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Aperiodic sampled-data MPC strategy for LPV systems*

Alessandra H. K. Palmeira?®, Joao M. Gomes da Silva Jr®*, Jeferson V. Flores?, Alexandre SeuretP

“UFRGS, School of Engineering, Porto Alegre, Brazil
YLAAS-CNRS, Université de Toulouse, CNRS, UPS, Toulouse, France

Abstract

This paper addresses the design of a sampled-data model predictive control (MPC) strategy for
linear parameter-varying (LPV) systems. A continuous-time prediction model, which takes into
account that the samples are not necessarily periodic and that plant parameters continuously vary
with time, is considered. Moreover, it is explicitly assumed that the value of the parameters
used to compute the optimal control sequence is measured only at the sampling instants. The
MPC approach proposed by Kothare et al. [1], where the basic idea consists in solving an infinite
horizon guaranteed cost control problem at each sampling time using linear matrix inequalities
(LMI) based formulations, is adopted. In this context, conditions for computing a sampled-data
stabilizing LPV control law that provides a guaranteed cost for a quadratic performance criterion
under input saturation are derived. These conditions are obtained from a parameter-dependent
looped-functional and a parameter-dependent generalized sector condition. A strategy that consists
in solving convex optimization problems in a receding horizon policy is therefore proposed. It is
shown that the proposed strategy guarantees the feasibility of the optimization problem at each
step and leads to the asymptotic stability of the origin. The conservatism reduction provided by
the proposed results, with respect to similar ones in the literature, is illustrated through numerical
examples.

Keywords: linear parameter-varying systems; sampled-data control; model predictive control;
guaranteed cost control; constrained control; input saturation.

1. Introduction

Model predictive control (MPC) has received a lot of attention from the control community
over the last years, both in the contexts of theoretical developments and practical applications
[1-3]. The MPC strategy consists basically in solving an on-line optimization problem over a
finite/infinite prediction horizon at each sampling instant and in applying the first element of the
optimal control sequence until the next sampling occurs. The prediction of the system variables is
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made considering a model of the controlled process. The optimization problem is then repeated in
a receding horizon policy whenever a new measurement (of the states and/or outputs) is available.
This kind of control strategy has been shown to efficiently deal with performance issues and with
state and control constraints (see for instance [2-5] for general overviews on MPC).

Linear parameter-varying (LPV) systems have been successfully used to model systems with
parametric varying uncertainties. Moreover, some nonlinear systems can also be cast in the so-
called quasi-LPV form by an appropriate conversion of the nonlinearities in the product of states
and varying parameters [6]. Several practical applications of the LPV modeling can be found, for
instance, in [7]. Hence, LPV models can be used in MPC strategies to take into account parameter
uncertainties and nonlinear effects. A relevant approach in this context is the one originally proposed
by Kothare et al. [1]. It basically consists in solving an infinite horizon guaranteed cost control
problem, based on a linear matrix inequalities (LMI) framework, and then repeat the procedure at
each sampling instant using the measurement of the current state. It is shown that this procedure
guarantees feasibility, respect to control constraints and asymptotic stability, provided that the
optimization problem is feasible at the initial instant, i.e. if there exists a robust stabilizing state
feedback control law which ensures that the initial state is included in the basin of attraction of the
closed-loop system origin under constrained control. This approach has been further applied and
developed in [8-11].

It should be pointed out that all the references in the previous paragraph consider discrete-
time LPV models. A first issue in this case regards the determination of an LPV discrete-time
model from an actual continuous-time system. This is not an easy task since exact discretization
techniques (as the one for standard linear systems) cannot be applied [12]. The second issue
lies in the implicit assumption that the plant parameters are supposed to be constant between
two successive sampling instants. Note that this assumption is in general not realistic, since the
plant is a continuous-time system and the time-varying parameters evolve continuously between
two successive sampling instants. In addition, motivated by the development of networked and
embedded control systems, a special attention has been paid to the case of aperiodic sampling
[13], i.e. when the time between two sampling instants is not necessarily constant. To cope with
these issues, it is more appropriate to address closed-loop stability and performance considering
a sampled-data framework, where continuous-time evolution of the plant under a control signal
updated only at the sampling instants is explicitly taken into account [13, 14]. In this context, the
problem of MPC for LPV systems considering a sampled-data framework is addressed in [15, 16].
In these references, the MPC strategy of Kothare et al. [1] is employed and a time-delay approach
(similar to those proposed in [17-19]) is used to cope with the sampled-data problem.

Motivated by the aforementioned issues, we focus here on the problem of sampled-data MPC for
LPV systems. It is explicitly assumed that the parameters and the plant states evolve in continuous-
time, while their measurements to update the control signal are taken only at the sampling instants.
We adopt the MPC strategy proposed by Kothare et al. [1], where an infinite guaranteed cost
control problem is solved at each sampling time, using an LMI-based formulation. With this aim,
we first derive LMI conditions for computing a sampled-data stabilizing LPV control law aiming
at providing a guaranteed cost for an infinite horizon quadratic criterion under input saturation.
Thus, a strategy that consists in solving convex optimization problems in a receding horizon policy
is proposed. It is shown that this strategy leads to the feasibility of the optimization problem at
each step and guarantees the asymptotic stability of the origin.

The main contributions of this paper and the differences with respect to previous literature are
summarized below:



e In most works following Kothare’s approach, a formulation in the discrete-time framework
(e.g. [8-11, 20]) is considered. In this case, it is implicitly assumed that the parameters are
constant between two samples and that the sampling is periodic. Our approach considers
directly continuous-time LPV models, which allows to cope with the aperiodic sampling case
and the fact that plant parameters can vary between two successive sampling instants.

e Based on the information about the bounds on the parameters variation rate, differently from
[15], we propose a model that explicitly captures the mismatch between the continuous-time
plant parameter and its last sampled value used for control purposes. Moreover, to derive the
stabilization conditions, we consider a looped-functional. In this context, the approach origi-
nally proposed in [21, 22] is extended to consider parameter-dependent looped-functionals as
done in [23]. In particular, differently from classical Lyapunov-Krasovskii functionals (consid-
ered for instance in [15-18]), looped-functionals are not required to be positive definite. These
ingredients allow the reduction of conservatism (in terms of the guaranteed cost, maximal al-
lowable sampling interval and stability region), when compared to the approaches considered
in [15, 16].

e The problem of sampled-data guaranteed cost control of LPV systems under input saturation
(control constraints) is formalized and conditions to solve it in a regional stability context
are stated. Provided that the initial state belongs to an admissible set, described as the
level set of a parameter-dependent quadratic function, it is shown that the trajectories of the
sampled-data system under saturating control inputs converge asymptotically to the origin,
while a bound on the quadratic performance criterion is ensured. In particular, to derive
these results, a parameter-dependent version of the generalized sector condition proposed in
[24] is applied. Differently from most works following the Kothare’s approach, which consider
saturation avoidance conditions, our results allow to deal with the effective saturation of the
control signal and thus to take into account the possible nonlinear behavior of the closed-loop
system.

e The MPC algorithm is proposed based on the conditions derived to solve the sampled-data
guaranteed cost control problem under input saturation. Provided that the initial state be-
longs to an admissible set, which can also be seen as an estimate of the region of attraction
of the origin, we formally show that the proposed algorithm guarantees the feasibility of the
optimization problem at each sampling instant and the asymptotic stability of the origin.

This paper is organized as follows. The problem set up is presented in Section 2. Conditions
to solve a sampled-data guaranteed cost problem through a saturating state feedback control law
are derived in Section 3. Based on these conditions and an associated LMI-based optimization
problem, in Section 4 the proposed MPC strategy is formulated and results regarding feasibility and
the guarantee of asymptotic stability are provided. Numerical examples are presented in Section 5.
Some concluding remarks and future directions of research are pointed out in Section 6.

Notations. Throughout the article, sets N, R™, R", R™" and S" denote respectively the set
of nonnegative integers, nonnegative scalars, n-dimensional vectors, n x n matrices and symmetric
matrices of R**". For a given positive scalar T, define ‘K[?)_’T] as the set of continuous functions from
an interval [0, T] to R”. The union set of continuous functions with support in a certain range is
defined as Kig. 2 = Urez3,5){¢0.r}- |- || stands for the Euclidean norm of a vector. For P € §",

P > 0 means that P is positive definite. He{A} refers to A+A’, symbols I and 0 represent the identity



and the zero matrices of appropriate dimension. Co{-} stands for a convex hull. For a polytope
B, Ver(#) denotes the set of its vertices. x(fs|tx) means the predicted value of x(f;;) based on
information available at at time f, for s = 0,1,...,0. ® denotes Kronecker product and A(V) is a
shortcut for v&@1. A(;) and x(;) represent the i-th line of the matrix A and i-th element of the vector
x, respectively. For a square matrix A, A, (A) denotes its largest eigenvalue. &(P,c¢) denotes the
ellipsoidal set &(P,c) = {x e R";x¥’Px < c}, with P=P >0, ¢ > 0, and d&(P,c) denotes its boundary.
Define ||x(8)||2 =+'(6)Zx(6), with Z=Z' > 0.

2. Problem Formulation

2.1. Description of the LPV System
Consider a continuous-time LPV system with saturating sampled-data control inputs given by

x(t) = A(o(t))x(t) + Bsat(u(t)),

ut)= u(te), V€ [t ter1),

(1)

where x € R, u € R™ represent the state and the input vectors, respectively. o(t) € RY is the vector

of time-varying parameters with A : RY — R™" and B € R™™.  The sequence of sampling time

instants {f }ren, with f, € RY for k € N, is such that U [t, 1) = [0,+0). The difference between
keN

two successive sampling instants is denoted by Ty = ;.11 —# and it is assumed that there exist 7] and
2 in RT such that 0 < 7 < Ty < %. The particular case Ty = .77 = %, for all k €N, corresponds to
a periodic sampling strategy. During any sampling interval [t,f;11), u(t) is kept constant by means
of a zero-order hold (ZOH).

The saturation function is component-wise defined as follows:

sat ;) (u) = sign(u(i))min{\u|(,-), ﬁ(i)},

for i=1,...,m, where =ii(; are the symmetric bounds on the ith input signal.
We assume that each component of o(t), i.e. each time-varying parameter, is continuously
differentiable and bounded both in amplitude and rate as follows:

<><%><)S§
g, <00 <&,

In other words, o(¢) and &(¢) belong to the following convex polytopes with 2V vertices in RV:

U iZ1, N 2)

o(t) € Bs = Co{vi,Va,...,Von },
G(t) € ‘@(7 = Co{nl7n2a"'7n2N}a
where v; and n; € RN, j=1,...,2V, denote the vertices of B, and HBs, respectively.

Matrix A(o(t)) is assumed to be affine with respect to o(r) and can be generically represented
as follows:

N
A(o(t)) =Ao+ Y, 0(j)(1)A; = (Ao + Alo(r) @ 1)) = Ao+ AA(o(1)), (3)
j=1

with A; € R™" being constant matrices for j=0,..., N, A EX [A] ... Ay], and A(V) being a shortcut
for v 1.



2.2. Guaranteed Cost Sampled-data LPV Control Problem

As a control objective, consider the minimization of an upper bound ¥ to the following quadratic
cost function

o

J(tk, %) =/tk (1x(8)[1Z +[sar (u(6)|[7) a6 = 5 ('(8)Zx(8) +sar (u(0)) Hsar (u(0))) d6,  (4)
where Z > 0 and H > 0 are symmetric weighting matrices with appropriate dimensions. We consider
that Z =2'Z, with Z € R?*" and g < n.

Assuming that the parameters can be measured, we consider a sampled-data LPV state feedback
control law, i.e. the control signal is assumed to be computed from the values of o(¢) and x(r)
obtained at the sampling instants t = #;. In particular, we consider an LPV state feedback control

law given as follows:
u(t) = K(o(t))x(t), Vt € [te,tx1), Yk €N, (5)

where K(o(#)) € R™*" is an LPV gain matrix that depends affinely on the parameters measured at
sampling instant t =1, i.e.:

N
K(o(t)) =Ko+ Y, 0()(t)K; = Ko+ KA(0 (1)), (6)
=1

with K; € R™*" being constant matrices for j=0,..., N and K= [K; ... Ky].

Note that u(t) is supposed to be kept constant over the interval [t,#.1) with the value computed
from ¢ and x measured at the instant t =#. At each sampling time, the gain matrix K(o (%)) is
therefore updated based on the new measurement of the time-varying parameters. It is worth
noticing that the plant and parameters evolve in continuous-time, while the controller signal (5)
is computed and updated only at the sampling instants t = #,. To take this fact into account, the
scheduling function o(f) can be decomposed as follows [25]:

o(1) = o)+ (o) —o(u)) = o) + &), Vi € [, tir1), (7)
where &(f) denotes the possible variation of o(¢) in the intersampling interval. Assuming that

) =20, é(j) <0, &(r) = &(r) and taking into account that T; € [.9}, %], it follows from (2) that:
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7
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From the bounds defined in (8), it follows that

o(ty) € Bs = Co{vi,va,...,Vvn},
O(t) € Bs, = Co{B1,B2,.... B}, (9)
Sk(t) S ‘%5 =HBs = CO{T]l,T]g,...,T]zN},

with B; = %1, j=1,...,2V. Based on (7), we can therefore rewrite A(c(f)) given in (3) as follows:

A(o(t)) = (Ao+A[(o(te) + 0 (1)) 1)) = Ag+ AA(0 (1) + 6 (1)).



As pointed out in [23], at the sampling instant ., the model of the closed-loop system formed
by (1) and (5) depends on parameter o (), that can take any value in %s. On the other hand,
in the interval (#,f;.+1), the dynamics depends also on the continuous evolution of &(¢), which
evolves in the polytope %s . It should be noticed that, depending on the maximal admissible
intersampling time 7 and the bounds on the derivative of the plant parameters, %s_is potentially
much smaller than %s. This formulation leads to a conservatism reduction when compared to the
approach considered in [15], where the sampled-parameter used for control purposes (o(#)) and
the continuous-time plant parameter (o(r)) are treated as independent variables taking arbitrary
values in %;.

On the other hand, it is worth noting that, due to the saturation function in (1), the closed-loop
system formed by (1) and (5) is nonlinear. Hence, global stabilization of the origin may not be
achievable [26]. In this case, the set of all initial conditions (x(0) € R") such that the corresponding
trajectories of system formed by (1) and (5) converge asymptotically to the origin defines the so-
called region of attraction of the origin (%,) [26]. Since the analytical determination of %, is in
general not possible, a problem of interest consists in ensuring asymptotic stability for a set of
admissible initial conditions Zy C %Z, C R", taking into account both the input constraints and that
the interval between two successive sampling instants may vary, while it is ensured that J(t, ) < %
for some ¥, > 0.

Then, based on this formulation we are concerned by the following problem:

Problem 1. Compute K;, for j=0,...,N, such that an upper bound ¥ to the criterion J(tx,oo)
defined in (4) is minimized and the trajectories of the closed-loop system formed by (1) and (5)
converge asymptotically to the origin provided that x(t.) € .

This problem is the core of the MPC strategy to be proposed. Conditions to provide a solution
to it will be given in Section 3.

Remark 1. Note that the measurement of the time-varying parameters is the central idea of LPV
control laws. If the time-varying parameters cannot be measured, the control law cannot depend on
them. In this case, we refer to a robust control problem, i.e. a parameter-independent control law
that ensures stability and performance for the given range of parameter variation is considered. In
our case, this solution would correspond to the following particular case of (5):

u(t) = KOX(lk), Vit € [tk7tk+l)a Vk € N7
i.e. the matrices K;, j=1,...,N are set equal to zero.
2.8. MPC Strategy
In this work, we follow the MPC approach proposed in [1] and [11], where at each sampling
instant f;, based on the measurement of the states and the parameters, a state feedback control law

is computed in order to minimize an infinite-horizon quadratic criterion as given in (4).
With this aim, from the LPV system (1), the following prediction model is considered:

x(t) ZA(O'(I))X(Z‘) +Bsat(”(’k+s|tk))7 te [tk+5’ tk+S+l>7 520, (10)

where u(fy1|ty) denotes the control signal to be applied in interval [tyis, fris1+1) from the control
law computed at instant ¢t = . In this work, we consider an LPV state feedback control law as
given in (5), i.e.

U(tkys|te) = Ki (O (tges) )X (tkps|t) s 1 € [tigsy trgst1), >0, (11)



where x(#5|tx) denotes the state x(7;15) predicted at time 7, respectively, for s= 0, 1,...,00. Matrix
Ki (o) is the solution to an optimization problem, computed at time #;, aiming at minimizing the
upper bound 7 on the quadratic criterion J(t,e) given in (4) using the prediction model (10).
Considering the initial condition x(#), the computed control law (11) must ensure the asymptotic
convergence of the trajectories to the origin of (1) for any function o (t), t € [t,o0), satisfying (2).
Hence, the optimal control sequence obtained at time ¢ is, in fact, given by the solution of Problem 1
considering x() as initial condition. Then, the first element of the control sequence u(# ;) is applied
to the plant, until a new sample is available. Following a receding horizon policy, at next sampling
time, fx41, new measurements x(#;41) and o(f;11) are obtained and a new parameter-dependent
feedback gain Kj11(0) is computed to minimize an upper bound Y41 on J(11,0).

The LPV-MPC sampled-data control strategy can therefore be summarized in the following
algorithm.

Algorithm 1.
Step 1: Set k=0;

Step 2: Measure the states and the parameters at the instant ty;

Step 3: Compute Ki(0) = Kio+ % 0(j)Kx,j, i-e. determine matrices Ky j, j=0,...,N, such that Prob-
lem 1 is solved; !

Step 4: Fort € [ty,txr1), apply the control signal u(t) = Ki(o (t))x(tx) to the system;

Step 5: Set k< k+1 and wait for the next sampling instant, then go to Step 2.

From this algorithm, the dynamics of the closed-loop system can be described by
x(t) = A(o(t))x(t) + Bsat (K (o (t))x(t)), Vt € [tk, trt1), VkeN. (12)

It should be noticed that o(¢) is not considered constant neither over the prediction horizon
nor between two successive samples. This is, by the way, a difference of this work with respect
to classical discrete-time approaches [8-11, 20]. Prediction model (10) assumes that the system
dynamics depends continuously on o(¢). On the other hand, the control signal applied between
[tk t+1) depends only on the value of o(#). As o(t) is assumed to evolve in the set HBg, the
computation of the control signal at time # and the associated upper bound ¥ for J(#,e0) must
implicitly consider all the possible trajectories for o(f) from #; to oo that satisfy the bounds given
in (2). This will be ensured by convexity properties, as it will be seen in Theorem 2 in the next
section.

3. Guaranteed Cost Sampled-data LPV Control under Saturating Inputs

In this section, we propose a solution to Problem 1, which is required in Step 8 of Algorithm 1.
With this aim, we firstly introduce some preliminary results regarding saturation operators and
parameter-dependent quadratic functions. Then, we present the looped-functional approach, which
will be applied to obtain LMI based conditions to design the LPV control law (5) in order to solve
Problem 1.

In particular, we extend the original results proposed in [21] and [22] to consider parameter-
dependent functionals. Furthermore, to cope with control saturation, a similar approach to [27] is
considered.



8.1. Saturation Handling

From the saturation function definition and (5), for 7 € [t, 1), the following vector-valued
deadzone function can be defined:

Vi = W(u(ty)) = sat(K(o(t))x(tx)) — K(o (1) )x(tk)- (13)

Regarding the nonlinear function Y, a parameter-dependent version of the generalized sector
condition proposed in [26] is stated in the following Lemma.

Lemma 1. [28] Consider the deadzone nonlinearity defined in (13) and a matriz S(o(t;)) € R™*".
If x(1) is such that

(K(0(1) — S(6 (1)) x(0)| < g fori=1,....m, (14)
then the following inequality is satisfied for any diagonal positive definite matriz U(o(t;)) € R™™:
VU (0 (1) (Wi + S(0 (1)) x (1)) < 0. (15)

In what follows, as K(o(f)) is affine on o(#), we will consider that S(o (%)) is also affine on
o (), that is:
S(o(t)) = So+SA(o (1)),

where S = [S]...Sy].

3.2. Parameter-Dependent Quadratic Function

Consider a parameter-dependent quadratic function (PDQF) V : R" x %5 — R™ given by
V(x,0) =x'P(0)x, (16)

with P(0) € S" and P(0) >0, for all 6 € B5. Assuming again an affine dependence on the parameter,
it follows that

2N 2N
P(c)=Py+PloxI] =P +P (Z Afvf®l> =Y A (B +PA(vy)), (17)
f=1 f=1

where P = [P ... Py], Af € [0,1], with Zj%ll Ar =1, and vy given in (9).
For ¢ > 0, the level set associated to the PDQF (16) is given by

Fy(e) = {x RV (x,0) <cVo € Bo} = () E(P(0),0), (1)

cERBs
where &(P(0),c) = {x e R";xX'P(0)x < c}.
Inspired by the results of [29], the following lemma can be stated.

Lemma 2. x € Zy(c) if and only if x € ﬂ &(Py+ PA(vy),c).
fe{l,..2V}



Proof. The sufficiency holds directly from the fact that [ &(P(o),c) S (O &R+

CEAs fe{1,...2N}
PA(vy),c). To demonstrate the necessity, note that if xe ) &(Py+PA(vy),c) then x'(Py+
fe{l,..2N}
oV 2N

PA(vp))x<c, for all f=1,...,2V. Since 6 € %y, it follows that 6 = ¥ AV, with ¥ A, =1 and
= /=1
As €0,1]. Hence from (17), we obtain:

2N 2N
x Z)uf(Po—‘rPA(Vf)) x=x P0+P<Z [)“fvf®l]> )C:)C/[1“’0‘1‘13[0'(81]})«5Z)C/P(O'))c§c7
=1 =1

that is, x € % (c). O
Defining now AV (k) = X/ (tx11)P(0 (tx41))x(tx+1) — X (8)P(0 (1) )x (%), the following lemma can be
stated.

Lemma 3. Consider V : R" x B5 — R as defined in (16) and a domain 9 C R" containing the
origin in its interior. If

AV (k) < —p[x(@)|*, Vx(n) € 2\{0}, VkeN, (19)

along the trajectories of system formed by (1) and (5) with u being a positive scalar, then, for any
initial condition x(ty) € Ly (c) C 2, it follows that:

(i) Zv(c) is an invariant and contractive set with respect to the trajectories of system formed
by (1) and (5) at the sampling instants.

(i) x(tx) converges to zero as k — oo.
Proof. Suppose that x(79) belongs to the boundary of %y (cp), i.e.
« (19)P(0 (t0))x(to) = co,
with ¢o < c¢. Since x(tg) € 0% (co) C L (c) C 2, it follows from (19) that
x(t1) € 0L (c1) C Ly (co), with ¢ < cop.

Repeating this reasoning for k = 1,...,%, we conclude the proof of item (i). Since % (c) is a
compact set, item (ii) directly follows. O

3.3. The Looped-Functional Approach

Following the notation in [22], i.e. considering x;(7) =x(t+ 7) and o} (7) = 6 (t+7), for T € [0, T})
and for k € N, the dynamics of the closed-loop system between two successive sampling instants is
given by:

(1) = A0k (7)) xi () + BK (01 (0)) x4 (0) + B (20)

Considering (20), the following theorem is the basis for the so-called looped-functional approach
[21, 22] to ensure the asymptotic stability of sampled-data LPV systems under saturating controls,
while providing a bound on the cost function J(#,) defined in (4). It can be seen as a parameter-
dependent version of Theorem 1 proposed in [27], applied to the stability and guaranteed cost
analysis of LPV systems.



Theorem 1. Consider a parameter-dependent function (PDF)V :R" x RN — R* that satisfies
t [lx]]” <V(x,0) < pa [x]|7, (21)

with p >0, 0 < < pa and a parameter-dependent looped-functional' (PDLF) %y:[0, 73] x Kl 5. x
Kff%,%] x [T, %] — R verifying

%(OaxkackaTk) :%(TkaxkvckaTk)' (22)
Define the functional W (T,xr, 01, Tx) = V (x(7), 0k (7)) + %(T, %1, 0k, Tx) and let # (T, xi, 01, Ti) be
the derivative of W (t,xi,0k,T;) with respect to T along the trajectories of system (20). If there

exist positive scalars p and Y, a matriz S(ox(0)) € R™" and o diagonal positive definite matriz
U(0i(0)) € S™ such that the following inequalities are satisfied?

(K(64(0)) — S(04(0))) ) ¢ (0) o aﬁi)w, Vi=1,...,m, (23)

Yk
o]

for [i%ﬂ £0, (24)

p
W+ i (0) 2+ [[sat (i (7)) |7 — 29U (01(0)) (W + S(01(0))2(0)) < —pt

)

for all T € [0,Ty), VTi € [71, %] and Yor(T) € Bs, 6k(T) € By, then, provided that x(t) = x(0) €
Ly (%) ={x R,V (x,0) < %,V € Bo} it follows that:

(i) the corresponding trajectories of the closed-loop system formed by (1) and (5), with ¢ satis-
fying (2) and intersampling time T;, € [T, F5], converge asymptotically to the origin;
(ii) J(tx,0) < Y-

Proof. Suppose x(t;) = x1(0) € L (%). Thus V(x(0),04(0)) < 1 and, if (23) is satisfied, it follows
that

|(K(0%(0)) 1) — S(0%(0)) 1))k (0)| < iy,

for i=1,...,m. From Lemma 1, this implies that

YU (01(0)) (Wi + S(01(0))x(0)) < 0. (25)

Taking (25) into account and integrating (24) over any sampling interval gives that

Tk .
[+ @B+ lsarta(e)l e <

p

dt. (26)

2 /0 LU (64(0)) (i + S(04(0)))xe (0)dT — o /0 " Cdr<—u /0 b

)

o]

[

1See definition of looped-functionals in [21] for more details.
2For simplicity, the argument of # (t,x, 0k, T;) will be omitted.
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Since from (22) we have %(0,xk, ox, Ti) = %0 (Ti, Xk, Ok, Tx.), it follows from (26) that

V(x(Tx), 0k (Tx)) *V(xk(o)adk(o))+/0Tk(\|xk(f)|\%+ |Isat (u (7)) |[7) dt <

Ty
—/u
0

Recalling that by continuity x¢(7;) = xx+1(0) and 6x(T;) = Ok+1(0), from (27) we have that

tﬁggg] der < - /OTku (01" d < =Tt [ (0)”. (27)

AV (k) < =Tipt | (0)[[” < = Zip[|xe(0) |7 (28)

As a consequence of (28), we can conclude that ]}im x¢(0) = 0. Moreover, since the open-loop
—3yo0

system is linear and o (¢) is bounded in %y, it is possible to conclude (see details in [23]) that there
exists a positive scalar W, such that ||x;(7)|| < tm||xx(0)||, Yk > 0. Hence, if klim x(0) =0, it follows
—yo0

that x¢(7) =x(fy +7) = 0 as k — oo, for any 7 € [0,7;). This reasoning concludes the proof of item (i).
Now we prove item (if). Noting that

[ Ul + sartne)Bae = [ 0B+ lsar (e o,
from (26) one gets:

kt+s T, )
3 [0+ 1B s} = 511 0. G1501(0) =V 350).1(0)

+J (e tkgs1) <O,

and, consequently,

J(tistipsi1) < =V (%r511(0), 0kr511(0)) +V (x£(0), 64(0)). (29)

Now considering s — o in (29) and the fact that le Xi+s+1(0) = 0, we conclude that
e
(1, 00) <V (x(0), 0k(0)) < %
g

8.4. Stabilization Conditions

From Theorem 1, we derive now conditions to compute a parameter-dependent state-feedback
gain matrix that solves Problem 1. With this aim, we consider the PDQF V(x,o) defined in (16)
and a PDLF candidate #,(t,xy, 0k, T;) defined as follows:

0(T, Xk, 0k, Ty) = (T — ) {(xk(f) —x(0))'[2G(01(7))xk(0) + F (0%(7)) (2 (T) — x(0))]

—i—r [x’;l(/]?)]/)((ck(o» [Xﬁl(/f)] + /0 Tx;(e)ka(e)de}, (30)
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where X (0y(0)) € "™, F(ox(7)) € S" , G(ok(7)) € R™" and R € S", with R =R’ > 0. Moreover, we
assume that:

F(or(1)) = Fo+ Flok(t) ®1] = Fy+ FA(0i (7)),

G(01(1)) = Go+ Glow(7) @1] = Go+ GA(0x (1)),
with the matrices F = [F; ... Fy] and G =[G ... Gy]| of appropriate dimensions. Notice that
Y0(T,xx, O, Tj,) satisfies (22).

Next, based on the PDLF ¥(7,x¢, 0k, Tx) given in (30) and the PDQF V(x,0) defined in (16),
constructive conditions to verify (23)-(24) of Theorem 1 are proposed.

Theorem 2. If there exist symmetric matrices P;, F; € S", X; € S"™™, matrices Gj, Y e RV,
0, € R3n+mxn K;, §; € R™"  diagonal matrices U; € S", for j=0, 1,---,N, a positive definite
matriz R € S* and positive scalars € and Y satisfying the following matriz inequalities:

v, (v,B,n,.7) <0, (31)
W, (v,B,n,.7) <0, (32)
Py+ PA(v)  (Ko+ EA(V))(, - (So+SAMV)), o (33)

* ) 7
U+ UA(V) > 0, (34)
By+ PA(v+B) >0, (35)

for all (v,B,n) € Ver(%s) x Ver(#s,) x Ver(#s), Vi=1,...m and ¥r = 1,2, with

¥i(v,B,n,7) =
(v, B,n) + Z (T (v, B,n) +115(v)) M{Y'Z' My(Ko+ KA(v)) +M,(Uo+ UA(V))
* —’)/kI 0 s
* —}/kH’l
Yo (v,B.n,.7) =
M(v.B.1) ~ Z(v) Z(0+ QAW +B)) MF'Z My(Ro+ KA(W)) +Mj(0o + UA(Y))
* — 7R 0 0
* * —Yel 0 ’
* * * f}/kH’l
(36)
where

I1,(v,B,n) = He{M| (Py+ PA(v+ B))M;3 — M, (Go + GA(V+ B))M> — (Qo+ QA(V+ B)) M,
+ (eM] +M5) (=Y M3 + (Ao + AA(v + B))Y M, + B(Ko + KA(v))M,
+B(Uy+ UA(V))My) — My (So + SA(V)) M2} — M}, (Fo + FA(V + B))Mi»
+ M| PA(n)M;—2M(Ty + UA(v))My, (37)
(v, B, M) = He{M;((Go+ GA(v + B))Ma + (Fy + FA(V + B))M12) + M, GA(n) M2 } + M3RM;
+M{, FA()Mi2,
I13(v) = My, (%o + XA(V))Maa,
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0], My=[0 I 0 0], Mp=M—M,
0], Mg=[0 0 0 I My =My M),

then the sampled-data control law (5) with the gain matriz
K(o(t)) = Ko+ Klo () ®1],

where K; =K;Y~!, j=0, 1,...,N is such that Vx(t) € L (%), where L (%) is defined as in (18)
with P(o (1)) deﬁned by matrzces Pi=y ") 'BY!, for j=0, 1,...,N, ensures that:
(i) the corresponding trajectories of the closed-loop system formed by (1) and (5), with ¢ satis-
fying (2) and intersampling time Ty € [T, T3], converge asymptotically to the origin;
(it) J(tk,0) < Y-

Proof. This proof is based on the results of Theorem 1, considering the PDQF V(x,0) and the
PDLF #,(7,xk, 0, Ti) defined in (16) and (30), that satisty (21) and (22), respectively. Differenti-
ating # (T, xx, 0k, Ti) = V (xx(7), 0k (7)) + %0 (T, Xk, Ok, T;) With respect to T one obtains

W = 23(1)P(01 (7)) (7) +2(7) P(0%(7) )k (7) — (e (7) = x(0)) [F (0k (7)) (xe(7) — x(0))
+2G(0i(7))x (0)]+(Tk— 7)[24(7)F (0k(7)) (x(7) — x(0)) + 241 (7) G(0%(7) )i (0)
F( a( )'G(oy )

+ (2 () = x(0)) F (01(7)) (2 (T) = x1(0)) + 2 (i (7) — x(0) k(7))x(0)] (39)
+ (T, —27) [x’i,(,f X(o [ )]+(Tkr)x;(r)ka(r)/;x,g(e)ka(e)de,

where

P(0i(t)) =PA(8(7)), F(ok(t)) =FA(8(7)), G(0x(1)) = GA(8(T)).

Consider now a matrix Q(0;(7)) = Qo+ QA(6x(7)), with Q =[Q1 Q2 ...Qn] and Q; € RGm+m>n
for j=0,...,N, and define

x(7) = [x.(7) x(0) () vl
Next, we consider an upper bound for the integral term that appears in (39). Since R > 0, it
follows that (x(6) —R’lQ’(Gk(r))xk(r))'R(xk(G) —R7'Q'(0k(7)) k(7)) = 0, for 6 € [0,7]. Integrating
this inequality over the interval [0, 7] leads to [30]:

[ 5 O)Ri(0)d0 > 22,(£)0(61(0) (xk() ~ (0)) ~ TR Q(Gu ()R ou(EN (). (40)

Considering now (39) and (40), the auxiliary matrices defined in (38) and that oy(7) = 0;(0) +
0,(7), one obtains the following:

W =20 (04(0)) [Wi + S(0k(0))xx (0)] + % (T) Zxi () + sat (uy (7)) Hsat (w (7)) <
%(7) [T (01(0), 8c(7), 8¢(7)) + (Tic — 1) (0k(0), 8 (T), 8 (7)) + (Tic — 27)T3(0(0))

+7(Qo+ QA(0(0) + 6(7)) )R~ (Qo + QA(0k(0) + 8 (7)))'] 2k (T)
+ 2, (7)Zxx () + sat (u (7)) Hsat (. (7)),

(41)
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with
ﬁl(ck(O),Sk(T),Sk(T)):MiPA(Sk( 7))My — 2M,U (6(0))My +He{Mj(Py +PA(0r(0) + & (7)))M;
—(Qo+ QA(0k(0) + 8 (7)) ) M12 — M5 (Go + GA(64(0) + & (7)) ) Ma
— MU (04(0))(So +SA(0x(0)))Ma } — My (Fo +FA(0x(0) + &(7))) M2,
(0 (0), 8 (1), 8 (7)) = M5RM3 4+ He{M}(Fy + FA(0(0) + 8 (7)) ) M2 + M}, GA (S (7)) M.
+M5(Go + GA(01(0) + 8c(7)))Ma} + M FA(8(T)) My,
I13(0k(0)) = M2 X (0k(0)) M.

(42)
Moreover, from (20) one has
(V1 (7) + Yotk (7)) [A(0k (7)) 2k (T) + By — 2k (7) + BK (01(0))x¢ (0)] = 0,
for any matrices Y; and Y, of appropriate dimensions. Define now
I, (64(0), 8 (7), & (7)) = 11 (04 (0), 8 (7), 8 (7)) + He{O(04(0), 8 (7))}, (43)

with

0(0x(0),0¢(7)) = ("M, +Y2M3)l((A() + AA(0r(0) + &(7)))M;
+B(K0 + KA(Gk(O)))MQ — M3 +BM4).

In order to eliminate the products between variables (such as the ones between matrices Y;
and Y, and (Ko +KA(0r(0)))) and to obtain conditions in LMI form, aiming at guaranteeing that
W <0, we perform now a congruence transformation. With this aim, consider ¥; = €Y, and suppose
now that ¥ is nonsingular, ¥ =¥, ' and U(0x(0)) = U(0x(0)) " = Uy + U[0x(0) ®I]. Thus, defining
7(7) =E"1x(1), with £ = diag{¥,Y,¥, U(0;(0))}, and recalling that Z = Z'Z, it is possible to rewrite
(41) as follows:

W+ | (2)]1Z + [[sat (ui (0) |17 — 292U (01(0)) (& + S(01(0))x4(0)) <
X (D)[ET(01(0), 8(7), 8 () E+ (T — 1) ETa(0%(0), 8 (1), & (7)) 2
+ (T —27)E'TI3(04 (0))E + 7E"(Qo + QA(0k(0) + 8(7)))R ™ (Qo + QA(6k (0) + (7)) E
+E'MZ'ZM E + &' (M (Ko + KA(0k(0)))' + M) H ((K0+KA(Gk(0)))M2+M4) 12(7)
7' (1)¥(0(0), &(7), 8(7), 7, i) 2 (7). (44)

From (44), if the condition
¥(01(0), (1), 8(7),7,T;) <O (45)

holds for all 63 (0) € B, Ok (T) € B, , 8 (1) € B3, T€[0,T;) and Ty € [F1, %) and provided that E is
nonsingular, it follows that (Z~1)"¥(0:(0), &(t ) 8 (1), 7, T;)E~! < 0. In this case, let the maximal
eigenvalue of (E~1)¥(0;(0), 8 (1), (1), 7,T)E~!, considering all admissible values for 6;(0), & (1)
and Sk(r), be denoted by A, Thus, there exists a positive scalar g = — A4 such that:

¥ (1) ¥ (01(0), 8(7), 8¢(1), 7, T) Z () = ' (2) (1) P (01(0), 8(7), 8 (1), 7, T)E ") ()

(0|
(0)

(46)

|| ()7 < —p |

)
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and, consequently, condition (24) of Theorem 1 holds with p = 2.

We show now that (31) and (32) imply that (45) holds for all 6;(0) € %, (1) € A5, Sk(‘c) € Bs,
1€ [0,T;) and T; € [71,%)]. Applying Schur’s complement to (45) and multiplying the result by
Y, it follows that (45) is equivalent to

P(01(0), (1), 8 (7). 7, T) =
T (0o +QA(0L(0)+8(7))) (¥M)Z'  ((Ko+KA(04(0)))M2 + (To+UA(V))Ms)'
* —1TR 0 0 <0, (47)
* * -l 0 ’
* * * —yH™!
where

IT = T1(0k(0), 8 (), 8¢(7), 7, Tt) = 1 (01 (0), 8(7), 8 (7)) + (Ti — 7)T2(0k(0), 8 (T), B (7))
+ (T — 27)[13( 01 (0)),

with matrices defined in (42) and the following change of variables:

Y:’)/kY ::::’)/kE, pj:’}/]:lfﬂpjfl, F‘j:’y]:lY/FjY/a Gj:’}/]:]?/GjY, Qj:’}/]:li/QjY,
y - Y 0 1 Y 0
X(0k(0)) =Xo+A(0r(0)) = ~ X(or(0 ~ , 48
( k( )) o+ ( k( )) |:0 U(Gk(())):| Yk ( k( )) |:0 U(Gk(())):| ( )

ngSjY, 0(6/((0)):’)//(U(Gk(0))71, ijKJY, RZ}/]:]?/RY.

Then, provided that E is invertible, a sufficient condition to verify (24) is given by the matrix
inequality (47). Furthermore, as W(0r(0), 8 (1), 8%(7),7,T;) depends affinely on 6;(0), &(t) and
8(1), by convexity, a necessary and sufficient condition to ensure (47) consists in satisfying this
inequality at the vertices of polytopes %o, %5, and Bs. We should therefore verify

q](v>ﬁ7na7aTk) < 0, (49)
ie.

(v.p,n,7.T) t(Qo+QA(v+p)) (FM)Z' ((Ko+KA(V))M:+ (Uo+UA(v))Ms)'

* —1TR 0 0 <0
* * —%d 0 7
* * * —}/kH’1
(50)

for all (v,,n) € Ver(%s) x Ver(#s,) x Ver(#g). Moreover, as (50) is affine in 7 and 7, by applying
convexity arguments twice, we conclude that the verification of (31) and (32) for r = 1,2 is equivalent
to satisty (50), V1 € [0,Ti], VI € [71, T3]

Note now that, if (32) is verified, it follows that I1;(v,B8,n) — ZI13(v) < 0. Then, from the
definition of II;(v,,n) and I13(v) in (37), and taking into account that M3M| = M3M), = M3M), =
M3M}, =0 and MjM>4 =0, it follows that:

M3(T1, (v, B,n) — ZII3(v))M; = —Y —¥' <0,

which implies that, if (32) is verified, ¥ is a nonsingular matrix. Moreover, from (34), one has that
U(o%(0)) is nonsingular for all 6;(0) € %s. Hence, we conclude that matrix Z is nonsingular. Thus,
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the satisfaction of (31) and (32) for r = 1,2 indeed ensures that (46) holds for some p > 0 and the
condition (24) of Theorem 1 is satisfied.

As (33) is verified Vv € Ver(%), by right and left-multiplying (33) by diag{Y~!,I} and its
transpose, respectively, and then using convexity arguments, it follows that

SO (5 +KA@(O), S0+ SN@O)] -
* us.
(i)

which, from Schur’s complement, implies that condition (23) of Theorem 1 is satisfied (see for
instance [26] for details).

Finally, (35) ensures that P(or(7)) > 0 for all 0x(7) € Bs. Hence, we conclude that if (31)-(35)
are satisfied, conditions (21)-(24) of Theorem 1 are verified for all 7 € [0,T}), VT € |97, 5] and
Vo (1) € Bo, V6i(T) € B, and thus (i) and (i) hold, i.e. tlLIgo x(t) =0 and J(t,0) < %, provided

)C(tk) S fv(’)/k) O

Remark 2. For simplicity, we have considered matriz B parameter-independent in the develop-
N

ments. The parameter-dependent case, i.e. when B(o(t)) =Bo+ Y, 0(;(t)Bj = Bo+ BA(o(t)), with
j=1

B=[B; ... By], can also be addressed, but with more involved conditions. Note that in this case,
terms B(0y(0) + &(7))K(0r(0)) and B(0(0) + &(7))U(0x(0)) will appear in matriz I1 in (47), lead-
ing to products B(c(0))K(0x(0)) and B(cx(0))U(04(0)). Due to these products, convexity arguments
cannot be applied directly. To overcome this issue, the relazation technique considered in [31] can
be applied, leading to two additional sets of matriz inequalities to be verified. Roughly speaking, we
should replace conditions (31) and (32) by the following ones:

W1 (v, Ve, Bgy My 77) <0, (52)
%‘Pl("f’ Ve By s Z2) + 1 (Ve Vi, Bes My ) + W1 (Vp, Vi, B iy 1) <0, (53)
Wa(vr, v, Bg, My 77) <0, (54)
2 (v, Vi BT T) WV Vi B T T2) 2V Vi B 75) < 0, (55)

N—-1

fO?"f: 17"'32N7 pP= 1;"'72N; p#f; 8= 17"'32N; h= 13"',2N’ r= 172: where lPl(vv(Paﬁanw%)
and W1 (v,¢,B,n,7,) corresponds, respectively, to ¥y in (31) and P, in (32), with B replaced by
Bo+BA(¢ +B).

4. LPV-MPC Control Law

In this section, we detail Step & of Algorithm 1 by using the results provided in Section 3 to
solve Problem 1. Then, we show that the LPV-MPC law implemented as described in Algorithm 1
leads to the asymptotic stability of the origin of the closed-loop system. Moreover, if at instant
k =0 there exists a feasible solution to the optimization problem to be solved in Step 3, then the
feasibility is guaranteed for all k € N.

Let us recall that the basic idea of Algorithm 1 is to compute a new feedback matrix K; (o (#)) at
each sampling time f; in order to minimize an upper bound ¥ on J(#, ), based on the measurements
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of x(#;) and o (#;). Hence, from the results stated in Theorem 2, in Step 3 of Algorithm 1 the following
optimization problem is considered to compute Ki(o (%)) :

min Y
subject to

l 5 ’ 1 207

*
for all (v,B,n) € Ver(%Bs) x Ver(%s,) x Ver(#g), Vi=1,...,m and Vr = 1,2,

with B j,Fi j,Gr j, Ki j» Sk j, Ok.j» Uk j Xk j, Ve, Rk and € as decision variables. The subscript “k” in
the variable matrices stands for the corresponding matrix computed at sampling instant #;. From
Lemma 1 in [27] and considering the change of variables defined in (48), the first matrix inequality
in (56) ensures that
xk(0)' (Peo + PrA(V))xi(0) = x¢(0) Pe(v)xx (0) < %, (57)
for all v € Ver(%Bs) and, by convexity, we conclude that x;(0) = x(#) € % (). Hence, from Theo-
rem 2, it follows that J(tk,oo) < V(xk(O),Gk(O)) ZXk(O)/Pk(Gk(O))Xk(O) = x(tk)Pk( ( )) (l‘k) < Y%-
Thus, at each sampling instant ¢ = #, state feedback gains Kj ; = Kk] ! for j=0,...,N are
computed to minimize 9 and to ensure that the closed-loop system traJectorleS converge to the
origin. At this point, two important issues arise from the application of Algorithm 1: the opti-
mization problem (56) must be feasible at each instant and it should be ensured that }erlc x(t)=0.

Theorems 3 and 4 in the sequel address these issues.
Theorem 3. If the optimization problem (56) is feasible for k =0, then it is feasible for all k > 0.

Proof. The first matrix inequality in (56) ensures that x;(0) = x(#) € %/ (1%). Hence from
Theorems 1 and 2, it follows that

AV (k) = X (t41) Pe(0 (t41) )X (tk1) = (6 Pe(0 (10))x(tr) < = T p (e I (58)

with P(0) = Pro+PrA(0), P j = % (Y, L) 1p, ]Y , j=0,...,N. Then we can conclude that

X (tres 1 [61) Pe(0 (ts1) )2t [11) < X (8 |ti) P (0 (8) )x (tk 1) < (59)

which ensures that the optimal solution of (56) at = is a feasible solution for r = f;41. Repeating
this reasoning, we conclude that this solution at t = f; is a feasible one at 34441, Vs > 0. O

It is worth noticing that the value of y; depends on the measured value of the state at the
instant #, i.e. x(t|tx) = x(t). Furthermore, from (59), we can conclude that ¥ always decreases as
k increases.

Theorem 4. The sampled-data LPV-MPC law computed by Algorithm 1, with Step 3 given by
the solution to optimization problem (56), ensures that the trajectories of the closed-loop system
converge to the origin as t — oo, provided that (56) is feasible for k =0.
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Proof. Let P ;= ]/;C(Y,é)’lf’k7jl7k_l7 j=0,...,N and 7 obtained from the optimal solution to
(56) at instant t =#; and P(0) = Pro+PrA(0). From Theorem 3, as the solution to (56) at instant
t = 1 is feasible for t = 1341, from (59) it follows that:

Xt |00 Pe(0 (1)) x (M1 i) = Torr < Yoo (60)
where J11 is probably a non-optimal solution to (56). Consider now Pey1 ;= Yier1 (¥, 1)~ Pey, ij:—ll’
j=0,...,N and ¥4 obtained from the optimal solution to (56) at instant = #;,1 and x(#1|tx) =
X(fy41]tx+1)- Thus, by the optimality principle, from (60) one has that

X (k1 [ 1) Pes 1 (0 (6 1)) X (kg 1 1) = Yot < Tt = X (g1 1 1) Pe(0 (1)) % (1 [t1) < % (61)

Furthermore, since from (58) one has

Xt k1) Pe(0 (t1)) 2t 1) — X (telte) Pe( 0 () )x (e ) < — T |x(telee) |1

it follows from (61) that

X (1)1 Pest (0 (1) )X (1t [t 1) — X (1) P (0 () x () < — T ||x(eel) || ¥k > 0. (62)

Then, we can conclude that x'(1|tx)Pe(o(tx))x(tk|tx) — 0 as k — . Hence, since J(f,) <
X (t]t1) Pe (0 () x (2]t ), it follows that ’Eim J(tr,00) = 0, which implies that x(r) =+ 0 ast — . O
—yo0

Remark 3. The numerical complexity of Algorithm 1 is related to the optimization problem (56),
which has to be solved at each sampling time. It should be noticed that for a fized € this problem is
convex, since all the constraints are LMIs. The numerical complexity that LMI solvers are able to
handle is an open topic, which is discussed in some references only when the authors find convergence
problems. It usually depends on the considered solver (e.g., LMILAB, SeDuMi or MOSEK) and
some optimization problem parameters such as number of LMI conditions (n;), mazimum LMI
order (n,) and number of decision variables (n,). Based on the LMI conditions in (56), these
parameters can be computed as function of the plant dimensions (n, m and N). On the other hand,
the complezity of the conditions in the present problem can be reduced by considering parameter-
independent versions of function V and/or looped-functional %, at the expense of more conservative
solutions. In this case, one should consider P(c) = Py, Fi(0) = Fro, Gi(0) = Gk,o, Si(o) = 5;670,
Qk(G) = Qk,O; [7/((6) = [7/(’0 and Xk(G) :Xk,07 i.€. assume P = O, F = 0, G = 0, S = 0, Q = 0, f.] =0
and X =0. For comparison purposes, the expressions of n;, n, and n, are shown in Table 1 for both
cases.

Table 1: Numerical complexity associated to optimization problem (56).

Parameter-dependent conditions Parameter-independent conditions
\ (5.5N+7)n*> + (1.5N +2+ (4N +4)m)n Tn? 4+ (24 (4+N)m)n+0.5m?
" +(0.5N+0.5)m* + (1.5N + 1.5)m+1 +1.5m+1
n 2NF2 42N+ (m+2)2N 22N T2 42N m +1
N, Sn+2m Sn+2m

It should be noticed that the computation time can also be significantly reduced if we consider
the solution obtained in the previous sampling instant as initial guess to problem (56). Note that
for two consecutive sampling instants the optimal solution to (56) is not expected to change much.
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Finally, we should point out that, if the solver is mot able to find the optimal solution in the
available computation time, one can always use the control input computed from the gains obtained in
the previous sampling instant, i.e. u(t) =K1 (0 (tx))x(t), Vt € [tx, try1). From the same arguments
employed in the proof of Theorem 4, the convergence of the trajectory to the origin is also guaranteed
in this case.

4.1. Estimation of the Region of Attraction

A pertinent problem is the determination of an estimate of the region of attraction of the origin
of the closed-loop system under the LPV-MPC strategy. This region corresponds, in fact, to all
initial states x(0) = xp(0) for which problem (56) is feasible at the instant k = 0.

On the other hand, a feasible solution of the matrix inequalities in Theorem 2 leads to an LPV
control law (5) that ensures the convergence to the origin of all trajectories starting in the set %/ (%),
for all o(t) such that o(t) € B, 6(t) € B, considering any sampling sequence satisfying 0 < 7 <
T, < %. Thus, a suitable estimate of the region of attraction of the LPV-MPC control law can be
done by searching a solution that leads to a maximization of %4y (%) in terms of some size criterion.
For instance, considering a scalar a > 0, we can maximize a set &(al,1) = {x € R"|x¥’alx < 1} such
that &(al,1) C %/ (). This can be accomplished by the solution of the following optimization
problem:

min o
subject to
(31) — (35),
ol 1
I V47— (B+PA(V))
for all (v,B,n) € Ver(%s) x Ver(%s,) x Ver(%s), Vi=1,...,m and Vr = 1,2.

(63)
>0,

Note that the last matrix inequality in (63) implies that &(ol,1) C &(Py+PA(V), %) for all
v € Ver(%s) (see [27]), which ensures that &(al,1) C % ().

In problem (63), we can consider ¥ as a free variable. In this case, the larger admissible set
% (1) will be obtained disregarding performance guarantees. This indeed leads to an estimate of
the feasibility region of the LPV-MPC strategy.

4.2. Estimation of the Maximum Inter-sampling Time

Another problem of interest regards the determination of an estimate of the maximum bound
on the intersampling time T, for which there exists a feasible solution considering that the initial
state belongs to a given set 2y C R".

For instance, considering that %y is a ball with radius ﬁ, ie. Zp=4&(al,1)={xeR"|¥alx <

1}, the following optimization problem can be considered:

max
subject to
(31) —(35),
ol 1
I Y +7—(B+PA(V))
for all (v,B,n) € Ver(%s) x Ver(#s,) x Ver(%;), Vi=1,...,m and Vr = 1,2.
Note that a solution for (64) can be indirectly obtained by iteratively increasing & and testing
the feasibility of the constraints, with % fixed in (31) and (32).

(64)
>0,

19



5. Numerical Examples

5.1. Example 1
Consider the numerical example adapted from [15], where the LPV system is described by?>:

xr) = 0(.)1 1—1.120'(t) ]x(m“ { ? }s‘”(”‘(t))’

with =1 and o(¢t) = a sin(brt), which leads to |o| < a and |6| < abmw. We assume that 7] = 10ms,
€=1.115 and a cost function described by J(#,) as in (4), with the matrices H =0.01 and Z =1.

For T; € [10, 200]ms, a =1, b = 0.1, we consider the problem of maximizing of % (%) given
in (63). Figure 1 shows sets £y () obtained from the proposed approach and the one from [15] in
solid and dash-dotted lines, respectively. It can be seen that the proposed results allow to ensure the
MPC algorithm feasibility and asymptotic stability for a larger set of admissible initial conditions.
Indeed, consider for instance the initial condition x(0) = [-0.12 —0.43]’, which belongs to the set
of admissible initial conditions obtained by our method, but not with the one in [15]. In this case,
it follows that our method leads to feasibility at k =0, with Y = 38.82 and gain matrices

Koo=| —0.2041 —23541 ], Ko;=| —0.0476 —0.0340
13.7705  9.9891 b | 03641 03836
0= _0.3836 0.2678

9

Po=1 99891 203.0627 |’

The simulation results are shown in Figure 2. A random sequence of T} given in Figure 5, where
the size of the vertical bars denote the values of T; for the corresponding sampling instants, was
considered. On the other hand, conditions of [15] are infeasible in this case.

08

06

0.4

0.2

T5(t)

021

041

06

081

Figure 1: Example 1 - %/(%) obtained with the proposed approach (solid line) and with the one from in [15]
(dash-dotted line).

31n [15], the parameter is described by |sin(0.017)|, while in this example we consider o (t) = a sin(bnt).
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Figure 2: Example 1 - Simulation results for x(0) = [-0.12 —0.43]" and T} € [10, 200]ms.

Now, the values of 1y obtained with the proposed approach and the one from [15], considering
x(0)=[2 0], with different values for a, b and two different admissible intervals for T, are compared
in Table 2. We can notice that the values of }y obtained from Theorem 2 are smaller than the ones
obtained from the conditions proposed in [15]. Moreover, conditions from [15] are not feasible
for |o(z)| > 1.5 and for T} € [10, 400]ms. Note also that the results obtained from [15] do not
depend on the bounds of &(¢) (given indirectly by parameter b). Matrices P, and K obtained for
k =0, considering T} € [10,200]ms, a =1 and b = 0.1, are shown in Table 3 for both approaches. Tt
should be pointed out that considering the results in [16] for the same cases shown in Table 2, the
conditions are feasible only for a = 0.5, independently of the time-derivative bound value. In this
case, the minimum 7 obtained is 50.0094, which is greater than the ones obtained from our method
(7 =20.4123) and from the one in [15] (9 = 24.1676). Note that in [16], the considered control law
is a robust one (see Remark 1), i.e. it does not depend on the parameters.

The time responses of u(¢) and x(z) obtained with the application of the proposed Algorithm
and the one in [15], considering a =1, b= 0.1, T; € [10, 200]ms and the random sequence given in
Figure 5, are compared in Figure 3. Note that the convergence to the origin with the proposed
approach is faster, which indicates a performance improvement with respect to the approach in [15].
Indeed, it can be observed in Figure 4 that the values of y; obtained with the proposed method are
always smaller than the ones from [15].

5.2. Example 2

Consider the following LPV model of a single, non-isothermal continuous stirred-tank reactor
(CSTR) borrowed from [32] and also treated in [16]:

X1 (l‘) = (—1 —0.65760 (l‘)))ﬂ (l‘) —0.00940, (I)XQ(I) —|—Sat(u1 (I)),
%2 (1) = 0.6576 x 107805 (1)x1 () + (—6.34 4+ 0.0094 x 10805 ())x2(t) — 6.0842sat (us (1)),
where the states x; and x; are the product concentration and the temperature inside the tank,

respectively, and the control inputs u; and uy correspond to the product feed concentration and the
coolant flow, respectively. We consider that the saturation limits are given by = [1 1]’. The varying
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Table 2: Example 1 - Obtained values of §, for x(0) =[2 0], 7} € [10, 200jms and T} € [10, 400]ms.

. b Tj € [10, 200]ms Ty € [10, 400/ms”
[15] Proposed approach | Proposed approach
0.5 0.1 | 24.1676 20.4123 21.6262
0.5 0.5 | 24.1676 21.5500 24.6194
0.5 0.9 | 24.1676 22.8302 28.4927
1 0.1] 36.9144 27.2617 30.0190
1 0.5 | 36.9144 31.4116 45.1375
1 0.9 | 36.9144 36.6124 73.6624
1.5 0.1 - 35.1003 40.7236
15 05 _ 14.8433 109.4602
1.5 0.9 - 61.5668 237.5040
2 0.1 - 43.3198 60.8997
2 05 - 65.6807 366.1544
2 09 - 109.7062 -

For T € [10, 400]ms conditions from [15] are not feasible.

0.2

.
~.

~.
.

-0.6 t L -0.5 t L
0 5 10 15 0 5 10 15

t,[s] t, [s]

(b) Trajectories of the state vector x(z) starting from
x(0).

(a) Sampled-data control input u(r).

Figure 3: Example 1 - Simulation results for x(0) =[2 0] and 7} € [10, 200]ms, from Algorithm 1 (solid line) and from
Algorithm in [15] (dash-dotted line).

parameters o;(f) and 0,(f) are assumed to be bounded in amplitude as follows: o;(¢) € [1,10] and
0,(t) € [1,100]. Moreover we assume that 6; € [—1,1] and &, € [-20,20].

For comparison purposes, we consider our algorithm and the ones in [15] and [16]. Considering
Z=1, H=0.01l, T; € [10,200]ms, o;(t) = 5.5+4.5sin((1/4.5)t — ), 02(t) = (5.5+4.5sin((1/4.5)t —
7)) x (5.5+4.5sin((1/4.5)r)) and the initial condition x(0) = [0.1 2]’, the closed-loop simulation
results corresponding to our approach (solid line) and the ones from [15] (dashed line) and [16]
(dotted line), are shown in Figure 6. Table 4 shows the values of y with each one of the approaches.
As it can be observed in Figure 6(c), the convergence of the state to the origin obtained with our
approach is faster. Moreover, the guaranteed cost values 9 computed at each sampling instant are
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Table 3: Example 1 - Matrices K; and P, computed at sampling instant # = 0, for T; € [10, 200jms and x(0) =[2 0]'.

[15] Problem (56)
Koo—| —0.2350 —2.6065 | Koo—| —02570 —2.4033
Koy =] —0.0399 0.6587 | Ko =| —0.1202 —0.0211
9.2286  32.6053 Py — | 08109 18.1534
Po=\ 326053 423.5449 ] o[ 18.1534 171.9655 |
0.0017 0.2966

Fo = { 0.2966 5.5224
% = 36.9144 % = 27.2617

depicted in Figure 6(d) for the three cases. Our approach leads to smaller values, which confirms
the performance improvement.

It should be pointed out that in [15] and [16], basically the same functional is used to derive
the stabilizing conditions. This functional can be seen as the combination of a particular version
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Table 4: Example 2 - value of y
Problem (56) | [15] [16]

0.3561 0.807 | 0.831

of our function (16) and looped-functional (30), where P(ocx(7)) = Py, R = Py, F(ox(7)) = Py and
G(ox(1)) = X(0r(0)) = 0. Moreover, our approach takes into account information about the pa-
rameter derivative, which is not considered in [15] and [16]. Then, as expected, our results lead to
significantly better performance.

5.3. Example 3

Consider a VTOL (Vertical Take-off and Landing) helicopter linearized dynamic model described
in [12, 33]. This system can be represented by an LPV model (1) with the following matrices

—-0.037 0.027 0.019 —0.455 0.442  0.176
Ao (1)) = 0.048 —1.010 0.002 —4.021 B 3.545 —7.592

0.100 o(r) —0.707 1.420 |’ —5.520 4.490 |’

0.000  0.000 1.000  0.000 0.000  0.000

where the components of the state vector x(¢) represent the horizontal and vertical velocities (knots),
the pitch rate (degrees/s) and the pitch angle (degrees). The input vector u(¢) corresponds to
the collective pitch control and the longitudinal cyclic pitch control. The normalized control are
given by i = [1 1]. The time-varying parameter o(t) = 0.318 4 (sin(2t))? is assumed to belong
to the interval [0.318,1.318] with |6(¢)] < 2. In this example, we consider 7] = 0.10s, € = 2.5,
Z =1 and H = 0.011. First, we analyze the impact of the intersampling upper bound % on the
performance. For this, we consider the initial condition x(0) =[1 —2 —4 3]’. In this case, the
maximum value of % for which it is possible to ensure the feasibility of (56) is 0.95s. Furthermore,
Table 5 shows the minimum values of yy obtained for different values of .75, considering two different
sets of constraints in the optimization problem (56): a) the ones obtained with V and %) being
parameter-dependent (Theorem 2); and b) obtained with V and ¥ being parameter-independent
(as commented in Remark 3). Observe that, although the use of parameter-dependent functionals
increases the number of variables and computational complexity, smaller values of 9 and feasible
results for greater values of % can be obtained. It can also be observed that, as % increases, the
performance tends to degrade, i.e. ¥ increases. This can also be seen by simulation in Figure 7,
where we compare the time responses considering % = 0.2 (solid line) and % = 0.95 (dash-dotted
line). Note that the computed control signals u; and u; effectively saturate at the first instants of
the simulation (the horizontal lines denote the control bounds).

We consider now the problem of maximizing the estimate of the region of attraction of the
origin of the closed-loop system under the LPV-MPC strategy through the solution of optimization
problem (63). The obtained values of a, for 7 =0.01 and different values of %, considering again
the parameter-dependent and independent cases, are shown in Table 6. It can be seen that larger
values of % result in larger values of . This means that increasing % leads to smaller sets of
admissible initial conditions, for which is possible to ensure the LPV-MPC algorithm feasibility
and the asymptotic convergence of the trajectories to the origin. Moreover, as expected, less
conservative results (i.e. smaller values for o) are obtained with the conditions derived from the
parameter-dependent function and looped-functional.
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Figure 6: Example 2 - Simulation results for x(0) =[0.1 2] and 7; € [10, 200]ms, from Algorithm 1 (solid line) and
from algorithms in [16] (dotted line) and in [15] (dashed line).

Finally, we address the optimization problem (64), i.e. considering given 7] and a set & (al, 1) of
admissible initial conditions, the aim is to maximize the upper bound % on the intersampling time.
Table 7 shows the maximum value of % obtained for different values of a, considering again the
parameter-dependent and independent cases and 77 = 0.10s. Note that for larger values of a, i.e.
for smaller pre-specified sets of admissible initial conditions for which we want to ensure stability
of the origin, the values obtained for the maximum allowable value of % are larger, as expected.
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Figure 7: Example 3 - Simulation results for x(0) = [l —2 —4 3], considering 7; € [0.10, 0.20]s (solid line) and
T € 0.10, 0.95]s (dash-dotted line).

Table 5: Example 3 - Values of Y, for different values of %, considering .73 =0.10s and x(0) =[1 —2 —4 3.
Z [s] Parameter-dependent Parameter-independent

0.10 135.9174 165.1483
0.20 142.0219 173.0772
0.50 147.5659 268.2552
0.95 898.0019 infeasible

6. Concluding Remarks

In this paper, the problem of sampled-data LPV-MPC state feedback control design has been
addressed. The control signal has been assumed to be constant between two successive sampling
instants and the continuous behavior of the LPV plant has been explicitly considered. Differently
from previous approaches in the literature, the scheduling parameter is not supposed to be constant
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Table 6: Example 3 - Values of «, for different values of % and conditions, considering 7} = 0.10s.
9 [s] Parameter-dependent Parameter-independent

0.10 0.0990 0.1015
0.20 0.0992 0.1029
0.50 0.1042 0.1124
0.95 0.1344 0.1712

Table 7: Example 3 - Values of % (s), for different values of @ and conditions, considering .7; = 0.10s.

a Parameter-dependent Parameter-independent
0.095 1.22 0.80
0.1 1.25 0.86
0.15 1.41 1.10
0.20 1.47 1.17

between two successive sampling instants. Considering a polytopic approach that takes into account
the bounds on magnitude and derivative of the scheduling parameters, an LPV system is used
as a prediction model. Based on a parameter-dependent looped-functional to take into account
the aperiodic sampling effects and a parameter-dependent generalized sector condition to tackle
control saturation, conditions have been derived to the stabilization of the LPV system, such that
an upper bound on a quadratic cost function is ensured. From these conditions, an MPC based
algorithm has been proposed to compute an LPV control law at each sampling instant considering
the sampled values of states and parameters, with the aim of minimizing the upper bound on the
cost function. To do so, an LMI-based optimization problem is solved. It has been explicitly proven
that the proposed scheme ensures the asymptotic convergence to the origin, provided the initial
state belongs to a certain set in state space. Based on this LMI formulation, and differently from
previous works, an explicit characterization of this set, which can also be seen as an estimate of the
region of attraction of the origin, is provided. The fact of considering a parameter-dependent looped-
functional and also a less conservative polytopic modeling, which takes into account the bounds
on the parameters derivatives, leads to less conservative results (both in terms of performance and
the size of the set of admissible initial conditions) when compared to similar approaches in the
literature, as shown in numerical examples. The numerical complexity of the LMI problem to be
solved at each sampling instant depends on the system dimensions. In cases where the computation
time is critical, a trade-off between conservatism and complexity can be considered by using an
alternative formulation based on parameter-independent conditions.

The method can be applied to a broad class of systems that inherently present uncertain and
time-varying parameters or nonlinear systems that can be represented by a quasi-LPV model,
i.e. when some continuous nonlinearities can be converted to state-dependent parameters and the
system cast as in (1).

Future work may address the extension of the proposed sampled-data MPC strategy to some
specific classes of nonlinear systems, such as rational or Lur’e ones, whose stabilizing conditions can
be cast in an LMI framework (similar to the one considered here for LPV systems) and the design of
output feedback control laws. A special interest in this case arises from applications in robotics and
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unmanned autonomous vehicles [34, 35]. In particular the way of dealing with arbitrary references
is a special challenge. Moreover, the use of LPV models to represent autonomous vehicles should
be carefully evaluated.

Some other interesting future research directions regards the extension of the proposed approach
to consider stochastic aspects, the presence of delays [36, 37] and also the synchronization of sys-
tems networks [38] using the MPC approach and LMI methods. Although the case of asymmetric
saturation can be treated with the proposed results, by considering a worst case symmetric scenario,
this is also an open issue to be considered.
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