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Abstract

This paper deals with the stability analysis of a mass-spring system subject
to friction using Lyapunov-based arguments. As the described system presents
a stick-slip phenomenon, the mass may then periodically stick to the ground.
The objective consists in developing numerically tractable conditions ensuring
the global asymptotic stability of the unique equilibrium point. The approach
proposed merges two intermediate results: The first one relies on the charac-
terization of an attractor around the origin, in which converge the closed-loop
trajectories. The second result assesses the regional asymptotic stability of the
equilibrium point by estimating its basin of attraction. The main result relies
on conditions allowing to ensure that the attractor issued from the first result
is included in the basin of attraction of the origin computed form the second
result. An illustrative example draws the interest of the approach.
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1. Introduction

Friction appears in many mechanical systems such as drill-strings [T}, 2], car
steering [3] or also machine positioning [4, [5]. This is a nonlinear force which
is responsible of many undesirable effects such as stick-slip or hunting [4]. The
first challenge was then to propose a model which was generic enough to be
easily adapted to a new situation and able to reproduce these phenomena.

Many models were investigated in the last century of different complexities
with a relatively good correlation with empirical data. The first model was
proposed by Guillaume Amontons and Charles Augustin de Coulomb [6] during
the eighteenth century. Then, it was studied more precisely by Stribeck [7] who
experimentally observed a decrease of the friction force at low velocity. Then
many models arose trying to fit with the experiments conducted by Stribeck
such as the Dahl model [§], the LuGre model [9] or Leuven friction model [10].
The survey [4] and the paper [II] draw comparisons on several models from
simulation and experimental points of view.

Before designing controllers (see [B [12] [13]) which were able to reduce the
undesirable effects, it was needed to provide analysis tools to quantify the am-
plitudes of the induced oscillations [I4]. This challenge gave rise to many tech-
niques quantifying the nonlinear behavior introduced by the nonlinear term. For
an empirical analysis, one can refer to [I5]. An approximation based method
like the describing method is studied in [2, [16]. An investigation of the analyti-
cal solution is conducted in [I7] and Lyapunov methods are used in [I8]. Few of
the previous cited works are providing an exact stability test which is reliable
with a low computational burden, and, to the best of our knowledge, there does
not exist any regional (local) stability analysis.

This paper deals with the stability analysis of a mass-spring system subject
to friction by taking into account that the described system presents a stick-
slip phenomenon, meaning that the mass is periodically stick to the ground.
This paper focuses on deriving numerically tractable conditions ensuring the

global asymptotic stability of the origin. The approach proposed to attain
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this objective follows an alternative route to that one developed in [12], [19].
Indeed, the idea is to combine two intermediate results, the first one relying
on a global convergence property to an attractor around the equilibrium point,
whereas the second one focuses on the estimation of the basin of attraction of
the equilibrium point. Hence, the first result concerns the characterization of
an attractor around the equilibrium point, in which converge the closed-loop
trajectories, using Lyapunov-based arguments. The second result studies the
regional asymptotic stability of the equilibrium point and proposes an estimation
of the basin of attraction of the equilibrium point. The main result expands the
two sets of previous conditions in order to ensure that the attractor issued from
the first result is included in the basin of attraction of the origin computed from
the second result. Moreover, we provide conditions related to the system physics
to characterize the case when the conditions for global asymptotic stability of
the origin are feasible. An illustrative example shows the key strengths and the
drawbacks of the proposed technique.

The paper is organized as follows. Section [2]is devoted to the description of
the physical setup and the problem statement. In Section[3] the characterization
of the attractor around the origin is presented. In Section [4] an inner-estimate
of the basin of attraction of the origin is derived. The main result dealing with
the global asymptotic stability of the origin is given in Section Section [0]
illustrates the effectiveness of the proposed approach. Finally, Section [7] ends
the paper emphasizing possible perspectives.

Notation. R"*™ stands for the set of all n x m real matrices. P € S" or
equivalently P > 0 denotes a symmetric positive-definite matrix of R™*™. For
any matrices A and B, we define the operation He(4) = A+ AT. The notation
I,, denotes the n by n identity matrix. We define the operation col(u,v) =
{uT vT} ! for any column vectors v and v. The Euclidean norm of a column-

vector u € R™ is [Ju| = VuTu.



2. Model description and problem formulation

o0 2.1. Physical setup
The setup consists in studying the position and the velocity of a mobile of
mass m, connected to a spring with an end moving forward at a constant speed

A = Urey, parallel to the direction of movement. This is described in Figure

y .
Rn Az

= FYVYYVRES

| | :

Arlqr/i(
z

TA

Figure 1: Physical setup: mass with a spring. The forces applied on the mass are in color and

the point A has the speed vy..j.

The forces applied to the mass are the following ones:

6 1. the weight W= mg where ¢ is the gravitational acceleration;
2. the normal force Ry = —mg,
3. the elastic force Fr = k (x4 — z);

4. and the friction force F.

In this work, the simplest friction model is considered. It was introduced

70 firstly by Karnopp [20] and has shown a good correlation with the experimental

data. It was then investigated more deeply in [15], and its final mathematical
formulation is as follows:

@(t)

Pla0) = B (o + (s = pc)e |
— B (t) + koi(t) "

where Ry = mg, vs is a positive constant, pug and e positive constants such

that ug — pe > 0, and the Sign function is defined as:

sign(f) = \%I if 6 #0,
[—1,1] if 6 =0,

Sign(#) = (2)
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for & € R. Note that the Sign is defined as a set-valued function as in [5], 12]
and can be seen as the convex envelop of the classical sign function.
The previous expression for the friction force can be split into three impor-

tant contributions:

@2 ()

1. the Coulomb force: pc (1 —e 43 ) RySign(i(t));

@2 ()

2. the static friction force: puse ¥ RySign(#(t));

3. and the viscous friction: k,&(t).

The Coulomb force is the friction force acting at relatively high speed while the
static friction occurs for low velocity. The viscous friction is a linear term which
is related mostly to the friction with the air. A chart of this function is proposed
in Figure [2] to observe the Stribeck curve, that is the non-monotonicity of the

function F' for positive speed.
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Figure 2: Chart of the friction force (in solid blue) and static and Coulomb forces (in dashed
red) in our problem. Note that the friction force is not a monotonous function of the speed,

inducing the famous stick-slip effect.

We study here the evolution of & and more particularly, its asymptotic be-
havior. Assuming z4(0) = 0 and applying the second law of motion leads to

the following dynamical equation for ¢t > 0:

8
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(w(t) — Ureft) )
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where vy € R. To ease the reading, the previous system is not written using a

differential inclusion, which is induced by the set-valued mapping sign function

as defined in .

2.2. Problem Statement

We introduce the following state variables: v = & and 2(t) = x(t) — Vyest
such as reads for ¢t > 0 as:
()| | = (Fu(v(t) + kov(t) + kz(t)) @
(1) 0(t) = vres |

with v(0) = v, 2(0) = zp.

Remark 1. Using a similar reasoning than in [12, [21, [19], one can conclude

that there exists a unique solution to system .

We are now looking for the equilibrium points (veo, 20o) of . Assuming
k- vper # 0, there is a unique equilibrium point and we easily get:

Voo = Uref,
F(Uref) 7Fnl(vref) + kvvref

k k

Defining the error variable as follows:

Zoo —

€1 UV — Uref

€2 Z — Zoo

and ¢, ,(€1) = Fui(e1 + vref) — Fui(vres), the error dynamic is described by

the dynamical system:
E(t) = Ae(t) + B, (£1(1)) (5)

with £1(0) = vg — Vpef, €2(0) = 20 — Zoo,

ky, _ Kk _ 1
A= m m and B= m
1 0 0

From practical experiments, one can observe that due to the presence of the

nonlinearity ¢, (1), it can be impossible to guarantee the global asymptotic
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convergence of the trajectories to the origin and some limit cycle around the
origin can exist [I5, 22]. Then, for the class of systems as described by , it

is of interest to characterize a region A of the state space, containing the

Vref
origin and the possible limit cycle, which is assured to be a global attractor of

system . Then the first problem we intend to address is the following.

Problem 1. Characterize an outer-estimation of the global attractor A, ., of
system ,

For some cases, one can observe that the trajectories of system converge
to the origin. Then, it appears possible to estimate the region of initial condi-
tions for which the asymptotic stability of the origin will be obtained. In this
sense, the second problem we are interested in, relies on regional asymptotic
stability of the origin. Note that since ¢, is continuous around ¢,,,,(0) = 0,
there might exist a basin of attraction around the origin. But in order to be
able to estimate it we need to study what happens for the linearized version of
system , and therefore what happens with the derivative of ¢ with respect
to 1 denoted g—i [23]. Then the second problem we intend to address is the

following.

Problem 2. Characterize an inner-estimation of the basin of attraction of the

origin, denoted D,, ., for system .

Unlike Problem[T} to address this problem, we need to find conditions depending
on Upef.

Finally, the main problem we want to solve is to provide conditions in or-
der to ensure that the origin will be a globally asymptotically stable equilib-
rium point. To do this, the approach will consist in combining the solutions
to Problems |1} and Hence, if we are able to provide conditions such that
A cD
globally asymptotically stable. Thus the main problem we intend to address is

then there does not exist a limit cycle and the origin will be

Vref Vref?

the following.

Problem 3. Derive conditions for the outer-estimation of the attractor to be



included in the inner-estimation of the basin of attraction of the origin, that is,

AUT.ef c Dvref-

3. Global Attractor Characterization

In order to address Problem [I} one first proposes a way to encapsulate the
w nonlinearity ¢, .. Since Fj,; is an odd function and F? is lower and upper
bounded almost everywhere by FZ& = pZm?g? and F2 = puim?g? respectively

as shown in Figure [3] the function F,,; can be encapsulated into two relays.

8

6r F

Force value [N]

(t) [m.sY]

Figure 3: Encapsulation of F),;.

Consequently, the following lemma can be proposed.
Lemma 1. For any €1 € R the following inequalities hold:

Fnl(51 +'U1“ef)2 S ng
—2(e1 + Vrep) Fri(e1 +vrep) < 0.

us  In the case €1 # —vrey, we also have:
Fg’ S Fnl(gl + vref)2-
By using Lemmall} the following theorem proposes a solution to Problem

Theorem 1. If there exist Py € Si and Ty, T1,T2,T3,Ta, T5 > 0 such that the

following matrix inequalities hold:

He (DT PyF) — 1oIly — 71111 — 7115 — 73115 < 0, (6)
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He (D" PyF) — mollp — 7511y — 74114 < 0, (7)

where
D=4 B ~Fuw.)B |, F=|n 0 0,
Fo = pomy, Fs = psmyg,
7T1={1 OOO}, 7732[00 1 0},
Ty = {O 0 0 1} ,
Iy = 7r;1r7r4 — FTPgF, II, = 71'3T7r3 — F§7TI7T4,
II, = F(2/~7r17r4 — 73 T3, II3 = — He ((7r1 + vref7r4)T7r3) ,

Iy = (7T1 + Urefﬂ—él)—r(ﬂ-l + rUrefTr4)7
then trajectories of system globally converge to the set

Ay, (P))={c€eR? | " Pie < 1}.

Vref

Hence, the set A, ,(P,) is a solution to Problem .
Proof : The proof of this theorem is based on the following Lyapunov function:
Vo(e) = ETPQE-
with P, = Pg—r > 0. Its time-derivative along the trajectories of leads to:
Vy(e) =¢] (DTP,F + FTP,D)¢&,,

where £, = col (&, Fri(e1 + Vpes), 1).

Inspired by [24], one wants to verify that there exists a class I function
a such that V() < —a(V,(¢)), for all  such that e Pye > 1 (i.e. for any
z € R\ A, (P,)), and for all nonlinearities F,; satisfying Lemma The

existence of such a function « is discussed in two different cases.

o First case: €1 # —Vrey.
Using the augmented vector £, and the definition of the 7;’s, the conditions
of Lemma [ read:
&g (m3 m3 — Fim{ma)€y <0,
&g (Fémfmy —mgm3)ég <0,

—&§g He ((”1 + Urefml)TWB) £ <0.
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Then, by using the compact notation II;’s, inspired by the S-variable ap-

proach, define the following function:

L =Vy(e) = 0(1 — e Pye) — &) &y — 1) Taly — €] Ms€,  (8)

for positive scalar 7;, ¢ € {0, 1,2, 3}.
Thus, a sufficient condition to ensure that £ in is negative-definite for

€1 # —Urey is the existence of 19, 71,72, 73 > 0 such that @ is verified.

Second case: €1 = —Vyef.

Using Lemma |1f this time leads to:

&, (w3 w3 — Fam| my)&y <0,
5;(7T1 + vref7T4)T(7r1 + UrefM)fg <0,
—&y He ((771 + 'Uref774)T7T3) &g <0.

Let us define L for €1 = —vy¢f as
L =Vy(e) —1o(1 — " Pye) — 75¢, &y — 74€,) Ty (9)

for the same 7( as defined previously and positive scalars 74, 75.
L in @ is negative-definite on the set €1 = —v,..y if there exist 7, 74,75 >

0 such that is verified.

Consequently, if @ and (@ are verified simultaneously then there exists

s« > 0 such that £ < —ae'e. By definition one gets V,(g) —70(1 —¢' Pye) < L

180

and since V() < V,(¢) —7o(1 —¢' Pye) on A

for any © € R*\ A, (P,). That ends the proof. O

(P,), it follows V,(¢) < —ac'e

Vref

Remark 2. Relations @-@ are quasi-LMIs since there is a nonlinearity due
to the product between the scalar 79 and the matriz Py. Note that a necessary

condition to get @— 1s that

ATPy+ PyA+19P, < 0.

10
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As explored in [22)], it means that A must be Hurwitz and the following inequality
must hold:

0 < TP =2 max (IR(p)D)-

1 an eigenvalue of A

The previous remark emphasizes an efficient way to solve @—. A solution
is to use a line-search for several given fixed values of 7o € [0, 75"%*] and, in this
case, @— turn into LMIs.

To get an outer-estimate close to the real attractor, one can solve various

optimization problems. For the minimization of the maximal axis, a solution is:

min -n
(10)
subject to @ and @[) hold with P, = nls.
Remark 3. Note that the analysis conducted here differs from the one in [22]
where the sign function was not set-valued and the analysis was then not taking
into account the behavior when €1 = —v,cy. Nevertheless, the lemmas derived
in [22] still hold and for instance, one can show that the LMIs @ and are

feasible as long as k,k, > 0. That means that there always exists an attractor

(eventually very large) for system .

4. Regional Asymptotic Stability Analysis

Contrary to the previous section, this one concentrates on a regional analysis

to solve Problem

4.1. Stability of the linearized system

Similarly to the techniques used in presence of saturation or backlash non-
linearities (see, for example, [24, 25]), the fact that ¢, , is continuous with
bv,.,(0) = 0, is not sufficient to study the regional stability of the origin and we
must consider the stability of its linearization around an equilibrium point to
apply the first Lyapunov principle [23]. To this extend, we consider a rewriting
of system ([5)) as follows:

é(t) = (A+ BTy, C)e(t) + B (¢v,.,(1(t) — T, Ce(t)) (11)

11



210

215

ﬁlo

0.35F \
— 0
0.30- o kyv? 1
2RN (g — 1)

0.25- 1
0.20F J
0.15F J
0.10 ‘ E

| 1

| |
0.05 | Wi J

| W[

| W

v 1§ L

i o

10,

3 —2 L1 0 1 I
—Uref2 —Urefl Urefl Uref2 Uref
Figure 4: Nonlinear function g.
with A, B defined in (5), C = [10] and
9o Y,
Ve f Uref ——3
- = 2R (us — e V2
Vref 651 10 N(IU’S /J’C) v‘g
System reads:
E(t) = Aoe(t) + By, (12)

with Ag = A+ Bl ,C and 9, ; = ¢y,.,(Ce) — Ty, ,Ce. Consequently, the

Uref

linearization of system around the origin is:
E(t) = Aoé(t) (13)

Hence, there exists a basin of attraction D if and only if Ay Hurwitz,

Vref

which depends then on v,.y. The following lemma characterizes the stability of

as a function of vy.y.

Lemma 2. Matriz Ay is Hurwitz if and only if

) _Yref
—k, + 2RN(/J,S — uc)%e i <0,
s
2
It uo?

or equivalently, O(vyer) = Vpege ¥ < ycre e B

We will now study the function 6 defined in the previous lemma. Notice

firstly that it is a nonlinear even function. Hence, looking at Figure [ one

12
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Force value [N]

3 2 3 0 : 2 3 3 a2 4 0 1 2 2 3
g1 m.s7] g1 [ms]

(2) Amin = 1.004, 1 = 3 (b) Amin = 0.698, 1 = 2.4

Figure 5: Sector conditions on the function ¢, , with v.ep = 3.

2
observes four roots such that 0(vyey) = %. By denoting the two

positive roots by vy ¢1 and vyre 2 > Urer1, one can exhibit several zones regarding

the stability of Ag:

220 1. Ap is Hurwitz for vyep € (—00, —Uref2)U(—Vres1,0)U(0, Ve 1)U (Vpesa, 00)
and, in virtue of the first Lyapunov principle [23], there exists a basin of
attraction for around the origin;

2. the origin of is exponentially unstable for vyef € (—vref2, —Upef1) U
(U'refla Uref2);

25 3. Ap has poles on the imaginary axis for v.cy = £vUpef1 OF Vpef = TUrefa.

Consequently, without loss of generality, we assume here that v,..; > 0 and
we concentrate on an inner-estimation of the basin of attraction around the

origin for vrer € (0,Vref1) U (Vref2, 00).

4.2. Numerical inner-estimate of D

Ve f
230 Note that ¢, , is bounded on (—vycf,00) and €1¢y,. (1) < 0 for g1 €
(—=Vref,00), consequently, ¢, .. is a local sector-bounded nonlinearity as de-

picted in Figure |5l Thus, the nonlinearity 1), ., satisfies the following Lemma,
adapted from Lemma 1.6 in [25].

Lemma 3. Given r; such that vyey > 1 > 0. For any ¢ € S(r) = {e €

s R% —r; < Ce < 1y}, the nonlinearity Yy, satisfies the following:

(Yu,e; + T, C) T (Y, + Ty, Ce + ACe) < 0. (14)

13
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for any positive scalar \ satisfying

A > Amin(r) >0 (15)
with
(bvw (51)
>\m1'n == - ref > 71—‘1) . 16
) (Tl) ElE[*ﬁ%i(U(oﬂ] €1 o el ( )

Proof : Recall that one gets ¢y, (1) = ¥y,.; + T, ,Ce. For any € € S(r),
by definition it follows:

A )
Guny (1) > 0,200 <0 if —m<ey <0
9. ,
(bvre‘f (51) = 0, 8;16)‘ — F’Umf if €1 = 0 (17)
o )
Guny(61) <0, 225 <0 if 0<e <y

Hence, by taking the three cases of , one gets the following:

e Case 1: —r; < &1 < 0. In this case the condition holds provided that

¢”7~ef (51)
£1 :

e Case 2: ¢; = 0. In this case the condition holds for any positive A and
therefore for any A satisfying .

e Case 3: 0 < g1 < r;. In this case the condition holds provided that

_ ¢”ref (51)
£1 :

Gv,.; (1) + Ae1 <0, which is satisfied if A > max., ¢j_y, 0) —

Gu,.; (1) + Ae1 > 0, which is satisfied if X > max., ¢(o,r

Then from these three cases, one can guarantee that there exists A satisfying
(15) such that holds. Let us now focus on the way to calculate A, as
described in (16). Define the function g(e1) = _SonesEV)

€1

To compute the
maximal value of g(e1) one studies its derivative in function of €1 on the interval
(=r7,0) U (0,77). More especially, one wants to find the values for which this
derivative is equal to zero. By recalling that €; + v,ey > 0, in this set, one gets

15} 6¢vre (51) 1 1
g(e1) —67;15 + E@bvref (51)

o(e1t ) (c14vpep)? ref
1 €1 TVUr - 2 1 77,2
= RN(MS — /J/C) (E + 6171)26)0)6 vs — ge vy

Oeq

Oy .
Therefore %;11) = 0 leads to ¢y, ,(c1) = qS%1(51)51, or equivalently, one has

to find the solution to the equation:

e1(eq +2U’V‘ef)
2

2
. 2 1y 61(81 —l—’Uref)

et (18)

14
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Note that €; = 0 is a trivial solution. To solve equation for 1 # 0, one
could use a dichotomy-kind of algorithm, by using the fact that ¢,,,,(e1) is
monotonous for e; > —v,.¢. Hence, by denoting by v* the solution to equation

, one can deduce that

8¢17, f .
——r=L (v*), if 0" — vpep| <1y,
Amin(r1) = ” - = (19)
max (— %”"Tfl( l), m”f”( 2 ), otherwise.
D -
This is illustrated in Figure [5a| for the first element f%(v*)) and in Fig-

T ’ Ty

ure [5b| for the second part (max (— Pores (1) ¢v”‘f(7”)>) where v* is approxi-
mately —2.89.

Furthermore, one gets that

v T v -
lim Apin(r;) = — lim max ((b res ( l), Poves ( l)> =-T,;.
r—0 r1—0

Tl -7
Since ¢y, , is monotonous, as r; decreases, Amin (1) gets closer to —T',, . ;-
Then the condition (16)) is verified. O

Remark 4. It is important to note that contrarily to the sector-condition for
the dead-zone nonlinearity [25] where the slope of the nonlinearity at 0 is 0, in
the current case the slope of the nonlinearity ¢y, ,(¢) at 0 is Ty, # 0. This is

the reason for which in Lemma @ there exists Apmin(r7) # 0.
By using Lemma(3] the following theorem proposes a solution to Problem

Theorem 2. Given vyes € (0, Vref1)U (Vreye, 00), if there exist X, r; € (0, Vrey),

P e Si and T > 0 such that the following matriz inequalities hold:

®(vyef) <0, (20)
P
=0, (21)
C 1“12
A > /\mm(rl) >0, (22)
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where

B(v,e) Ag P+ P =270y, (Ty,, + NCTC =
Uy f)= ,
‘ BTP —r(2l,,,, + \C _9or

then the origin of system 18 locally asymptotically stable and an estimation

of the basin of attraction is:

D,,.,(P)={c€R? | e"Pe<1}.

Uref

Hence, the set D, (P,) is a solution to Problem @

Proof : Note first that the satisfaction of relation is equivalent to P, =
CTCr; 2. Consequently for any e € Dy,.;(P), we get (Ce)? < rf which implies
that ¢ € S(r;) (see Lemma [3). Therefore, for any ¢, € D, ,(F;), Lemma
applies and for any positive A satisfying , condition holds.

Consider the following Lyapunov function:
Vi(e) = ¢! P,
with P, € Si. Its time-derivative along system leads to
Vie) =" (Ag P, + PiAo)e + 2¢ BBy, .
By using Lemma |3| and the S-procedure, one gets for 7 > 0 and ¢ € S(ry):
Vi(e) < Vi(e) = 27(tbu,, + T, Ce) T (P, + T, Ce + ACe).

One wants to satisfy £ = Vj(e) — 27 (Yoo, + To,.;C) T (., + Ty, Ce +
ACe) < 0. L reads L = £ ®(vyef)E where & = col (g,y,,,).

Hence, if relation holds, it follows that £ < 0 and therefore V is definite-
negative. If the conditions of the theorem are verified, then for any initial condi-
tion €(0) € D,,.,(F,), we get that £(t) € D, ., (P) and therefore the trajectories
of system converge to the origin. One can conclude that the origin of sys-
tem ([12)) is regionally asymptotically stable in D,, _,(F;), or equivalently, is
regionally asymptotically stable in D, (F,). O
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Remark 5. From Lemma@ one gets A > =T Then, one can deduce that a

Vpef*

necessary condition for the feasibility of 18 that Ag is Hurwitz, which holds

since we consider Ve € (0, Vrep1) U (Upefa,00) (see Lemma @)

Regarding the feasibility of conditions (20)-(22)), the following corollary can
be stated.

Corollary 1.

1. Given v° > vpesa, if there exist X, 1 € (0,vpef), P € Si and T > 0 such
that ®(v°) < 0 and ®(c0) < 0 together with (21))-(22)), then system is
locally asymptotically stable for any veey > v° with an inner-estimation of
the basin of attraction D, (PF;).

2. If A is Hurwitz, the matrixz inequalities — are feasible.

Proof :
First item: Let first note that the left-hand side in relation can be

rewritten as follows:

ATP+PA He(P,BC) —21ACTC x
(I)(Umf) = + eref
BTP —7tAC =27 —7C 0
—2rCTC «
+1—‘12}7‘ef
0 0
(23)

That shows that @ is convex in I',, . Furthermore, note that T',, . is strictly

decreasing with respect to vy and consequently, ®(v,.f) is convex in v,y for
Uref > Ures2 and that ends the proof for the first item.
Second item: The proof of the second item takes advantage of the proof

of the first one. Given A\, r; such that holds, from , it follows:

®(vyeg) = P(c0) + T, He ([PlBiT(F%fH)CT} e OD (24)

Denote by N7 and N3 the basis of the Kernel of [¢ o] and [ BT P—7(T, ., +A)C —7],
respectively. By using the Elimination Lemma, the satisfaction of ®(vyer) < 0

is equivalent from to:

N @(00) N7 <0, NG ®(c0)N> < 0. (25)
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Furthermore, note that ®(c0) can be written as follows:

b(c0) = ATP[(:_BA ?) +He([PlBjTT)‘CT} [0 1]) (26)

By using the Elimination Lemma, the satisfaction of ®(c0) < 0 is equivalent
to ATP, + P,A < 0. Hence, if A is Hurwitz, then there exists P, such that
®(00) < 0 and consequently, hold. Since k- P, for k > 1 is also solution,
there exists k large enough such that holds. Therefore relations —
also hold and the proof is completed. O

Remark 6. The first assertion of Corollary[1] implies that the basins of attrac-

tion have a minimal axis which is growing with v,.y.

At this point, the aim is to derive an inner-estimate of the basin around the
origin which is close to the real basin. To this extend, one can decide to solve

the following optimization problem:

min n

(27)
subject to — hold with P, <X nls.

If r; is a decision variable, this is not a semi-definite optimization problem since
Amin 18 nonlinearly related to r;. Indeed, the relation is an LMI provided
that 7 or A is fixed. Moreover A must satisfy condition , which depends on
r;. A way to have a set of LMI for consists in fixing 7, allowing to compute
Amin(r1), and to consider an additional variable v = 7\ with the constraints
v > TAmin(11)-

From this remark, we derive the following algorithm which aims at providing a

sub-optimal solution:

1. Let 71 = Vpes, Mmin = 00 and Ppip = 05

2. Compute A (r;) using (19);
3. Solve using the previous paragraph:

e if the problem is feasible, then

18
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— if n < Nin, then
(@) Nmin < 1 and Py < P
(b) decrease slightly 7;
(c) go back to step 2;

— otherwise stop.

e if the problem is not feasible, then
(a) decrease slightly r;
(b) go back to step 2;

Due to the second assertion in Corollary [1} this algorithm will stop for r; small

enough. The result of this algorithm is a matrix P, such that D,, ; (Ppin) is

a basin of attraction with a minimal axis which is a local maximum.
Combining the results of the previous parts leads to the main theorem of

this article which is derived in the following section.

5. Global Asymptotic Stability Analysis

The main idea here is to use at the same time Theorems [2 and [If to get a
condition on v, in order to guarantee that the origin is globally asymptotically

stable for system , and therefore to provide a solution to Problem

Theorem 3. Given vyes € (0, Vpes1)U(Vrera, 00). If there exist X, r; € (0, Vrey),
T, To, Ti, T2, T3, T4, Ts and Py, Py = 0 satisfying relations @, , ,

and

P~ P 0 (28)

then A,,.,(Py) € D
stable.

(P,) and the origin of s globally asymptotically

7)ref

Proof : The satisfaction of relations @, @, , means that Theorems
and (1) apply. It allows to characterize an attractor A, ,(FPy) towards which
all the trajectories of system converge and an estimation of the basin of at-

traction of the origin D,, . (F;), in which the trajectories of converges to the

19
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Figure 6: Numerical simulation of @ for vyep € {1,1.6} m.s~!, v9g =6 ms~! and zg = 0 m.

origin. Condition guarantees the inclusion A, _,(P;) C D,,,; (). Then by
definition of both sets, one can conclude that when the trajectories converging
towards A,, ., (P,) enter in D, (F), they finally converge to the origin. That
concludes the proof on the global asymptotic stability of the origin. O

6. Numerical Simulations

This section is dedicated to numerical results with the parameters defined

as in Table [

Parameter ‘ m g Vs we s k Kk,

Value ‘1 9.81 0.8 0.2997 0.5994 2 1

Table 1: Parameters used for the simulations (taken from [26]).

The solver used for the LMIs is Mosek [27] together with YALMIP [2§].
The simulations are conducted using a Newton-backward discretization scheme
adapted for set-valued functions as proposed in [29].

Figure El depicts a numerical simulation of @ with the parameters in Ta-
ble [1] for two different reference speeds. The stick-slip phenomenon is clearly
visible since after five seconds for v,y = 1, a cycle of period 5s and of ampli-

tude 2.4m.s~! is emerging. For a reference speed higher than 1.45 m.s™!, it
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Figure 7: Phase portraits of @) for four values of v,..y. The inner-approximation of Avmf is
in dash-blue and the outer estimation of Dvref is in dash-dot-red. The equilibrium point is

the red star and the two trajectories initiate from the diamond points.

seems that the stick-slip phenomenon disappears. In [2], the author are using a
describing function analysis on a similar system, in our case, we would get that
for v,y > 1.51 m.s™! there does not exist any limit cycle. This seems a very
good estimation but it is not a rigorous analysis.

Using the methodology developed in this paper, one can compute the nu-
merical values defining the interval of admissible v,..s, that is: vyef1 = 0.11 and
Urero = 1.25. Then, for vyer € (0,vpef1) U (Uref2,00), there exists a basin of
attraction around the origin. Using Theorem [3] we find that for v,..y > 9.59,
the equilibrium point is globally asymptotically stableﬂ As noted before, there
always exists an attractor for the system but the existence or not of a basin of

attraction leads to four scenarios:

1Using the method of [2], one gets a smaller value for global asymptotic stability. Never-

theless, it does not estimate the basin of attraction and the attractor.
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1. vref € (0,0.11): there exists a basin of attraction around the equilibrium
point;

2. vy € [0.11,1.25]: the equilibrium point is not asymptotically stable;

3. Upes € (1.25,9.59): there exists a basin of attraction which does not in-
clude the attractor;

4. vper > 9.59: the basin of attraction contains the attractor and the equi-

librium point is globally asymptotically stable.

Figure [7] shows the result of simulations in these four cases. The attractorf]
is computed with Theorem [I] and the basin of attraction with Theorem [2]
In Figure one can see that the trajectories are converging even if they start
far away from the basin of attraction. Simulations tends to show that the equi-
librium point is globally exponentially stable but our analysis does not reflect
that.
In the second case (Figure , there does not exist a basin of attraction. The
attractor contains the oscillations but is very large compared to the real os-
cillations. The conservatism might come from the use of quadratic Lyapunov
functions and a relatively rude encapsulation of the nonlinear friction term (see
Figure [3).
Figure [/ shows that the inner-approximation of the basin of attraction is good
and for a trajectory initiated close but outside this estimation, the stick-slip
phenomenon occurs. The equilibrium point is not globally asymptotically sta-
ble but it stays locally asymptotically stable.
Finally, in the last case (Figure , the attractor is included in the inner-
approximation of the basin of attraction and the equilibrium point is globally

asymptotically stable.

2Sometimes, the attractor is not displayed since it is not of the same order of magnitude

as the basin of attraction.
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7. Conclusion

This paper proposes three theorems dealing with the stability of a system
subject to friction. The three proposed methods give a characterization of the
global attractor of the system, an estimation of the basin of attraction of the ori-
gin when it is possible, and finally a global asymptotic stability condition. The
conditions are given in terms of LMIs or quasi—LMIsE| with efficient algorithms
to solve them.

As depicted in the numerical simulations section, the reference speed for
which global asymptotic stability exists is overestimated mainly because of the
conservatism introduced in the global stability test. A first direction of research
would be to estimate an attractor which might not be symmetrical and to study
more precisely the friction function F),; to get a better bounding. Another per-

spective would be to extend to higher order problems and real-life applications.
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