function w and the initial condition
To to maximize the cost function. It is assumed that there
exist nonempty function spaces U C L%([tp, T];R™) and
V C L%([to, T);R™) x R™ such that for each u € U and
(w,zp) € V, the solution of system (58) is uniquely defined.
The upper value of this game is

V = inf sup J,(p,v).

61
BEU ey oD

It is noted that for each u, one can take xg = 0 and w = 0
and hence, sup, ¢y J, (i, ) > 0; consequently, V' > 0 for
every v > 0. The case V = 0 is the only case of interest as
the value of the game will be infinite if V' > 0. If 7* is the
smallest value of v for which the game admits a finite value
(V = 0), then this value characterizes the £? gain from the
disturbance to the state, that is,

i} (s T (p,v)/?
= inf sup
7T 0 ([wlP + 2 Mygyzo) 2
where T (u,v) = [fto 5) Qo(sy(s) +

u(s) "Ry (syu(s )ds] We now have the following result

which relates the value of v for which V = 0 (with zg = 0)
to the Riccati differential equations associated with the game.

Theorem 3. Consider the two player zero-sum game with
quadratic performance index (60) subject to the dynamic
constraints (58) under the condition (59). For each i € S,
assume that the pair (F;, A;) is regular with index one and
that there exist symmetric nonnegative definite matrix-valued
P;(+), which solve the coupled Riccati differential equations

E!P,E; + E] P AT, o + 0] A] PE; + \iE; P.E;

Ty aut
1

—-E'P (BiRi_lBiT - 2D,;DZ) P,E;
¥

+ Y NG W B PrEG L g+ T Qi i = 0 (62)
JFi

on €; gy, with boundary condition P;(T) = 0 for some v > 0,
and furthermore

v2M; — E] Pi(to)E; > 0.

Then the game has a finite value, that is, V = 0, and the
corresponding minimax strategy which attains this upper value
is ,u*(t,x) Rg(f)B ()P (t)Eg(t)x.

This result can be proved using the arguments similar
to Corollary 1. For the minimizing player, we choose the
value function V(t,z,0) = ' E] P,(t)E,z, and for the
maximizing player, the value function is —V(¢,z,0), where
P(-) satisfies the equation (62). The case of inifinite-horizon
can be treated similarly as in Section VI by setting P, to 0,
for each ¢ € S, and solving the resulting algebraic Riccati
equation.

A. Numerical Solvability

Let us now briefly discuss the issue of solving the coupled
Riccati equation (62). For the sake of simplicity, consider the
stationary case over infinite horizon, so that P is set equal
to zero. We know that for each ¢ € S, there exist invertible
matrices .S;, T; such that

E; =S 'ET7, and A; = S; VAT
where

= I xy, O -~ gy, 0
Ei = Vi Xy 5 and Ai = Vi Xy :| .
[ 0 0} { 0 Tn—v)x(n—w)

In the following, we also use the notation El = 5;B;, ﬁl =

S;D;, and
j — |:JV1L><V1 0 :|
0 O(Tlfl/i)X(nfl/i)
Plugging these values of E; and A; in (62), multiplying from

left by T," and from right by and T}, and using the notation
P, =5 TP S;t, we get (with P = 0)
E]P,J;+J PE~E]P, (B R'B] -

+\iE] PE+E!T Z/\ijEJTPjEj +Q; | TiE; =0
[



The advantage of this last matrix equation is that it separates
out the coupled Riccati algebraic equations in two parts.
Because of the special structure of E;, one can use the existing
solvers for Riccati algebraic equation to compute P;, ¢ € S.
Based on the algorithm proposed in [23], it turns out that if
we use a line search method for +, and an iterative procedure
to handle the coupling, then this algorithm is seen to converge
to a solution under the usual hypotheses. This technique was
used to study the following academic example.

Example 3. Consider a Markov switched DAE (58) with
two subsystems. For the first subsystem, the quadruple
(E17A17Bl,D1) is given by

1007 [-1 20
v = (338 [ 58])
(B1, D) = ([1 00]",[01 o]T).
It can easily be checked that for this system Iy (z) = Iy pu,
and €1 = € 4y = im Iy 4. In particular,
100
Hl,aut:[gég}v 61:{m€R3|$3:0}.

For the second subsystem, the quadruple (Es, Ay, B, Do) is
given by:

and once again, we have IIy(z) = IIy yyx, and €5 = Co 4y =
im Ig 4y, where

H2,aut = |:

==}

Efﬂ ¢, = {z € R3]z, = 0}.

We consider continuous-time Markov process over S = {1, 2},
and choose the parameters of the rate-transition matrix to be

A1 =—LAa =10 =2, 91 = 2.

Using the numerical methods described in this section, and
choosing (); to be identity on ¢;, we find the solutions of
Riccati equations, corresponding to, v = 7.53, which results
in

-~ —3.60 —2.67 0 -~ 3.86 —1.830
P, = | -267 1755 0 ,I9 = |—-183 9.71 0.
0 0o 1 0 0 1

Hence, the £2 gain from the disturbance to state is v* < 7.53.

IX. CONCLUSION

In this article, we have considered multi-player stochas-
tic differential games with algebraic constraints embedded
in the dynamics. Theoretical tools related to computation
of the infinitesimal generators, and derivation of Hamilton-
Jacobi-Bellman equation have been developed for Markov
jump DAEs. In the game setting, these tools have provided
ways to compute Nash equilibrium by solving coupled partial
differential equations. In the particular case of linear quadratic
dynamic games, the problem of computing Nash equilibrium
is reformulated as a solution to coupled Riccati differential
equations, which under appropriate stabilizability assumption,

reduce to generalized algebraic Riccati equations for infinite-
horizon games. From application viewpoint, we have com-
puted minimax robust control for Markov jump DAEs with
disturbances in dynamics. As an immediate aftermath of the
results developed in this paper, we are interested in addressing
the cases where the cost-functionals include a risk sensitivity
factor. One can also generalize the scope of the results of this
paper to consider systems where the matrices F; are not nec-
essarily square. Several physical systems, such as multibody
dynamics in mechanics, are modeled as semi-explicit DAEs in
Hessenberg form of index 2 or higher, and it is of interest to
generalize the results to cover such cases. Further applications,
especially the ones in the context of Leontief input-output
systems, are being considered to understand interdependencies
and resiliency of critical infrastructures. Another interesting
application arises in the context of power systems, as the DAEs
are particularly suitable for modeling such systems [14]. It
remains to be seen whether the particular structure of these
systems bring computational tractability in implementing the
solutions proposed in this paper.
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