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Suboptimal Filtering over Sensor Networks with
Random Communication

Aneel Tanwani

Abstract—The problem of filter design is considered for
continuous-time linear stochastic systems using distributed
sensors. Each sensor unit, represented by a node in an undirected
and connected graph, collects some information about the state
and communicates its own estimate with the neighbors. It
is stipulated that this communication between sensor nodes
connected by an edge is time-sampled randomly and for each
edge, the sampling process is an independent Poisson counter.
Our proposed filtering algorithm for each sensor node is a
stochastic hybrid system: It comprises a continuous-time differen-
tial equation, and at random time instants when communication
takes place, each sensor node updates its state estimate based
on the information received by its neighbors. In this setting, we
compute the expectation of the error covariance matrix for each
unit which is governed by a matrix differential equation. To
study the asymptotic behavior of these covariance matrices, we
show that if the gain matrices are appropriately chosen and the
mean sampling rate is large enough, then the error covariances
practically converge to a constant matrix.

Index Terms—Stochastic hybrid system; distributed estimation
and filtering; graph theory; random communication; heterogen-
ous agents.

I. INTRODUCTION

Modern control systems often involve networks of nodes
with data acquisition, processing and communication abilities,
which has led to growing interest in the area of distributed
filtering. The research in this area basically aims at computing
an estimate of the state trajectory by combining information
from several sources, each of which has some partial inform-
ation about the state. A conceptual sketch of the distributed
filtering architectures is depicted in Figure 1. In this layout,
instead of using the centralized measurements y, there are
N sensor units which measure different components of these
centralized measurements, ¥1,...,yn, and each sensor unit
computes an estimate of the state based on the partial measure-
ments while exchanging information with its neighbors, which
are determined by a communication graph. Several design
techniques have now emerged in the literature with varying
degree of analysis. For discrete-time deterministic systems, the
estimation problem in distributed setting is studied in [1], [2].
For continuous-time deterministic systems, one may refer to
[3], [4]. The focus in these works is on proposing estimation
algorithms and provide design criteria for each unit which uses
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minimal information about the centralized system dynamics.
In certain papers, distributed state estimation is studied as an
application of synchronization of multi-agent systems [5], [6],
[7]. Distributed state estimation for deterministic continuous-
time systems with communication at discrete times has been
studied in [8], [9]. For stochastic systems, we see consensus
based approaches for scalar systems in [10]. Distributed filter-
ing with more general probability distributions and application
to Gaussian distributions with linear discrete-time systems is
studied in [11]. Prior to that, several algorithms for distributed
filtering have been proposed in discrete-setting [12], [13].

An important issue from the point of implementation of
filters over networks is to make the algorithms compatible
with the underlying communication protocol [14]. In commu-
nicating messages over the networks, the transmission may
break down at some time instants, or the messages may not
be transferred at exact scheduled times. An abstract way to
model such scenarios is to assume that the underlying proto-
cols transmit messages only at randomly drawn discrete time
instants. With this motivation, certain works in the literature
have studied the problem of stabilization and control with
randomly sampled measurements: The reader may refer to
[15] for optimal control and the papers [16], [17] for stability
analysis of such systems. A recently published book chapter
[18] provides an overview of such results and some recent
developments. There have been relatively fewer works which
have addressed filtering problem in the presence of measure-
ment errors or communication uncertainties. The papers [19],
[20], [21] consider a discrete-time linear dynamical system and
associate randomness with the transmission times of the output
measurements. A different toolset, based on relative entropy,
is adopted in [22] to study the stability and convergence of
filters under relaxed assumptions on observation channels.
For continuous-time dynamical system driven by white noise,
centralized continuous-discrete estimators are studied in [23].
Performance bounds for centralized filters of continuous-time
systems under random sampling appear in [24].

In this article, we consider filtering problem in distrib-
uted setting for continuous-time linear stochastic systems.
Our objective is to propose filtering algorithms, and analyze
their performance, when the centralized measurements are not
available, and the agents can only communicate their own state
estimates to their neighbors at time instants determined by a
Poisson counter. In particular, we consider agents (or sensor
units) which have partial information about the state at all
times. This information is used to compute an estimate of
the state using a differential equation. Then, at some random
time instants, the agents exchange the value of their estimate
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Figure 1: Layout of distributed filters, where dashed lines
represent communication at random times.

with their neighboring agents and update their own state
based on the information received. In addition to formalizing
this intuition, we develop some tools for analysis of such
filtering algorithms. This involves computing the bounds on
error covariance matrices of each filter while exchanging
information with other agents. Also, we are interested in
studying the limiting behavior of these bounds as the formal
stability analysis of distributed filters with the aforementioned
communication architecture has not received much attention
in the literature.

To position the contribution of this article in the existing
literature on distributed estimation and filtering, we observe
that, for distributed state estimation in deterministic setup [1],
[2], [3], [4], [6], one directly analyzes the convergence of the
norm of estimation error to the origin and the focus is mostly
on design aspect. The error covariance bounds are analyzed in
the stochastic setup [10], [11], [12], [13], where the problem
is essentially studied in the discrete setting without any loss of
information and the focus is mostly on achieving optimality
via appropriate filter design. On the other hand, our focus
is on analyzing the performance of distributed filters for a
continuous-time process, where each filter gets continuous
information from the sensors, and some updates at random
discrete times from its neighbors. The derivation of the bounds
on the expectation of error covariance process with Poisson
sampling in distributed setup is a unique feature of our work.
The elegant and useful outcome of this analysis is that we
observe diffusive coupling among covariance bounds, and the
mean sampling rate plays the role of coupling strength. This
observation allows us to analyze the asymptotic behavior of
the expected error covariance for each filtering unit. However,
unlike [12], [13], the asymptotic bounds quantifying the per-
formance of the distributed filters are obtained in suboptimal
setting through a simplistic choice of injection gains and the
update rule for information fusion is not necessarily optimal.

Notation: Let us recall some basic definitions from the
literature which are used in the statement and derivation
of main results. A function x : R>g — R> is said to
be of class K if it is continuous, increasing, and satisfies
x(0) = 0. For the matrices M; and M, we define the inner
product as (My, Ms) = tr(M, My). This choice of inner
product allows us to introduce the Frobenius norm, defined as
M| = /(M,M) = /tr(MTM). Throughout this article,
we will work with this particular norm for matrices. We recall

that the Cauchy-Schwarz inequality for this choice of norm
implies that | tr(AyMy)| < || M;]| || Mz||. For a square matrix
M € R™", the notation Sym (M) stands for M + M T, and
0;(M) denotes the i-th eigenvalue of M with the convention
that o1(M) < 02(M) < -+ < 0,,(M). The symbol ogs) for
s — 0 denotes a function of s € R satisfying lim,_,q OSS =0,
and the symbol O(s) for s — 0 stands for a function of s € R
satisfying limgs_,q @ exists and is finite.

II. PROBLEM FORMULATION

Consider the dynamical system
dx = Axdt + Bdw (D

where (z(t));>0 is an R™-valued diffusion process describing
the state. Let (2, F,P) denote the underlying probability
space. It is assumed that, for each ¢ > 0, (w(t));>0 is an
R™-valued standard Wiener process adapted to the filtration
Fi C F, with the property that E[dw(t) dw(t) "] = I,,dt, for
each t > 0. The matrices A € R™"*" and B € R"*™ are taken
as constant, and the process (w(t)):>o does not depend on the
state. The solutions of the stochastic differential equation (1)
are interpreted in the sense of Itd stochastic integral.

a) Measurements via distributed sensors: The measure-
ments associated with system (1) are obtained from a set of
N sensors which are distributed in their localization. Each of
these sensors provides a partial measurement about the state
described as,

dy; = Hixdt +dv;, i=1,...,N, 2)

where H; € RPi*", and Zf;l p; =: p. That is, for each node,
(yi(t))t>0 describes an RPi-valued continuous-time observa-
tion process. In the observation equation (2), v;(t) is an Fy-
adapted standard Wiener process, taking values in RP?, and
E[dv;(t)dv;(t) "] = Vidt, with V; € RP:*Pi agsumed to be
positive definite.

The sensor nodes are connected via a graph ¥ = (¥, &),
where ¥ = {1,...,N} is the set of graph nodes, and &
contains all the edges defined by a subset of the pairs (i, j),
i # j, 1,5 € V. We assume that the graph is undirected and
connected. The neighbors of a node ¢ € ¥ are denoted by
N = {j € ¥|(i,j) € &}, and we adopt the convention
that i & N;. The adjacency matrix A := [a;;] € {0, 1}V*N
of the graph, which is symmetric, provides the information
about which sensor nodes can communicate with each other,
that is, if a;; = 1 then sensor 7 and j can communicate,
whereas a;; = 0 means there is no communication possible
between those sensors. The degree of a node ¢ € ¥ is defined
as |N;|, that is, the cardinality of the set A;. The diagonal
matrix D = [d;], with d; = |N;| is therefore the degree
matrix. We associate a Laplacian £ with this graph, defined as,
L = D — A. For our purposes, the matrix II = [m;;] € RV*V,
defined as

HI:INXN—Oé£ (3)

with 0 < a < min;ey le—‘ plays an important role. Note
that, by construction, II is a doubly stochastic matrix, that is,



for each row and each column, the sum of their entries equals
one.

b) Communication Process: The next main ingredient of
our problem formulation is the description of the time instants
at which the communication takes place between two sensor
nodes connected by an edge. Corresponding to each edge
(i,§) € &, it is stipulated that there is an increasing and
divergent sequence (7,”)zen C [0,+o00[ with 75’ := 0, and
the sensor nodes 7,7 € ¥ transmit the value of their state
estimate to each other at 7,7, k € N.

In this article, we are interested in the case where the
sampling times (7,”)ren are generated randomly. Formally,
we define

N = sup{k € N | T < t} fort>0. @

The map t — Ntij increments by 1 at random times, and
it provides a description of the number of times the nodes
i,j € ¥ communicate with each other up to and including
time . Let A > 0. The communication times are such that

T;\i” — 400 almost surely as ¢ * 4+o00. Recall that a random
t

process (N}’ )i>0 is a Poisson process of intensity X, defined
on our probability space, if any one of the following equivalent
properties hold:

(P1) (N{?);>0 is a Markov process taking values in N, has
independent increments, and satisfies Ny = 0, and for

h\,0and t >0,
1= Mi+o(h) ifk=0,
P(N{,—N{ = k|N{7) = { Ah+ o(h) k=1,
o(h) if k> 2,

where the terms o(h) do not depend on t.

(P2) (N;?)i>0 is a continuous-time random process taking
values in N, having monotone non-decreasing sample
paths with increments of 1, and spending an exponen-
tially distributed, with parameter A\, random time in each
state k before jumping to k£ + 1 independently for all k.

The communication process between any two neighbors is
described by the following hypothesis:

« for each (i,5) € &, (N/);>0 is an independent Poisson
process of intensity A > 0.
Next, we associate with each node i € ¥, the process N/,
Ni= ) N/
JEN;

so that IV} increments by one whenever node i € ¥ exchanges
information with one of its neighbors. We recall that N is also
a Poisson process. The times at which N; gets incremented
are denoted by 7t .. We can now introduce the activation set

¢ fort >0, which is defined as,

i:={j6M

NP = NP £ 05 t=1h 4

that is, at times T}V, the set Afg describes the neighbors of

agent ¢ € ¥/ that communicate with it.

c) Filtering Algorithm: Based on the aforementioned
communication architecture, and the sensor localization, we
propose the following algorithm, to be implemented by each
sensor node:

d&:} = (A — LiHi)ﬁ,‘\idt + Lidyi (5)

over the interval 74,74, 41| for each t € [0, +-0c[. Because
. t . . .

of the arrival of new information at random times, the estimate
Zi @ € YV, gets updated at such times, that is, for each node

i € ¥, we update T; at t, = 7y, as follows:
t

Z Wij./%'\j(tc_)—F (I—Z ﬂ-ij)&:\i(tc_)v (6)
j JjeAL,

where ;; are the elements of the matrix II introduced in
(3). Each of these filters is a stochastic hybrid system of the
form [25] with continuous evolution described by (5) between
sampling times, and the jump rule (6) executed at random
sampling instants where we update the estimate Z; as the
convex combination of itself and its active neighbors. The
communication based on the underlying graph results in a
particular interconnection of these hybrid systems.

Remark 11.1. In our filtering algorithm (5), (6), we are choos-
ing the gains L; to be constant. In optimal filtering, such as
Kalman filtering, one uses the information of the evolution
of the covariance matrices to update the gains. Our choice
is clearly suboptimal but for this paper, we focus only on
constant gains to keep the presentation simple.

d) Problem statement: The basic problem studied in this
paper is the performance of the distributed filters proposed in
(5)-(6) when the communication across each edge is described
by an independent Poisson counter. The design parameters are
the gain matrices L;, and we want to study the role of mean
sampling rate \ in quantifying the performance of the system.
More precisely, if we let J{ denote the information available
to sensor node i € ¥ up till time ¢ € [0, +oo[, that is, Y} :=
{(dy;(s), Ej(rj'vz)) | s <t,j € N;}, then our objectives are:

« Compute an upper bound on the expectation (with respect
to sampling process) of the error covariance matrices
E[E[(x(t) — Z3(t))(x(t) — (1) T | Y]], for ¢t > 0.

« Provide a criteria for boundedness of the expected error
covariance in terms of the gain matrices, and the mean
sampling rate.

III. MAIN RESULT

We now address the objectives outlined in the previous
section. To do so, we consider the injection gains L; € R™*Pi,
and introduce the matrices L € R™ P and H € RP*™ as
follows:

1
L=~ L] ... |Ly],

N H = : . (N

Consequently, we see that A — LH = A — & Zf\il L;H;.



Theorem IIL.1. Consider system (1) with distributed measure-
ments (2) and the corresponding hybrid filters (5), (6) coupled
by an undirected and connected graph 4 = (V' ,&). Suppose
that the communication across an edge (i,j) € & takes place
at random times described by an independent Poisson process
(N;)i>0 of intensity \ > 0, then the following items hold:

1) For each A >0, and i =1,--- , N, we have
E[E[(2(t) — zi () (x(t) — (1) T | V] < Pi(t),  (8)

where the matrix-valued function P; : [0,00[— R™*™

satisfies the differential equation
P = (A—L;H;)P;+Pi(A—L;H;)" + BB + L, V;L]
A m (P —Pi). (9
JEN;

2) If the gains L; are chosen such that the matrix (A — LH)
is Hurwitz, which in turn implies that there exist a sym-
metric positive definite matrix R and a symmetric positive
semidefinite matrix S satisfying

R(A—LH)+(A—LH)' R< —I, (10)

N
(A L 4B 4L vIT
0=(A—LH)S+S(A-LH)' +BB +N;L1V1LZ
(11)

then for every A\ > 0 sufficiently large, the corresponding
solution of (9) satisfies

limsup ||P;(t) — S| <
t—o0

VN Z?((g)) \/X (Aaag(é) - 01) (Csa6 + CoflS1))
12)

for some nonnegative constants Cq,Cs,C3, while g :=
Maxj<;<N HBBT —&-LiViLZT , and x is a class K function
satisfying x(s) = O(s) as s — 0.

The proof of Theorem III.1 involves several intermediate
results, and is carried out in the remainder of this section
within various subsections.

A. Analysis for fixed sampling times

The first step in the proof of Theorem III.1 is to obtain
a bound on the covariance of estimation error resulting from
(5), (6) for a given value of sampling times. To do so, it is
useful to introduce the dynamics for the state estimation error,

e; := x — T;. For i € ¥, over an interval [T}'Vi,rf\,,url[, we
have the differential equation:
de; = (A — LiHi)dei + L;dv; + Bdw (13a)
and at communication times ¢, = T}Vi, it holds that
t
ei(ty) = ( - > mj)ei(t;) + Y mye;(ts). (13b)

JEAL, JeAL,

Error covariance bound on estimation error is described in the
following statement.

Proposition IIL.2. Consider system (1) and the filter (5), (6).
For a node i € ¥, consider the sequence {T}}ren to be fixed.
Let the process P; : [0,00[— R™*™ with P;(0) > E[(x¢ —
7;(0))(zo — 7;(0)) 7], be defined by

dp;
dt

=(A- L;H;)P;+ Pi(A- L;H;)" + BB" + L;ViL],
(14a)
for 7',2 <t< T,iJrl, for each k € N, and at t. = T]i, let

Pi(t}) = (1— > Wij)Pi(tZ)Jr > miiPy(t;). (14b)

JEAL, JEA],
Then, it holds that, for each t > 0,

E[(x(t) — Z:(t))(x(t) — zi(1) " | Y]] < Pi(t). (15)
Proof. For the sake of conciseness, we will denote the expect-
ation on the left-hand side of (15) by Ele;e, ]. We first show

that, for each ¢ € [7}, T,iH[, keN,

ei(t)ei(t) T
EOO ] _ (4~ LoleattetT)

+ Elei(t)ei(t) "|(A— L;H;)" + BBT + L;,V;L]

and that, at the communication instants, ¢, = T,i,

Ele(t)eit)) T < (1= 3 mi )Elealt)ealts)T]

The bound in (15) then holds by observing that P;(t) sat-
isfies (14a) over 7,7/, [, and (14b) at t = 7/, with
E[e;(0)e;(0)T] < Py(0).

a) Continuous part: We first show that for ¢ € [7/, 7/ 4],
we have the equality dE[ei(gf"(”T] = di"t(t). This is a rather
classical derivation, and as an example, one may refer to the
arguments in [24] for details. On this time interval, let us
consider the Itd process (13), and the function v : R” — R”*"
given by, R" > e + v(e) = ee! € R™ ™. Consequently,
(voei(t))i>o is an Itd process. By applying It6’s differential
chain rule, and following the calculations as in [24, Section 3],
we obtain

dE[v(ei(t))]
dt

= (A= LiH)E[e;(t)e:(t) "]+
Elei(t)ei(t)"](A— L;H;)" + BB + L;V;L] .

b) Jump part: Computing the bound on error covariance
at sampling times basically requires us to compute bounds
on covariance of a random variable described by the convex
combination of different random variables. This is based on
the following lemma:



Lemma IIL3. Let m be a positive integer, and let

T1yons Ty € R f 2 0= 3500 vy for some vy; € [0, 1],
Z?L:l v; =1, then
(16)

m
T T
< g VLT -
j=1

Proof of Lemma II1.3. Let ST denote the set of positive semi-
definite matrices in R™*", and consider the function f : R™ —
87, so that, for z € R™, f(z) = zz'. We consider the
epigraph of f, denoted by epi(f), and defined as,

epi(f) = {(M,z) € S§ x R*[M > f(x)}.

We claim that epi(f) C ST xR™ is convex, that is, if (M1, Z;)
and (Mo, Z2) belong to epi(f), then for each v € [0,1], it
holds that (yMy + (1 —~)Ma,yZ1 + (1 —7)Z2) € epi(f). To
see this, we first observe that, for a fixed v € [0, 1],

and hence

1
Y(1=9) (2125 +227] ) < TV’Y T17 +%(1—7)2f2f;

1
Using this last inequality, we get
FOvE + (1 =)T2) = V37| +(1 =) (2175 + T27] )
+ (1= 9)°0213

1—
214 ) 7d3, + Q=) (14 L) 707]
¥ L=~

= 7$19€1 +(1- )xﬂ;—
<yM; + (1 — )M,

which implies that epi( f) is convex. Coming back to the state-
ment of the lemma, we observe that, for each j = 1,...,m,

(f(x5), z;

;) € epi(f) and since we have shown that this set is
convex, it follows that
m m

> @) ) = | D o vif @), > v
j=1 j=1 j=1
also belongs to epi(f). By construction, we therefore have

ZVJ% S

which yields the desired inequality be recalling the definition
of f. O

vf( i)

||M3

At communication times, t. = T,f,, the statement
of Lemma III.3 directly yields an wupper bound on
Ele;(t})e;(tF) ] by recalling the definition of e(¢}") in (13b),
and using the linearity of the expectation operator. The proof
of Proposition III.2 is therefore complete. O

B. Expectation of error covariance with respect to sampling
process

In Proposition III.2, we computed a bound on the error
covariance for a fixed sequence of time instants at which
measurements are received by node ¢ € ¥. That is, P;(t) is an
upper bound on E[(x(t) —Z;(t))(z(t) —7;(t)) T | Vi] along one
particular sample path as the realization of P;(-) depends on
the observed sampling times. It is thus of interest to compute
the expected value of P;(-) along all possible sample paths
generated by the communication processes (N;”);>0, j € N;.
We do so next under the assumption that (IV,”)¢> is a Poisson
process of intensity .

To compute the expected value of P; with respect to
sampling times, we introduce the operator L, : R"*" —
R™*™ defined as

Lus(Q) = lim = (E[R(+) | () = @] - Q).

We will see that this operator describes infintesimal evolution
of the expected value of the error covariance process and
hence, (9) and the proof of first item in Theorem III.1, are
a direct consequence of the following result.

a7)

Proposition I11.4. Consider the process (P;(t))is0 given by
(14) with the processes (NZ )t>0 of intensity A > 0, j € N,.
Let P;(t) := E[P;(t)| Py] denote the expected value at time
t > 0 with respect to distribution associated with the process
N{ =3 cn, N Then, (9) holds.

Proof. We first note that (P;(t)),., is Markovian because the
future of P;(t) depends only on the last sampling instant 7% .

According to Dynkin’s formula,

o)+E[/Ot,cinf(P s

Since Li,s is a linear operator, we get Pl(t) = Lint(P;(t)).
To show (9), we thus compute L;,¢(Q) for a given matrix @
in the remainder of the proof. Recalling the definition of L;,¢,
we observe that

E[Pi(t+¢)| Pi(t)
+1{N

= Q] =E[(Pi(t+2) (Lvi, -~y
4\/;‘22}) ’Pf(tﬂ'

We now compute the conditional probability distribution of
(Pi(t+¢)) for small € > 0 given (P;(t)). We note that N} is
a Poisson process of intensity d;; A\, where d;; is the degree of
node ¢ € ¥. Since the communication times are independent
of the process (Pz(t)) ;>0 DY definition of the Poisson process
we have, for ¢ | 0, Pf(Ni - N} = OINt’,P t) =1-
diAe + o(e), P(N},. — Ni = 1| N, Pi(t)) = dizhe + o(e),
P(Ni,.—N; >2| N}, P, )) = o(¢). Using these expressions
we develop (18) for € | 0 as

E[P- (t+e)|P(t) = Q]

=iy T L (18)

E[Pi(t+ &) (Lony, =niy + Linvi, =1ewpy) | Pi(D)] + 0(e)
[ t+E|P Nz_FE:Nﬂ'(l—dii/\é‘ﬁ- E)
+E[Pi(t+e) | Pi(t), N/ . =1+ N/](disAe) + o(e). (19)



The two significant terms on the right-hand side of (19) are
now computed separately. For the event N{,. = N{, given
Pi(t) = Q, P; is governed by (14a), so we have for ¢ | 0,

Pi(t+e) = Py(t) + ePi(t) + o(c) = Q +e[(A — L;H,)Q
+QA—-L;H)" + BB + L,V;L]] + o(e),
leading to the first term on the right-hand side of (19) having
the estimate
E[Pi(t+¢)| Pi(t), Ni . = N{] - (1 = dishe + o(e))
=Q+e((A-LiH)Q+Q(A— LiH;)" + BB + LiViL])
— (diiAe)Q + o(e), (20)

for € | 0. Concerning the second term on the right-hand side

of (19), we observe that P(N/,, = 1+ Nj | N}) is equivalent
to

> PNV

JEN;

NP = 1| ) T Pk

k#j

—N/F =0|N¥).

Moreover, conditional on NZiE 1+ ij , j € N;, the
probability distribution of 7-]7\?” is uniform over [t,t + €[ by
definition of the Poisson pr(t)zaess [26, Theorem 2.3.7]. We

introduce 6 € [0,1] such that T]i\?,ij = t + 0¢c; then 0 is

t+e .. ..
uniformly distributed on [0, 1] given N;J, = 1+ N;7. We
now write the right-hand side of (14a) more compactly using
the map 1,

Q — ¥(Q) = (A-L;H,)Q+Q(A~L;H;)"+BB"+L,V;L]

and (14b) using the map w{, Q — QZJ{(Q) =1 -my)Q +
7;;P;(t).We thus have, conditioned on the event N7, =1+

NZJ,Pi(t) =Q,

PZ-(T;jZiE) = Pi(t+0e) = ¢ (Py(t + 0e) 7).

The above expressions then lead to, conditioned on the same
event, and for ¢ | 0,
Pi(t +¢) = Pi(t +02) + (1 — 0)ePi(t + 0¢) + o(e)
= Pi(t+0g) + (1 — 0)ep (P;(t + 6e)) + o(e)
= U0 (Pi(t) + 0=0(Pi(1)) + of€))
+ (1= 0)egp(Pi(t + 6e)) + ofe)
=] (Pi(t)) + 00(e) + O(e) + o(e).

One can repeat the above procedure for each j € A}, so that,
for ¢ | 0,

E[Pi(t+¢)| Pi(t) = Q, N/ . = 1+ N/|P(N/,.

=) / 1(E[wi Q)] +00(e) + O(e) + 0(5)) a0 - (Ae)

jen; Y0
= > (Ewi@] +06) - ()
JEN;
> QER(Q)] + ofe).
JEN;
Substituting (20) and (21) in (19), we obtain

=1+N})

21

E[Pi(t+e) | Pi(t) = Q] = Q—(e) > (Q—E[¢{(Q)])+0(e)

JEN;
+e((A- LH)Q+ QA ~ L) + BB + LVL).

Substituting these expressions in (17), we see that for each

Q c Rnxn’

Lint(Q) = (A~ LiH)Q + Q(A — LiH;)" + BB + L;V;L;
+A(ER Q) - Q).

which, upon recalling the definition of z/;f , leads to the desired
expression in (9). O

C. Asymptotic behavior

The second item in Theorem III.1 relates to the asymptotic
behavior of the coupled differential equations (9). Each of
these equations is linear in the state, driven by a constant
term which corresponds to the noise level in the system and
sensors, and are interconnected by diffusive coupling which
corresponds to the mean sampling rate A. Such systems in the
literature are studied under the framework of heterogenous
multi-agent systems since the dynamics of P; are different for
each ¢ € 7. In contrast to homogenous agents, consensus in
heterogenous agents is not possible in general. However, one
can get the states of all the agents close to desired accuracy
by increasing the coupling strength A.

For the proof of item 2) in Theorem III.1, we introduce the
notation,

N
— 1
A, =A—L;H; A=A—-LH = — A;.
(2 1 (3] and N; 1

Furthermore, let
Fi(P;) = AiP; + PiA] Gi:=BB" + L;V;L]
so that, P; = F;(P;) + G;. Also, we let
Py Fi(P1)
P=1:1, :
Pn
Then, we can write
P=FP)+G+AI®I,)P —AIn®I,)P
=F(P)+ G- a(L®I,)P,

and

Gy
F(P): :

, G:=

Fn(Pw) Gn

where we recall that II In + «f. For an undirected
connected graph with Laplacian £, we can find a matrix U
such that ULU " = diag (0, A). Let vy, denote the normalized
eigenvector corresponding to the eigenvalue O of the Laplacian,
so that

v -
Zl \/N

There exists a matrix U € RN*V=1_ with UTU = In_1,
UT .1y =0, such that

U= {UZ} Ut

T 1 11 and

1] e RMN, v L =0.

ij - UT = [Wuﬁw



where UT € RV*(N=1) s the matrix satisfying 1

N
. - ot (2o Svm (RERF((T] @ Jn)@))]
U'U'=1Iy_;, and 15 U'=0. i=1

< —a1(R)||E]2 + CoVN ||€]| |12

tr

Introduce the coordinate transformation

where we used the bounds on the trace of products from

1 vy @ 1) Q
Q= ﬁ(U@)In)P | LU el P = B [27], tr(ERE) = tr(RE?) > o1(R)tr(E?), and Cy > 0 is
vN " a constant satisfying

and the inverse of this transformation gives,

1 (17T o) S

=VvN [(wl ® I,) (ﬁT ® In)} Q On the other hand, using similar techniques, we can bound the
~ ~ derivative of V5 along the solutions of (23) as follows:
— (Iy ® L)Q: + VN ©1,)0. » along =

) y _ AOT AOT
Let S denote the solution of the differential equation S = V2 < —daoa(L£)tr(QQ7) + €1 t1(QQ )

A4S + SA' + BBT + L SN L,V;L]. We introduce the + 2 |IE] - [1Cll + C2|S] - 1Qll + Csaa - 12l
variable £ to denote the difference between the mean value of »
Pii=1,...,N, and S, that is where we recall that G = maxi<;<n ||G;||, and the positive

scalars C,Cs,C3 > 0 are chosen to satisfy

N
=01 -8= Jb;ﬂ =S, 0.5tr [Sym(éT(ﬁT ® L)(F(UT @ In)é)))] <Oy tr(QQ7)
: 0.5t [Sym(QT(0T ® L)(F((Ly © L)E)] < CovN e - Q]
0.5tr [Sym(QT (U7 @ L)(F((1Ly ® 1,)5)))] < C2vN|S| - 1]
0.5t [Sym(QT (07 © 1,)6)| < Cov/Na| Q).

and it is observed that
. o1 N .
E= Ql—S:N;Pi—S

N
_ A4+ €A + 1 Z F, ( \/N(ﬁj ® In)@) (22) For the combined dynamical system (22), (23), we now
N P consider the proper, positive definite Lyapunov function

where (7: denotes the i-th row of UT. Also, we can write V(E, Q) =Vi(€) + Vz(é)
é = A(A® In)é + %(ﬁ—r ®I,) (F(P)+ Q) and observe that
=-X(A®I,)0 + \/LN(W ® I,) [F((lN ®1,)Q V < —a1(R)[E]* — (Aaoa(L) — Ch)l| QI

CoV'N + C)|E| 1]l + (C2||S|| + C556) |-
+¢N((7T®In)é)+0} + (CoVN + C)[IE| ||l + (C2|| S| + Cs76) (|2l

= 2A®L)Q+ ([T @ L)F(U'©1,)Q)
F =0T L) (F(y @ 1)(E+5)+G). (@3)  Timsup |E(0)° + | O0)| < —r limsup V(E(D), (1)

Applying Lemma A.1 from Appendix, we readily obtain,

VN o} (R) “t-roo
.. . . 2 2
For stability analysis of the process P, we equivalently analyze < n(R) O3 O Tim sup 1S (¢ 1
the stability of (22) and (23). Towards this end, we recall the  ~ o2(R) \ 20 ¢ T C2imsup [SOI Jx | oms—5 |-

matrix R that satisfies (10), and introduce the functions o
With A Hurwitz and S satisfying (11), we have

Etr(Rl/zé‘Ré'Rl/z), lim; ,o, S(t) = S, which leads to the following bound
2 for each i € ¥,

Vl (8) :
~ 1 ~~
V2(Q) = §tr(QQT).

limsup ||P;(t) — S|| = limsup | P;(t) — S(t)]|
To analyze the evolution of V; along the solutions of (22), we =00 t—oo

compute the bound on the derivative of V;. Using the cyclic < limsup VN \/ IE@)1Z + 119(1)]2
property of the trace operator, we get T tooo
. 1 — T on(R) 1 —
=_ <VvN —— | (C Cq||S
Vi= 5 tr [Sym((RA+ A R)ERE)| VYNV Gemm = ) (Go7c + CallSl)
N
1 ~ ~
+ ﬁtr Sym (RERZFZ»(\/N(UZTQ@I”)Q))] for some class K function x such that x(s) = O(s) as
i=1 s — 0. Hence, we obtain (12) and this completes the proof of

< —tr(ERE) Theorem IIL.1.



IV. CONCLUSIONS AND PERSPECTIVES

We considered the problem of distributed filtering over
undirected and connected graphs. The sensor nodes exchange
information about their estimate, and the communication
between the sensor nodes is driven by independent Poisson
processes. The algorithm implemented by each node is in the
form of a stochastic hybrid system. We derive bounds on the
covariance of the estimation error for each node, and show
practical convergence for large enough sampling rates.

There are some immediate research directions that emanate
from this work. Building on Theorem III.1, it is interesting to
investigate algorithms which minimize the covariance bounds
under different information patterns. Another interesting dir-
ection is to study a broader class of random processes for the
communication between sensor nodes. While the memoryless
Poisson counter treated in this paper results in diffusive
coupling between the dynamics of expected error covariances,
it remains to be seen what kind of interconnection is obtained
from other communication processes.

APPENDIX

The following lemma has been used in the proof of The-
orem III.1.

Lemma A.1. Consider a function W : R>oxR>qxR>g — R,
and a function g : R>g — R>q, such that

W(t,r,s) < —a1r? + agrs — azs® + g(t)s

for some positive scalars ay,a2,a3 > 0. Then, there exists
c > 0 such that

W(t,r,s) < —c(r®+s%), ifr?+s?>g*(t)x (al)
3

where x is a class K function and x(s) = O(s) as s — 0.

The proof of Lemma A.1 is very similar to the proof of [,
Lemma 2], where one can also find the exact expressions for
the constant ¢, and the function .
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