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Optimally bounded Interval Kalman filter

Quoc-Hung Lu', Soheib Fergani', Carine Jauberthie!, Frangoise Le Gall'

Abstract— This paper is concerned with the optimization of
the upper bounds of the interval covariance matrices [1]. This
filter is applied to discrete time linear systems subject to mixed
uncertainties (combining bounded and stochastic uncertainties),
in terms of observations and noises (mainly sensors limitations).
It uses interval analysis in order to provide the optimal bound of
the state estimation error covariance. Based on that, an optimal
state estimation enclosing the set of all possible solutions w.r.t
admissible uncertainties is performed.

In this article, theorems and lemmas proving the optimality of
the proposed solution are provided.

Simulations on an example show the efficiency of the developed
interval estimation.

I. INTRODUCTION

State and parameter estimation are topics of utmost impor-
tance when dealing with system control. Indeed, obtaining
accurate estimations can lead to great improvements in the
systems performances. One of the largely used estimation
strategy is Kalman filtering. Recently, several extensions
of this technique have been presented to deal with the
system uncertainties. In [2] and [3], novel designs of optimal
robust Kalman filters have been introduced to deal with
parameter uncertainties for discrete time-varying systems
subject to norm-bounded uncertainties. The main idea of
these designs is trying to minimize an upper bound on
the estimation error covariance for any acceptable modeling
uncertainties. The drawback of these methods is the large
conservatism when dealing with too many uncertainties. To
overcome this limitation, a solution would be to consider
the resulting model matrices, considering the Gaussian noise,
as intervals containing all admissible values of parameters.
Unfortunately, a singularity problem may appear in interval
matrix inversion.

For the last few years, authors have been working on the
singularity problem of the interval matrix inversion. While
in [1], the solution proposed by using the upper bound of the
interval matrix to be inverted is not guaranteed (the solution
set may not include all the classical Kalman filter solutions
consistent with the bounded uncertainties represented in the
system), [4] presented an improved interval Kalman filter
(iIKF). It solves the interval matrix inversion problem with
the set inversion algorithm SIVIA (Set Inversion Via Interval
Analysis) and constraint satisfaction problems (CSP) (see
[5]). After that, works focused on reducing both the conser-
vatism and the high computational cost of these algorithms
in [6] and [7]. [8] introduced a joint Zonotopic and Gaussian
Kalman filter to handle the two paradigms of bounded dis-
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turbances and Gaussian noises for discrete-time LTI (Linear
Time Invariant) systems. It proposes to perform a multi-
objective optimization, minimizing the compromise between
the size of the zonotopic part of the bounded disturbances
and the covariance of the Gaussian noise distribution.

Motivated by the above observations and the following
works in [7], this paper proposes an estimation strategy that
provides the optimal upper bound on the state estimation
error covariance for all admissible uncertainties. It allows to
reduce the size of the set of all possible solutions and im-
prove the computation time of the observations with respect
to the classical Kalman filtering structure. The main objective
is to estimate the tightest intervals [#] that contain the state
variables. The upper bound optimization is achieved by an
accurate choice of parameters involving the computation of
the optimal gain (see section III).

This paper is organized as follows. In Section II, some
important definitions, notations and basic concepts needed
for the estimation strategy developments are provided. Then,
section III presents the main result of the paper which is
the Optimal Upper Bound Interval Kalman Filter. Section
IV shows the simulations results on a numerical example
that prove the efficiency of the proposed estimation strategy.
Finally, conclusions and future works are described in section
V.

II. PRELIMINARIES

This section introduces the notations used throughout the
paper, including some definitions and properties concerning
positive semi-definite matrices and some other basic con-
cepts.

Definition 1 (Positive semi-definite matrix): A real matrix
M € R™ ™ is positive semi-definite if and only if M satisfies
2T Mz >0 for all z € R™. We denote M = 0.

All along this article, we only deal with real symmetric

positive semi-definite matrices. We denote:

a) S(n) = {M eR™™: M =MT"}, the set of n x n
symmetric matrices.

b) Sy(n) = {M € S(n): M = 0}, the set of n x n sym-
metric positive semi-definite matrices.

Definition 2 (Partial order of real squared matrices):
Let M, N be two real squared matrices of the same size.
We define an order between M and N denoted by N < M
if and only if M — N > 0. M is called an upper bound of
N. We also say that N is dominated by M or M dominates
N.



In the case of Hermitian matrices, this order is known
as the Loewner (partial) order (ref. [9], [10]). Recall that a
partial order R satisfies the properties: i) aRa (Reflexivity);
1) If aRb and bRa then a = b (Anti-symmetry); iii) If aRb
and bRc then aRc (Transitivity).

We also extend this partial order to the notion of bounds
for a non empty set €2 of real squared matrices. If a real
squared matrix K dominates all matrices contained in €2,
then K is an upper bound of €2, denoted {2 < K. In other
words,

O<K & M<K, YMecQ.

If K and L are two upper bounds of €2, then we say that K
is better than L if and only if the norm of K is smaller than
or equal to the norm of L depending on the choice of norms
in definition 3.

An real interval matrix is a matrix which components are
intervals. Let [M] be an n xn real interval matrix. We denote:

a) M € [M] to indicate a ponctual matrix M included in
[M].

b) S([M]) £ {M € [M]: M = M7}, the set of symmetric
matrices included in [M].

¢) Sy ([M]) £ {M e S([M]) : M > 0}, the set of symmet-
ric positive semi-definite matrices included in [M].

d) BS([M]) £ {K € S(n) : S([]M]) = K}, the set of sym-
metric upper bounds of S([M]).

e) BS.([M]) £ {KeS.(n):S.([M]) <K}, the set
of symmetric positive semi-definite upper bounds of

S ([M]).

In the sequel, we assume that S ([M]) is non empty. For
any n x n matrix A, we use the notations o;(A4), \;(A4)
(i =1,...,n) to indicate respectively the singular values and
eigenvalues of A among which 0.4 (A) and A\pax(A) are
the corresponding maximum values.

Definition 3: Let A € R"*™ and z = (21, ...,2,) € R™.
Vector norm and matrix norms are defined as follow. ([10])

a) The Euclidian vector norm: ||z||s =

b) The nuclear norm:
AL £ ou(A) =\ /A(AT4)
i=1 i=1

¢) The operator norm:

||AH = Gmax(A) = AIIlaX(ATA)

d) The Frobenius norm:

[EA

Remark 1: If A > 0 then o;(A) = \(A), Vi =1,..n,
SO

o Al =22 Ai(A) = tr(A),

o [[A]l = Amax(A), -

c Alr = VYL N =

\/ZZ]‘:1 ‘AijP-

Jir(A3) =

A. Properties

First of all, we note that S(n) is a vector (sub-)space (of
R™*™) since aM + BN € S(n),YM,N € S(n),Va,8 € R
and S, (n) is a convex cone since the above expression is
just satisfied for a, 5 > 0.

Proposition 1: Let M € S(n) such that Ayax(M) < 0.
Then M =< ol if and only if o > Apax(M).
Proposition 2: Let A, B € S (n) such that A < B then

[Al < B[l and [[A]. < Bl

For all the following propositions and corollary, let [M]
be an n X n real interval bounded symmetric matrix.

Proposition 3: The following properties are verified:
a) S([M]) is compact in the norm vector space S(n).
b) S4([M]) is a compact subset of S([M]).

o) T2 {y=|M|:Me S ([M])}is compact in R.
d) suppres, ((a)) PAmax(M)} < oo.

Proof:

a) The upper triangular part of matrix [M] is composed
of m = L;" intervals I, ...,1,,. We can construct
a continuous function f from Iy x ... x I, in R™*",
Then, since I; X ... X I, is compact in R™, the image
f(I1 x ... x I,) = S([M]) is also compact in S(n).
The construction of f is given by: f = ¥ o ¢ with
¢ Iy x ... x I, — R™ ™ verifying = (21, ..., Ty) —

p(z) = N =

Z1 €2 Tn
0 Tpy1 Top—1
0 0 e a

and 1) : R"*" — R™*™ verifying
N = (N) =N+ NT — diag(N)

are two continuous functions.

b) It is only necessary to prove that Sy ([M]) is closed in
S(n), and the result is concluded by the property: If K
is compact in a topological space X and if I is closed
in X with F C K, then F' is compact.

We assume that {Mj;}y is a sequence in Sy ([M]) con-
verging to M., € S(n) and prove that M, € S1([M]),
ie. Mo € [M] and M, =0 .



By assumption,

k—oo
[Mi = Mool =D (Myij — Mg ij)® =0
%,
hence

(Mpij — Moo ij)? L) , Vi,i=1,...n

Since each M}, ;; belongs to an (closed) interval I;; of
matrix [M] then M ;; € I;; and Mo, € [M].

Next, we prove that u” Myu B0 T Moou,Yu € R™
In fact,

u" Myu —u" Mou| = Z w; (Mpij — Moo ij) uj
iy

< My = Maollp Y Juiuy]
i

and | My — Mool 22 0 induce u? Myu 2%

uT Moou, Vu € R™. Since for each v € R”, u” Myu > 0
so it is impossible that u” M, u < 0. We conclude that
uT Moou > 0,Yu € R™ or equivalently My, = 0.

¢) Since the operator norm is a continuous function and
S1([M]) is compact, then I" is also compact.

d) The result is induced by extreme value theorem using the
compactness of I'.

In the sequel, we denote a, = sup Mes, (M]) FAmax (M)}
Proposition 4: a) Sy ([M]) < ol if and only if o > ..

by & £ (M € 8,([M]) : diag(M) = diag(sup((M]))} s
the non empty set of maximal elements of Sy ([M]).

¢) If £ £ S ([M])\& contains at least two elements M, N

such that My # Ny for some tuple (k,1) : k # I,
(k,l=1,...,n), then Sy ([M]) has no greatest element.

Proof:

a) Thanks to proposition 1, we get o > «, if and only
if M < aI,YM € S;([M]). The proposition 4a) is
concluded.

b) First, let M € Sy ([M]) (which is non empty). If M € £
then & is non empty. If M ¢ &, ie. diag(M) #
diag(sup([M])), we denote M = M + A where A =
—diag(M) + diag(sup([M])). Then M € S ([M]) and
satisfies diag(M) = diag(sup([M])). So € is non empty
since M € £. In addition, no matrix M € S, ([M]) such
that diag(M) # diag(sup([M])) is a maximal element
of S4([M]) since such a matrix M is always dominated
by another matrix M € E. In other words, any maximal
element of S, ([M]) (f it exists) must belong to &.
Next, we prove that any element of £ is a maximal
element of S ([M]). In fact, no matrix M € S ([M])\&
dominates an element P € & since tr(P) £ tr(M) (using
proposition 2). Hence, we prove that any two elements
in £ do not dominate each other. Let P, € £ such that
P #Qand L = P — Q. Then L satisfies L;; = 0 and

Lij = Pij - Qijv VZ,] = ]., ey N To obtain Q j P, it is
necessary:

Vu = (u1,...,un) #0, ulLu= QZuiuJ—Lij > 0.

1<J

This expression must be satisfied for all following choices
of vector u. Let p,g =1,...,n and p < q. By choosing

w =1 = (6,(1) + 64(1), ..., 6,(n) + 64(n))

and

where 0y (1) is the Kronecker delta, it is necessary that:

a'La = 230, (6p(1) +84(3) (0p(F) + 04(5) Lis =
2Lpg > 0,

a'La = 230, 5 (0,(0) = 04(9) (6p(5) — 84(4)) Liy =
2L, > 0.

then, L,, = 0,Vp,q¢ = 1,...,n and p < ¢, which implies
a contradiction.

c) Let M,N € &°¢ such that My, # Ny for some
tuple (k,1) kE # 1, (kl = 1,..,n). Let P =
M — diag(M) + diag(sup([M])) and Q@ = N —
diag(N) + diag(sup([M])). Then P and @ are such that
P.Q € S.([M), P # Q and diag(P) = diag(Q) =
diag(sup([M])). Hence P and @ belong to £ and are
two different maximal elements of S ([M]). This implies
that S; ([M]) does not have the greatest element.

Corollary 1: There exists a matrix N* € & such that
Amax(N*) = .
Proposition 5: Let K € BS, ([M]). Then:

a) .l is the optimal upper bound of S, ([M]) in the set
BS,([M]) in the sense of operator norm minimization.

b) «.[ is the optimal upper bound of S ([M]) in the set of
upper bounds K € BS, ([M]) such that

M (K) + ... + M (K)

> O

in the sense of nuclear norm minimization.

In the folowing, the notation mid([M]) stands for the matrix
of center points.
Proposition 6: Let Max be a matrix determined by

Maz;; = {Sup([MDij , if mid([M]);; >0

inf([M]);; , otherwise

then supycg, () {IMIlr} < [[Maz|p and o, <
||[Max| . In addition, if Maz > 0, then

Amax(Maz) < a, < ||Maz||F.



III. MAIN RESULTS

We have proved that a non empty set S;([M]) can be
dominated by an upper bound of the form al (a > 0).
Furthermore, we pointed out that the particular upper bound
a1 is the optimal bound for S ([M]) among other bounds
in BS, ([M]) according to the operator norm. And if we use
the nuclear norm as a criterion, [ is also the optimal bound
in a rather large subset of BS, ([M]): the set of matrices
K € BS([M]) such that

M(K) + ... + M (K)

> Q.
The use of this particular upper bound ensures on one hand
a solution to the singularity problem of the interval matrix
inversion as well as the conservatism of the algorithms, and
on the other hand an appreciable reduction of the compu-
tation time. This fact is verified in a numerical simulation
in which the use of this kind of upper bound reduces by
over 40% the computation time and ensures more consistent
estimate intervals. In addition, by using an appropriate choice
of coefficients (35 and o) the traces of estimated covariance
error bounds are well controlled. Although we did not find
the exact value of «, but a bound for it, the numerical
simulation showed that we can rather use its upper bound
(||Max| F) to obtain the desired results presented in section
V.

From a statistical point of view, we used this particular
upper bound as a covariance matrix of a multi-dimensional
(Gaussian) noise which components are mutually indepen-
dent. In other words, in our problem, all covariance matrices
included in an interval [Q)] can be represented by the one of a
multi-dimensional variable which components are mutually
independent. These results are used to develop our new
Optimal Upper Bound Interval Kalman Filter.

A. Optimal Upper Bound Interval Kalman Filter

Consider the linear discrete time dynamic system repre-
sented by the states and measures equations

(D

xp = Apxr—1 + Brug + wy
yr = Crxp + vy,

where the notations are usual for the classic Kalman filter:
) € R™ state variables, y; € R™ measures, up € R™
inputs, wg, € R™ state noises, vy € R™ measure noises.
Matrices Ay, By, Cy are unknown, deterministic and in-
cluded in bounded interval matrices [A], [B], [C] respectively.
wy, vg are centered Gaussian with covariance matrices Qy
and Ry included respectively in bounded interval matrices
[@] and [R]. The initial state z is also Gaussian. In addition,
Zo, {w1 : wg} and {vy : v} are assumed to be mutually
independent.

Our aim is to estimate intervals [#] which contain state
variables ;. Moreover, each value %) € [&j] can be

considered as a point estimate of x. By applying the Kalman
classic filter calculations, we obtain, VA, € [A], VCi €

[C], YQi € [Q], YRy, € [R], Vi, € [Z%] and VE > 1:

Py = E[(zr — &x)(or — )7 2)
= (I- chk)(AkPkfl\kflAg +Qr)I — chk)T

Prik—1

+ KipRpKi .
Let Sy ([Ppjr—1]) = axl and S ([R]) < vI, then
Pk|k = Ozk(l - chk)(l — chk)T + ’kaKg .

By applying the same strategy as the one in [7], we obtain,
VA € [A], VC € [C], VQi € [Q], YRy € [R], Vi € [&]
and Vk > 1:

Ny ng

Pur = <1 + ZZ,@ij}kTﬁ> (I — Kxm) (I — Kxym)”"

i=1 j=1

Ny ng Ny ng
+ Z ZTij <5ij,k + Z ZTuUUijuv,k> Kyrijr Ki
=1 j=1 u=1v=1
+ ’kaKZa

for any fi;kx > 0, 0ijuv,k > 0 and where m = mid([C]),
ri; = rad([Cy;]) and T;; = 1 if rad([C]);; > 0 and null
otherwise. Note that the notations mid([C]) and rad([C])
stand for the matrix of center points and the matrix of radius
of [C] respectively.

We choose 35k = Br > 0 and 040,k = or > 0, for all
1,7, u,v. Then

Por = o (L+mnoByt) (I — Kim) (I—-K,m)"

Ny Ny

+ (B + nook) Ki | . rigrl | K

i=1j=1
+y Ky KT, 3)

where ng is the number of non null radius of [C]. The right
term of (3) is denoted by Py ;. The optimal gain K} which
minimizes the trace of Py, is

K = m? (mmT —l—ukD—&—ka)71

_ n Ny T — Brtnoo —
where D = ) .Y, GL1 T Uk = W and v, =
1 . By choosing Kj, = K; we get

ak(1+noB, )
Pk\k = O (1 + ’noﬂk_l) (I — K;gm) .

The trace of Py is optimal according to the choice Ky =
K, but we can do better by well choosing the coefficients
B, and 0. We have

tr(Prji) = o (1 + %) tr [Z —mT (mmT + urD + ka)_l m]
k

= ay (1 + %) [tr([) —tr (mmT (mmT +urD + ka)AM

= ay (Bk + nook) tr (D (mmT + urD + 'ukl)_l)

+ Atr ((mmT +upD + ’Uk[)71>

We observe that if 3, and o} converge to 0, then tr(Py;,)
converges to tr g(mmT)_1>. The use of upper bounds

of Pyx—1 and [R| with the forms af (a > 0) decreases



the computation time of the algorithm (with a rate more
than 40% according to a numerical result). In addition, by
choosing 3 and oy, sufficient small, we can control the trace
of Pk| k-

IV. NUMERICAL EXAMPLE

We simulate an example described by equation (1) with
no input, where:

[2.45,2.72] [-1.41,-1.28] [0.26,0.28]

[A] = [6.32,6.98] [-3.56,—3.22] [2.45,2.72] | ,
[—0.79, —0.72] [0.3,0.34] [0.1,0.11]
[—8.16,—7.84] [—4.08,—3.92] [1.96,2.04]

[C] = [ [-2.04,-1.96]  [1.96,2.04] [5.88,6.12] | ,
[-0.41,—-0.39] [15.68,16.32] [6.86,7.14]

[8,12] [-6,—4] [3.2,4.8]
Q=R = [[-6,—4 [812 [16,24]
[3.2,4.8] [1.6,2.4] [8,12]

The initial state is zy = (5,—2,6)T and the model
starts at [$0] = ([-2,2],[~2,2],[~2,2])T. The initial error
covariance bound is Pyjo = 101.

First, we simulate with N = 10000 steps for state vari-

ables y, measures yy and covariance matrices Py ;. More
precisely, at each step k, from [A], [C], [Q], [R], we gener-
ate respectively matrices Ay.Cy, Qx, Ry such that @ and
Ry, are symmetric positive semi-definite. Then wyg, v are
simulated such that wy ~ N(0,Qg) and vy ~ N(0, Ry).
From these informations, we can calculate xy, yx and Py
In a second phase, we run our algorithms, named OUBIKF
(Optimal Upper Bound Interval Kalman Filter), together with
the one of [7], named UBIKF, for N steps to obtain [} ",
P,zlpkt and [Z1], Py respectively. The following results are
adapted to the choice of upper bounds af with « = || Max||
1

and of coefficients By = m and o, =

no. 103 :
Simulations results

The computation time of OUBIKF is reduced more than
40% w.r.t the one of UBIKF (see Table I).

RMSE

Time

X1 X9 I3
UBIKF 413.41 | 448.83 | 343.82 | 51.375 s
OUBIKF | 416.95 | 451.48 | 346.51 | 28.719 s

TABLE I: Results of the OUBIKF versus UBIKF

The traces of bounds 7)1:|pk decrease rapidly and have
a convergence tendency while the traces of Py, increase
(although bounded) (Fig. 1, Fig. 2).

In addition, we have tr(Py;,) < tr(P,gf,:) < tr(Py,) for all
k > 1. This fact is verified experimentally for all £ > 1 and
a summary is presented in Table II. Furthermore, all estimate
intervals [Z}” *] are contained in the corresponding estimate

intervals [Z].

The next result concerns the confidence intervals defined
by

Traces of OUBIKF Matrix bounds
21427 T T T T T

2147
2714F

2191

Trace

27381

213F

2736 1 1 T I Il I I B E— Il

510 150 % N % 4 4 w0

Fig. 1: Behavior of Traces of OUBIKF Matrix bounds

Traces of UBIKF Matrix bounds
140 T T T T T

Fig. 2: Behavior of Traces of UBIKF Matrix bounds

\/ Pk L840 Sup xk 1 + r \/ ,PISZZ:| ’
T/ Pk i SUP (Ek: 2 + T/ Pk,u}

for v+ = 1,..,n, and r = 1,2,3 corresponding to
68%,95%, 99.7% confidence interval (the 3-sigma rule).
According to the simulation, the 68% confidence intervals
contain all corresponding state variables x; and, more over,
CI” C Cly;,Vk > 1,Vi = 1,..,3 (Fig. 3).

So the O(%) which is the percentage of confidence
intervals containing corresponding state variables are both
100% for two algorithms, however the CIOpt’s are more
consistent.

opt __ |: opt
CL; = [mf x,“

Cl,; = [mf Zho.i]

We note that the 68% confidence intervals do not always
contain the corresponding state variables with O(%) = 100%
for different simulations (with the same input), but often
reach over 99.9%. And until now, none of our simulations for



States simulation and its Confidence Intervals from UBIKF and OUBIKF
T T T T T T T

real states
——UB_Cl_opt
——LB_Cl_opt
——UB_CI

1000

600

400

2001

200
-400

-600 1
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610 612 614 616 618 620 622 624 626 628 630
k

Fig. 3: State variable and its 68% Confidence Intervals

this example with 99.7% confidence interval gets the O(%)
under 100%.

Concerning the meaning of the confidence interval def-
inition presented above, we can think in the manner
that CIk,i Uik,ie[iik,t] CIk)i(i’k’i) where CIk7i<-'i'k7i) =
[;i“k, — v/ Prii, Tk + T Pk,,;i]. A state xj, belonging to
CI;,; means that x, € Cly ;(&x ;) for some &y ; € [&k,]. It
is the same thing for CI};.

We also deal with a criterion called Root Mean Squared

Error (RMSE) to compare the performance of the two
algorithms. The RMSE is defined by

N
RMSE; = % kZ::l (g, — mid([2,]))>

for ¢+ = 1,...,n;. And the result is that the RMSE for
OUBIKEF is slightly increasing w.r.t the one for UBIKF
(Table I). We use this criterion since it has been used before
to compare different algorithms, e.g. in [7]. But a critical
point of view can be pointed out. The distance between
the state xj; and the center point of the corresponding
estimate interval is used. This fact dismisses the issue of
the estimate interval width. Naturally, two estimate intervals
with the same center point have the same RMSE. In other
words, this index just stand for the concentration of state
xj, with respect to the corresponding estimate interval center
point. We propose another distance to improve the meaning
of this criterion. We will use the Hausdorff distance defined
as follow:

dg(X,Y) = max < sup inf d(x,y),sup inf d(x,
(X, Y) = max { sup inf dlz.9).sup inf d(e.)

for any two non empty sets X, Y in the metric space ({2, d).
In our case, we have

du (Tk,i; [2h,i]) = max {|zr,; — Inf([Zr,:])]; [Tk, — sup([Tr,]) [}

and the new RMSE is defined by

N
— 1 .
RMSE,; = N ; dH('rk',ia [xkﬂ'DQ'

The result for RmE in Table III shows that the estimate
intervals [277/] are more relevant by their tightness.

Trace Min Mean Max Width*
tr(Pyr) | 1.0592 | 1.3399 | 1.6418 | 0.5826
w(Ph) | 27361 | 2.7361 | 2.7418 | 0.0057
tr(Pbyy,) | 15.353 | 132.72 | 133.47 | 118.117

*Width = Max - Min
TABLE II: Traces of Covariance matrices and Traces of its
Upper bounds

RMSE
X1 X9 T3
UBIKF 5047.2 | 4159.1 | 4213.6
OUBIKF | 4708.5 | 3847.7 | 3934.2

TABLE III: The RMSE

V. CONCLUSION

This paper proposes a novel result to find an optimal
upper bound of set S ([M]) that ensures a solution to the
singularity problem of the interval matrix inversion as well
as the conservatism of the algorithms. Based on that result,
an Optimal Upper Bound Interval Kalman Filter (OUBIKF)
is developed to perform an optimal state estimation that
encloses the set of all possible solutions w.r.t admissible
uncertainties. Simulations results shows the efficiency and
accuracy of the proposed strategy.
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