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Finding the ground-state configuration of point defects in semiconductors is in general a high-dimensional
optimization problem. However, their adiabatic potential energy surfaces (APES) can be described with few
effective coordinates by exploiting symmetry arguments within the Jahn-Teller (JT) theoretical framework. In
this paper, we propose a general framework, that combines group theory and ab initio calculations, to build
a full picture of common defects in diamond lattices (vacancies and substitutional impurities) as instances
of the general T ⊗ (e + t2) APES. Starting from the original tetrahedral symmetry, we consider all possible
JT symmetries and we numerically investigate the shape of the APES by targeting the minimum energy path
between equivalent JT distortions taking as examples the vacancy (V) and the metallic impurities Pd, Pt, and Au
in crystalline silicon.

DOI: 10.1103/PhysRevMaterials.6.034601

I. INTRODUCTION

Recent developments in nanotechnologies have exploited
physical properties of systems as small as single point-like
defects for novel technological applications. It is the case of
quantum sensing devices or quantum computing implemen-
tations [1]. From a theoretical point of view, the design of
such components requires highly accurate predictive frame-
works. However, reliable structural characterization can be
challenging even for the simplest defects (e.g., substitutional
impurities), since breaking the translational symmetry of the
crystal leads to an a priori high-dimensional relaxation prob-
lem. Indeed, even for commonly studied systems, different
ab initio optimizations often fail to reach a consensus on
the ground-state structure (see e.g., the silicon divacancy
[2–13]). Errors in the determination of the ground-state ge-
ometry would propagate to the targeted physical properties,
such as optically allowed transitions and reaction/diffusion
mechanisms. As an alternative strategy to this blind search,
we propose to guide the ab initio characterization through
the point symmetries still present in the system, allowing us
to reduce the effective dimensionality of the configurational
space (Fig. 1). The connection between the highly symmetric
pristine crystal and the defect ground state is given by the gen-
eral Jahn-Teller (JT) theory [14]. This describes the symmetry
breaking (SB) in terms of the effective components of the
electron-phonon Hamiltonian, identifying the active phononic
modes, and the consequent compatible lower symmetries. The
adiabatic potential energy surfaces (APES) of point defects
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are thus dictated by the symmetry loss and therefore, their
general shape can be characterized in terms of the preserved
symmetries.

Missing atoms (vacancies) or substitutional impurities rep-
resent one of the most common cases of symmetry breaking
in diamond lattices. As observed experimentally, these centers
break the tetrahedral symmetry of the crystal (Td ), resulting in
a distorted cubic configuration, with D2d , C3v , or C2v point-
group symmetry. For example: From electronic paramagnetic
resonance (EPR) spectroscopy, a positive D2d distortion has
been reported for the positively charged vacancy (V) in sil-
icon, whereas a positive C2v distortion is assigned to the
negatively charged center [15,16]. For the vacancy in dia-
mond, the JT effect Td → D2d was observed to be dynamical
[17], resulting in a highly symmetric ground state mini-
mum. In the case of the donor nitrogen (N) in both diamond
and silicon, EPR spectroscopy suggests a C3v distortion as
the measured ground state [18–20]. Even for the negatively
charged palladium (Pd) and platinum (Pt) impurities in sil-
icon, a negative C2v distortion has been observed [21,22].
Among this collection of EPR spectra, one also encounters
the unresolved case of neutral gold (Au) in silicon, for which
no ground-state geometry could be solidly deduced from the
experiment [23,24].

From the theoretical side, vacancies and impurities are
often modelled within a defect-oriented study, without con-
sidering a global picture for the SB. Throughout this paper,
we take a converse approach, treating these common de-
fects as instances of the general problem: the T ⊗ (e + t2)
electron-phonon coupling [25]. By exploiting group theory
considerations, we first determine the subset of JT symme-
tries, Td → D2d ,C3v,C2v , D2, and Cs. Once the critical points
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FIG. 1. Structural optimization for a substitutional impurity (red
atom) in a diamond lattice: random search (left) vs symmetry-guided
relaxation (right).

of the T ⊗ (e + t2) APES are identified, in Sec. III we
characterize each of these lower symmetries within a linear
combination of atomic orbitals (LCAO) treatment for tetra-
coordinated centers, restricted to the center first neighbors.
Within such simple toy model, we ground some of the fun-
damental properties of this family of defects, such as the
irreducible representation of the electronic states and the level
ordering of their respective eigenvalues. We then numerically
investigate the shape of the simple T ⊗ e APES for these
commonly found cases taking as examples the vacancy and
the metallic impurities Pd, Pt, and Au in crystalline silicon
(Sec. IV). Finally, in Sec. V we apply such numerical analysis
to the general case of the T ⊗ (e + t2) APES. Our state-of-
the-art ab initio optimization of extremal points is guided by
our symmetry-based toy model, allowing us to propose novel
and quantitative pictures for the APES.

II. COMPUTATIONAL METHOD

Total energies and forces are obtained within the den-
sity functional theory (DFT) framework as implemented in
the ABINIT package [26]. The studied defects are embedded
in a 215-Si-atoms cell and therefore, the Brillouin zone is
only sampled for the Gamma point. We employ the ONCVPSP

norm-conserving pseudopotential [27] and the Perdew-Burke-
Ernserhof exchange-correlation functional [28]. An energy
cutoff for the plane wave basis set of 680, 1306, 1578, and
1578 eV has been employed for the vacancy, Pd, Pt, and Au
centers, respectively. Defect configurations at different charge
states have been optimized by means of the BFGS algorithm,
with a convergence threshold of 1 meV/Å. No symmetry con-
straints are imposed for structure relaxation. Spin-polarized
calculations are employed at charge states +1 and –1 (+2
and 0 for gold). As commonly implemented in plane-wave
codes, ABINIT includes a compensating background charge for
non-neutral systems.

The shape of the APES is determined by estimating the
MEP between equivalent minima employing the climbing-
NEB method [29] as implemented in ABINIT. For all studied
paths, the mean total energy threshold between chains of 9
images is inferior to 1 meV.

Many-body corrections are computed on top of the Kohn-
Sham energies within the GW approximation (G0W0 as
implemented in the ABINIT code [26,30]) in order to obtain
the defect band structure correctly. Quasiparticle energies for

the vacancy are obtained for a wave function cutoff equal
to 680 eV, whereas for the metallic impurities it was set to
1088 eV. We employ the Godby-Needs plasmon-pole model
and a cutoff energy of 82 eV to estimate the dielectric
matrix. In order to assure convergence of the GW exchange-
correlation self-energy, we use a very large ratio of 10:1 empty
bands versus occupied bands. Spin-unrestricted calculations
are performed for the positive and negative charge states.

III. A TOY MODEL FOR THE TETRAHEDRAL
SYMMETRY LOSS IN DIAMOND LATTICES

The tetrahedral symmetry is the natural starting geometry
in the diamond lattice. The Td point-group symmetry consists
of the identity E , four rotation axes C3, three rotation axes
C2, six mirror planes σd , and three improper rotations S4. The
consequent character table contains five irreducible represen-
tations: A1, A2, E, T1, and T2. Since any wave function of
the symmetric system has to transform according to one of
the irreducible representations (Wigner’s theorem [31]), the
tetrahedral configuration is a priori compatible with double
(E) and triple (T1, T2) electronic degenerate states. In the case
of point-like defects in the diamond lattice, vacancies and
substitutional impurities break four covalent bonds σi, each
located at the vertex of a cube [Fig. 2(a)]. The four dangling
bonds transform according to the A1 and T2 representations,
hence spanning the A1 + T2 defect electronic states. Accord-
ing to the JT theory [14], given a partial occupation of the
degenerate electronic term (generally denoted �), the system
might lower its energy by breaking the original symmetry
and consequently, lifting the degeneracy of the electronic
states. More importantly, Jahn and Teller demonstrated that
the atomic displacements (or normal modes of vibration) low-
ering the energy of the system could be determined as the
irreducible representations of the symmetric direct product
of the degenerate electronic term, [�2] − a1 (where the a1

mode simply corresponds to a symmetric displacement or the
breathing mode, which leaves the system invariant). Notice
that capital letters denote electronic states and lower caps, the
phononic modes. In the considered case, [T2

2] − a1 = e + t2.
The symmetry loss in tetra-coordinated centers in diamond
lattices is therefore given by the active JT modes e and t2,
constituting the general T ⊗ (e + t2) JT effect.

Among the nine subgroups of the Td point group (T , D2d ,
S4, C3v , C2v , D2, C3, C2, Cs), we now narrow the symmetries
that are compatible with the JT theory, by identifying the ones
that are accessible by the e and t2 modes. As stated in [32],
a subgroup is a JT symmetry if the irreducible representa-
tion of the active modes in the parental group contains the
totally symmetric representation (e.g., a1, a1g, a′, etc.) in the
lower point group. The T subgroup can therefore be trivially
rejected, since e → e and t2 → t . In the case of the D2d

subgroup, e → a1 + b1 and t2 → b2 + e. The D2d symmetry
is therefore a plausible JT configuration, which is obtained
through an e-type atomic distortion [Fig. 2(b)], constituting
the T ⊗e JT effect. Equivalently, the C3v subgroup is JT
compatible through a t2-type deformation, resulting in the T
⊗t2 electron-phonon coupling. If a subgroup of the original
symmetry is also a subgroup of a lower JT symmetry (i.e.,
there is an intermediary group), then the representation of the
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FIG. 2. A simple model for the tetrahedral symmetry loss in diamond lattices. (a) The point-like defect is represented as a red atom
embedded in the diamond lattice. The proposed toy model approximates the defect to the center-first neighbors, or atoms 1, 2, 3, and 4, and the
defect-related states are estimated as a linear combination of dangling bonds σi. (b) Possible JT symmetries lifting the degeneracy of the triplet
electronic states T2 of the tetrahedral configuration. The lower symmetries are connected to the parental group through an atomic deformation of
e or t2 symmetry. For each of the SB mechanisms, the number of equivalent JT configurations resulting from the parental symmetry is indicated
in parenthesis. In dotted lines, a second JT effect is represented. These SB processes are triggered by the electronic doublet E, characteristic
of the D2d and C3v symmetries. (c) Defect states, energy diagrams, and atomic distortions for the JT symmetries. The splitting and ordering
of the levels are estimated within the simple LCAO-based approach. The energy difference between states is qualitatively illustrated. Wave
functions �i are qualitatively depicted according to the following color notation: blue/red regions represent positive/negative contributions.
On the left, the energy diagram for the tetrahedral symmetry Td : the electronic wave function �1 corresponds to the A1 representation, which
is lower in energy with respect the �2,3,4 states constituting the T2 triplet. On the right, the atomic distortions for the different possible SB
mechanisms Td → Dd , D2d , C2v , C3v , and Cs, are explicitly shown. Notice that only one of the degenerate JT distortions is shown in each case.
The preserved symmetry axis for the depicted distortion, described by one of the three original C2 axes for tetragonal distortions or one of the
four C3 axes for the trigonal configuration, is also indicated. Equal interatomic distances are represented in the same color. For each of the SB
mechanisms, a JT energy diagram is shown. The defect-induced wave functions corresponding to the original T2 states are plotted and they are
named according to their irreducible representation. Within our toy model, the highly symmetric �1 state remains invariant and it presents a
A1 representation for all the JT processes. Notice this state is always the lowest in energy and it is excluded from the energy diagrams for the
JT distortions.

deformation mode for the intermediate group has to create the
symmetric representation in its subgroup. The D2 subgroup
is JT active through two atomic distortions with e symmetry,
since,

Td D2d D2

e → a1 + b1 → a + a
. (1)

On the contrary, the S4 symmetry is not a JT configuration,
since the a1 + b1 representations of the D2d intermediate
group transform as a + b. Applying analogous arguments,
the C2 and C3 symmetries are discarded as JT symmetries,
whereas the C2v and Cs subgroups break the tetrahedral con-
figuration through t2 modes [Fig. 2(b)].

From the group theory analysis, the five candidates to lower
the energy of the tetrahedral group are narrowed to: D2d , D2,
C3v , C2v , and Cs. In the case of an actual physical system,
one can further reduce the symmetry of the ground state min-
imum by considering the occupation of the electronic terms.
As a standard principle, the system is going to preserve the
largest number of symmetry elements as long as the localized
electrons are occupying singlet states. Among the candidate
subgroups, the D2d and C3v configurations present the largest
number of symmetry elements. For these symmetry breakings,

the T2 states are lifted as B2+E and A1+E respectively, which
guarantees that up to two electrons can be accommodated on
singlet states. If the electronic occupation is further increased,
the electronic doublet E becomes partially occupied and a
second JT distortion is required to lift the degeneracy. The
E doublet in the D2d symmetry can be broken through b1 and
b2 modes ([E2] − a1 = b1 + b2), resulting respectively on a
D2 and C2v configuration. The b1 mode is of e type in the
parental Td configuration, whereas the b2 mode corresponds
to an original t2 deformation. The C2v symmetry is therefore a
special case, since the Td configuration might fall into such JT
symmetry through a pure t2 deformation or by a combination
of e and t2 modes [Fig. 2(b)], representing the T ⊗ (e + t2)
effect. In the case of the C3v group ([E2] − a1 = e), one single
JT symmetry is predicted: the Cs group. These second JT
effects are represented with dotted lines in the diagram of
symmetry in Fig. 2(b).

We now ground the consistent study of the tetrahedral
symmetry breaking through a simple toy model, based on
the center first neighbors and corresponding dangling bonds
[host atoms 1, 2, 3, and 4 and broken bonds {σi} in Fig. 2(a)].
Within such general framework, the effective atomic dis-
placements (or the normal modes of vibration) are described
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by a system of four atoms, here referred to as the N = 4
system. Regarding the electronic terms, our defect-induced
wave functions are obtained as a linear combination of the
four broken bonds and the energy-level ordering of such states
is determined from a simple two-center Hamiltonian. Even if
similar LCAO treatments have been previously proposed for
specific JT distortions (e.g., the well-known vacancy model
for a missing atom in silicon [15,16]), here we retain a
global perspective, explicitly covering all the possible JT ef-
fects arising from the tetrahedral symmetry. In the following,
we consider the most plausible SB mechanisms for a given
electronic occupation, explicitly describing the JT distortions
for the N = 4 system, the irreducible representations of the
defect-induced states and their corresponding energy-level
ordering.

Starting from the precursor symmetry, the defect-induced
states are defined as the electronic wave functions �1,2,3,4 in
Fig. 2(c). The highly symmetric �1 state, with irreducible
representation A1, is lower in energy with respect to the
degenerate states �2,3,4, constituting the triplet state T2. Let
us now consider an electronic occupation of the T2 states
equal one (or two): T↑

2 (or T↑↓
2 ). In order to preserve the

largest number of symmetry elements, the system falls into
either the D2d or the C3v configurations. We first consider the
Td → D2d mechanism, for which one of the three C2 axes of
the parental group is preserved, resulting on three equivalent
D2d distortions.

In this paper, we take the three C2 axes corresponding
to the Cartesian axes: Dx

2d , Dy
2d , and Dz

2d . In Fig. 2(c), we
explicitly show the Dy

2d distortion, for which the six degen-
erate distances between the four atoms are split by forming
two pairs of atoms, decreasing two distances (d13, d24) with
respect the remaining four (d12, d24, d13, d34). For any of the
equivalent D2d distortions, the degeneracy of the T2 states
is broken. In particular, for the depicted Dy

2d configuration
and within the considered approximation, the �2 state with
B2 representation is favored over the E doublet, given by a
linear combination of �3 and �4. For an electronic occupation
equal one, the electronic configuration is therefore: B↑

2 E. In
the case of the Td → C3v SB, the tetrahedral symmetry falls
into one of the fourfold trigonal distortions, each defined
by a C3 axis intersecting one of the four host atoms. In
Fig. 2(c) (right), the C3 axis passes through atom 1, lifting
the degeneracy of the interatomic distances by increasing the
distance between atom 1 and the remaining three. The �2 state
presents a A1 symmetry, whereas states �3,4 constitute the
doublet E. The original T↑

2 electronic configuration therefore
becomes, A↑

1 E.
If the original T2 states present an electronic occupation

equal three (or more), T↑↓↑
2 , the system falls into either a

sixfold C2v or D2 distortions or into a twelvefold Cs config-
uration (Fig. 2). For the sake of conciseness, in the following
we only treat the higher order symmetries C2v and D2, but
an analogous analysis can be made for the Cs group. The
C2v distortion, contained in the D2d group, further breaks
the symmetry by lifting the degenerate distances between the
paired atoms, resulting in a configuration characterized by
three distances. For each of the degenerate D2d geometries,
two C2v distortions can coexist given a C2 symmetry axis. In

Fig. 2(c), one of the Cy
2v distortions is plotted, characterized

by a distance d13 smaller than d24: the Cy >

2v configuration. If
such inequality were to be inverted, the distortion would be
denoted by Cy <

2v . For any of the six equivalent distortions,
the degeneracy of the electronic triplet is completely lifted,
resulting in three singlets: A1, B1, and B2. Within this model
and for the depicted C2v configuration, the A1 representation
is the lowest in energy and it corresponds to the �2 state.
The remaining two singlets can be written as a linear com-
bination of the original �3,4 states, as represented in Fig. 2
(B1 ∼ �3 + �4 and B2 ∼ �3 − �4). If on the contrary the
system falls into a D2 distortion, the system is characterized by
three twofold degenerate distances. Visualizing the D2 config-
uration again as a distorted D2d configuration, the symmetry is
further broken by rotating the two paired of atoms in opposite
senses. As depicted in Fig. 2 for a precursor Dy

2d symmetry:
the paired of atoms 13 is rotated clockwise, whereas the pair
24 moves counterclockwise, decreasing the distances d12 and
d34 over the remaining two (d14 and d23). Similarly to the C2v

distortions, two D2 configurations coexist for a given C2 axis.
The second Dy

2 distortion can simply be deduced by rotating
the paired atoms in the opposite senses.

In addition to this description, for each of the JT sym-
metries, two opposite senses of distortion are possible,
duplicating the number of plausible extremal points of the
APES. For the Td → D2d SB, an opposite sense of the Dy

2d
distortion also lifts the degeneracy of the triplet electronic
states, lowering the E doublet below the singlet A1. Such con-
figuration is given by the same set of equivalent interatomic
distances, but the separation between the paired atoms is now
increased. The consequent negative Cy>

2v distortion is given by
further differentiating such large paired distances. This new
configuration also inverts the level ordering, favoring the B1

and B2 states over the A1 singlet. Anticipating the coexistence
of both senses of distortion in a given JT model, here we
denote as the positive sense of distortion the configurations
represented in Fig. 2, and the negative distortion their corre-
sponding opposite senses.

The group theory analysis presented in this section allows
to determine the set of JT symmetries compatible with the
triplet states T2, characteristic of the tetrahedral geometry.
Among the five candidates, the preferred JT distortion can
be further narrowed by acknowledging the splitting of the
T2 states into a singlet and a doublet (for the D2d and C3v

symmetries) or three singlets (in the case of the D2 and C2v

symmetries) and considering a specific electronic occupation,
as exemplified with the toy model. For a given electronic
occupation, one is however not capable of predicting the most
stable JT symmetry without explicitly solving the electronic
interaction (for example, D2d or C3v for the electronic config-
uration T↑

2 ). In the following sections, we therefore consider
specific centers in silicon inducing triplet states and we solve
the electronic Coulomb term by performing ab initio calcu-
lations. The simple vacancy and the substitutional impurities
Pd, Pt, and Au allow us to explicitly consider electronic oc-
cupations equal one, two, and three of the triplet electronic
states. Our computational results are thus validated with the
simple symmetry-based toy model and contextualized in the
general JT theory.
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FIG. 3. Full theoretical picture of the Td → D2d SB in silicon. (a) General APES for the T⊗e problem constituted by three paraboloids,
whose minima correspond to the three equivalent D+

2d distortions oriented along the Cartesian axes. The equivalent minima are represented
for the Pt impurity and its highest occupied defect state (the B2 state). The intersection of the three surfaces for Qε = Qθ = 0 corresponds
to the tetrahedral symmetry, Td . The black grid represents the mixed electronic manifold sampled by a ground state theory. (b) A DFT study
of the reorientation process: NEB calculations between equivalent distortions D+x

2d and D+y
2d for V+, Pd+, Pt+, and Au2+. In the upper panel,

the DFT energy along the MEP is plotted. In the lower panel, the normalized interatomic distances, di = di−dmin
|dmax−dmin| , throughout the transition

path are shown. The six interatomic distances are denoted as followed: d12 = d34 := dx, d13 = d24 := dy, and d14 = d23 := dz. The cusp of the
transition therefore corresponds to a negative D−z

2d distortion. (c) Defect-induced Kohn-Sham eigenfunctions as the electronic wave functions
of the Td → D2d mechanism. In the upper panel, the quasiparticle (QP) energy DOS within the GW approximation is plotted for Au at +2
charge state. The bulk states are represented in grey, whereas the defect states are indicated by their irreducible representation: B2 and E. In
the lower panel, the lack of variation of the defect states along the reorientation process, D+,x

2d → D−z
2d → D+,y

2d , is represented.

IV. THE T ⊗e APES: SYMMETRY PROTECTED
TRANSITIONS BETWEEN EQUIVALENT D2d

DISTORTIONS

In the current section, we consider the simple vacancy (V)
and the substitutional impurities Pd, Pt, and Au in silicon at
charge states +1 and 0 (+2 and +1 for gold), which cor-
respond to electronic occupations equal one or two of the
triplet states, T↑

2 or T↑↓
2 . Given this electronic occupation (see

Sec. III), the tetrahedral system preserves the largest number
of symmetry elements by falling into either a D2d or C3v

symmetries. Our ab initio calculations find as the minimum
of the energy surface a positive D2d distortion (denoted D+

2d )
for all the considered centers. As anticipated by the simple
toy model, the JT distortions are mainly described by the
center first neighbors (or atoms 1, 2, 3, and 4). We can thus
assume that the exploration of the APES can be carried out
on the subspace of atomic displacements described by the
N = 4 system, as postulated in the precedent section. Previ-
ous first-principles calculations have already proposed such
ground-state geometry for the vacancy in silicon [33–38],
whereas only in the case of substitutional gold a D2d -like
configuration has been earlier described [39]. The scope of
our analysis is however not to target individual ground state
geometries, but to contextualize the numerically optimized
D+

2d geometry in the general JT theory.
Once the JT mechanism is established, we exploit the

model for the T ⊗e APES proposed in [25] to guide the

ab initio exploration of the configurational space. To first order
of the electron-phonon coupling [25], the energy surface was
found to have three equivalent minima in the subspace given
by two effective atomic displacements or normal modes e,
often denoted as the Qε and Qθ atomic displacements. The
three degenerate D+

2d minima correspond to three paraboloids
whose relative positions are represented in Fig. 3(a). Notice
that each of the equivalent D+

2d distortions, defined with re-
spect one of the Cartesian axis, are explicitly shown for the
Pt impurity in Fig. 3(a). In the subspace of e-type atomic
displacements, the highly symmetric configuration Td is lo-
cated at the intersection of the three surfaces, given by Qε =
Qθ = 0. Within such approximation, the transitions between
the degenerate minima are symmetry protected, since each of
the wells is by construction described by a different electronic
manifold. The transition between D2d distortions is therefore
not continuous, but it is characterized by a cusp. In any re-
alistic system, further orders of perturbation might however
become relevant, opening an avoided level crossing along
the parabola defined by the intersection of two paraboloids.
Such intersection, equidistant from the wells in the Qε-Qθ

plane, is here postulated to present an opposite sense of the JT
distortion or to correspond to the D−

2d configuration [marked
with a blue line in Fig. 3(a)].

We now move to the ab initio exploration of the energy
surface, taking as starting points the highly symmetric paths
identified in the simple model for the T⊗e APES. Since
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DFT is a ground state theory, the sampling of the APES is
restricted to the lowest electronic manifold, which is repre-
sented as a black mesh in Fig. 3(a). In particular, we target
the minimum energy path (MEP) between equivalent D2d

distortions for all the studied centers at positive charge state
(+2 for Au). As represented in Fig. 3(b), considering the
particular case D+x

2d → D+y
2d : the MEPs between equivalent

distortions present a cusp, strongly indicating the existence
of a level crossing or a relatively small avoided level crossing
(as predicted by the simple T ⊗e model). In order to obtain
more information regarding the transition path, we analyze
the change of interatomic distances along the MEP. Exploiting
the symmetry of the transition path, the set of six distances is
fully described by three single values, since: d12 = d34 = dx,
d13 = d24 = dy, and d14 = d23 = dz, as it is schematised in
Fig. 3(a) (bottom). As represented in Fig. 3(b), the behavior
of the distances along the MEP reveals three D2d configura-
tions, two of them with a positive sense of distortion (e.g.,
dx < dy = dz for the initial D+x

2d configuration) and a negative
D2d distortion with unpaired distances dz. The ab initio ex-
ploration of the APES thus finds that the cusp characterizing
the reorientation process presents a D−

2d distortion, coherently
with symmetry considerations. Moreover, the change of the
six interatomic distances along the transition path [Fig. 3(b)]
reveals that the MEP actually corresponds to a simple linear
interpolation between the two wells, in alignment with the
general model of the APES. Given that equivalent plots are
obtained for all the centers at neutral charge state (+1 for
Au), we can conclude that our first-principles calculations on
specific centers are consistent with a transferable theoretical
picture provided by the general JT theory.

A final statement regarding the shape of the APES can be
made by further analyzing the defect-induced electronic wave
functions through the reorientation process. If the defect states
remain invariant along the studied MEP, the cusp corresponds
to a level crossing of two different electronic wave functions.
On the contrary, if the electronic wave function is allowed
to gradually change through the transition, the reorientation
process is described by a single manifold and the cusp is
an avoided level crossing. In this work, we approximate the
electronic wave functions by the real space projection of the
Kohn-Sham eigenfunctions. The four defect-states A1, B2,
and E (a doublet) predicted by the toy model, only three
appear as disentangled eigenfunctions with respect the bulk
states [defects states B2 and E, plotted for Au at +2 charge
state in Fig. 3(c)]. Moreover, as predicted by the toy model
(JT energy diagram in Fig. 2), the quasiparticle (QP) energy
associated to the B2 state is lower in energy with respect to the
doublet E [QP energy density of states (DOS) within the GW
approximation for the gold impurity in Fig. 3(c)].

At charge state +1 (+2 for the Au impurity), the unpaired
electron is localized at the singlet B2, positioned within the
silicon band gap for all the studied centers. Due to the strong
localization of the B2 and E states, they can be easily linked
to the general T⊗e model: The wave function corresponding
to the localized electron is given by one of the three wells
of the T⊗e APES, whereas the empty doublet is given by
the intersection of the remaining two paraboloids [Fig. 3(c)].
The energy variation of these electronic states along the path
between two wells is thus indicated by the surface of the

TABLE I. Activation energies between equivalent D2d distor-
tions for Pd, Pt, Au, and the vacancy at electronic occupations
B2

↑ and B↑↓
2 . Measured values [16] and previous estimated barriers

[34,36] are also shown. All values are given in eV.

Trap occ. Pd Pt Au V

B2
↑ 0.05 0.05 0.03 0.04 0.013 [16] 0.05 [34]

B↑↓
2 0.16 0.15 0.10 0.20 0.23 [16] 0.32 [36], 0.20 [34]

three intersecting paraboloids, as represented in blue lines in
Fig. 3(c). Taking as an example the V+ center, the ground
state remains invariant as the B2 state of x symmetry until the
intersection, where it is forced to change into a different B2

state along the y axis, characteristic of a D+y
2d . The electronic

wave functions are thus invariant within the Qε-Qθ plane, re-
gardless of the atomic deformation. We have therefore shown
that the three JT distortions are symmetry protected, each of
them characterized by a different electronic wave function.
We remark that the difference between the unoccupied wave
functions for the positive distortions with respect to the neg-
ative configuration is a mere choice of the diagonalization
algorithm, since both sets of E eigenfunctions span the same
degenerate subspace. Moreover, in the case of the D−

2d dis-
tortion, the degeneracy of the doublet E is slightly lifted in
our ab initio calculations due to the difficulty of accurately
describing the cusp of the transition theoretically given by
the exact degeneracy of the distances dx and dy in the plot
3(b). We remark that no smearing of the electronic occupation
is considered and no symmetry constraint is imposed to the
estimated path. Since equivalent tendencies are obtained for
V+,0, Pd+,0, Pt+,0, and Au+,+2 in silicon, we show that the
DFT sampling of the APES for all the centers follows the
simple general T ⊗e model.

To conclude, we emphasize that even if our model for
the T⊗e energy surface might look similar to the warped
APES corresponding to the well-investigated E⊗e problem
[25], the three equivalent minima in that case are described
by a single-electronic manifold, whereas in the current prob-
lem they belong to different electronic wave functions. The
observed reorientation between equivalent distortions for the
simple vacancy can thus not be explained by continuous jumps
between the minima of the APES, as it was the case for the E
center in silicon [40]. In other words, the static description
of the APES described here is not sufficient to predict the
symmetry-protected transitions, since the global model would
require the inclusion of dynamical effects (e.g., a perturbation
of the lattice in the vicinity of the center, an electronic de-
excitation thorough photons, the energy dissipation by lattice
phonons, etc.). In Table I we however show that the dynamical
corrections are small, since our DFT estimated activation en-
ergies are in close agreement with the measured reorientation
barriers. Among the previous ab initio values, we remark that
in the case of [34], the activation energies at both charge
states were given without further investigating the general
shape of the APES, neglecting the prohibited character of
the transition. In the case of [36], the saddle point of the
transition was presented to have a C3v geometry, in strong
disagreement with our model for the APES, restricted to the
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FIG. 4. Comprehensive picture for the Td → C2v SB mechanism in silicon. The six equivalent C2v distortions are positioned at the vertexes
of an octahedron, following the notation introduced in III. (a) The C2-restricted transitions. (I) The C2-restricted path is represented in purple
for positive C2v distortions. The initial and final configurations of the transition between Cy+

2v distortions are represented for the center first
neighbors or atoms 1, 2, 3, and 4. (II) The proposed APES for the sampled space is represented, where the two minima are assigned to the
Cy+>

2v and Cy+<

2v distortions. The lowest electronic manifold is identified with the B1 state of the negative vacancy, whereas the highest manifold
corresponds to the B2 state. The quasiparticle density of states shows the position of those electronic states and the A1 defect level within the
silicon band gap. [(III)–(V)] A DFT study of the reorientation process Cy+>

2v → Cy+<

2v is shown. (III) The DFT total energy along the MEP. (IV)

The normalized interatomic distances, di j = di j−dmin
|dmax−dmin| along the transition path. The distances di j correspond to the schematic representations

for the N = 4 system on the left. The saddle point of the transition corresponds to a Dy
2 configuration. (V) The smooth variation of the two

highest defect states along the transition path Cy+>

2v → Dy
2 → Cy+<

2v is shown. (b) The C2-unrestricted transitions . (I) The C2-unrestricted path
is shown in orange for the negative C2v distortions. The initial and final configurations of the transition between Cx−<

2v and Cy−<

2v distortions
are represented. (II) The model for the APES restricted to the sampled space is shown. The lowest electronic manifold is identified with the
B2 state of the negative Pt impurity, whereas the highest manifold corresponds to the A1 state. The quasiparticle density of states reveals that
the fully occupied B1 state and the partially occupied B2 state lay in the band gap, whereas the A1 state is located in the conduction band.
[(III)–(V)] A DFT study of the reorientation process Cx−<

2v → Cy−<

2v is represented. (III) The DFT total energy along the computed MEP. (IV)
The normalized interatomic distances along the transition path, where the distances di j correspond to the schematic representations for the
N = 4 system on the left. The saddle point of the transition is identified with a Cz+

2v configuration. (V) The smooth variation of the two highest
defect states along the transition path Cx−<

2v → Cz+
2v → Cy−<

2v is schematically represented.

Qε-Qθ plane. We hence conclude with the restatement that a
strong symmetry-based analysis of the APES is fundamental
for a meaningful ab initio characterization of the center finite-
temperature dynamics.

V. THE T ⊗(e + t2 ) APES: C2v AND D2 DISTORTIONS
AS EXTREMAL POINTS

We finally consider triply occupied T2 states, T↑↓↑
2 , which

correspond to the negative charge state of the vacancy and
the metallic impurities Pd and Pt and the neutral Au. Ac-
cording to previous group theory considerations (Sec. III),
the T↑↓↑

2 electronic configuration might result into the SBs
Td → D2,C2v,Cs. Our ab initio calculations in crystalline

silicon find as global minima of the energy surfaces a C+
2v

for V− and C−
2v for Pd− and Pt−. Analogously to the D2d

model, the JT distortions are described by the centers first Si
neighbors, in agreement with the toy model. For the metallic
impurities exhibiting negative C2v distortions, we report a
displacement from their perfect substitutional site along the
C2 symmetry axis and in the direction of the second largest
interatomic-distance (for Cy >

2v with d13 < d24, Pd and Pt move
towards Si atoms 2, 4, Fig. 4). In the case of the Au0 center,
isoelectronic to Pt−, the estimated ground state geometry
however presents a D2 symmetry. This result remains com-
patible with the JT model, since the D2 subgroup is predicted
to be a JT symmetry (Sec. III). Indeed, given the common
D2d ground state geometry for occupations one and two of
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the original T2 states (precedent section), these calculations
confirm that the degeneracy of the electronic doublet E can
be lifted by the D2 or C2v symmetries. For an electronic
occupation of the T2 states equal three, our model therefore
predicts that the the precursor Td symmetry falls into either
sixfold C2v or D2 distortions. From previous ab initio calcu-
lations [33,37,38], only the positive C2v symmetry has been
assigned to the negatively charged vacancy, overlooking the
implications of negative C2v distortions in the general theory.
In the case of neutral gold, a D2-like distortion was previously
proposed [39], without further stating the role of such symme-
try in the overall JT model. From a second study [41], a C2v

distortion was suggested for Au0, describing its displacement
from the ideal substitutional position. Similarly to the analysis
carried out in the precedent section, our computational effort
is not limited to characterising the ground state symmetries,
but to provide a comprehensive sampling of the APES. In
particular, we describe the C2v energy surfaces for the negative
centers V, Pd, and Pt. Within such JT model, we however
identify the relevant role of the D2 distortions in the overall
picture of the APES.

From group theory considerations (Sec. III), we established
that the C2v symmetry corresponds to the SB of the Td con-
figuration through both e and t2 distortions, constituting the
T ⊗(e + t2) coupling. A complete model for the Td → C2v

mechanism should therefore be developed in the subspace
defined by five JT active modes, which are commonly de-
noted as: Qε , Qθ , Qη, Qζ , and Qξ . Within such global picture,
trigonal, tetragonal, and orthorhombic distortions coexist and
are described as minima and saddle points of the energy
surface [25]. Anticipating the complexity of sampling this
entire subspace [25], we restrict the analysis of the APES to
two different symmetry-imposed paths. These transition paths
correspond to the two possible reorientation mechanisms be-
tween equivalent C2v distortions. As represented in Fig. 4,
such mechanisms can be easily conceived by positioning the
six minima of the APES on the vertexes of a regular octahe-
dron. As represented for the positive distortion [Fig. 4(a)] and
the negative distortion [Fig. 4(b)], we force C2v distortions
with respect to the same C2 symmetry axis (e.g., Cy >

2v and
Cy <

2v ) to be placed on opposite vertexes of the polyhedron.
The small reorientations between C2v distortions with respect
to the same C2 axis (> ↔ <) are thus represented by paths
between opposite vertexes, as depicted with a purple line
for the C+

2v case in Fig. 4(a)(I). The transition between JT
distortions with respect to different C2 axis are represented
by the edges of the octahedron, as shown with an orange path
for the C−

2v case in Fig. 4(b)(I).
Let us start with the simple case of the small reorientations

between C2v distortions with respect to the same C2 axis: the
C2-restricted transition [Fig. 4(a)]. The computed MEP for
the negative vacancy reveals a continuous transition between
equivalent JT distortions, indicating that the transition path
is not symmetry protected. Aiming for a full characterization
of the path, we plot the normalized interatomic distances
between atoms 1, 2, 3, and 4 along the computed MEP be-
tween Cy

2v distortions. As shown in Fig. 4(a)(IV), from the
degeneracy of the six interatomic distances one can deduce
the nature of the saddle point. For both minima, the set of six

distances have two nondegenerate ones (d13 and d24), whose
values are exchanged from the initial to the final configuration.
At the saddle point, the degeneracy of the four remaining
distances is lifted, obtaining three sets of twofold degenerate
distances: a D2 distortion. This saddle point is however de-
generate, since two Dy

2 configurations are available. For each
of the three transitions along the Cartesian axes, two MEPs
are thus available, corresponding to the two equivalent Dx

2,
Dy

2, and Dz
2 distortions. We further investigate the symmetry

character of the small reorientation process by plotting the
real-space projection of the KS eigenfunctions corresponding
to the defect-related states along the MEP [Fig. 4(a)(V)]. In
this case, the localized wave functions continuously evolve
from the eigenstates of a C2v distortion (states A1, B1, and
B2 in Fig. 2) to the ones of a D2 symmetry (B1, B2, and B3 in
Fig. 2). The shape of the APES can thus be identified with one
single-electronic manifold, which corresponds to the highest
occupied state (or the B1 state). The lowest unoccupied defect
state corresponds to the B2 state, which is represented by a
second electronic manifold. These manifolds become degen-
erate (electronic doublet E) by imposing the higher symmetry
Dy +

2d , constituting a conical intersection or level crossing. The
fully occupied A1 state is lower in energy and remains in-
variant within the sampled space of atomic displacements. To
conclude, we remark that an equivalent model for the small
reorientation between equivalent C−

2v distortions for Pd− and
Pt− remains valid. For this sense of distortion, the defect-
related levels are inverted and the electronic occupation is
thus: B↑↓

1 B↑
2 . The shape of the APES in this case is dictated by

the highest occupied state: the B2 state. Moreover, throughout
the small reorientation process between Cy

2v distortions, the
metallic impurity moves from its interstitial position closer
to atoms 2, 4, to a substitutional position at the saddle point,
before going back to an interstitial position approaching atoms
1, 3.

We now consider the reorientation mechanism between
equivalent C2v distortions with respect to different C2 axis: the
C2-unrestricted process. As represented in Fig. 4(b) for the
Cx−<

2v → Cy−<

2v process for Pt, this MEP does also correspond
to a continuous transition. Similarly to previous investiga-
tions, we plot the change of interatomic distances along
the studied path in Fig. 4(b)(IV). In this case, all distances
are non-degenerate except for the initial, final and saddle
point configurations. Due to the change of C2 axis along
the transition, the negative C2v distortions present different
nondegenerate distances (d12 and d34 for Cx<

2v , and d13 and d24

for Cy<

2v ). The saddle point also presents a C2v symmetry, with
yet another set of nondegenerate distances (d14 and d23). For
this defect configuration, such distances are however smaller
than the remaining four, constituting a positive Cz

2v distortion.
Even if the transition Cx−

2v → Cz+
2v → Cy−

2v seems analogous to
the Dx+

2d → Dz−
2d → Dy+

2d process discussed in Sec. IV, we re-
mark that in this case the transition is not symmetry protected,
as revealed by the absence of cusp in the total energy plot
and the continuous transformation of the defect-related wave
functions along the path [Fig. 4(b)(V)]. Moreover, given the
multiplicity of the C2v distortions, two possible reorientation
paths can be conceived due to the degeneracy of the Cz+

2v

distortion. Each of the edges of the octahedron is thus doubly
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TABLE II. Activation energies between equivalent C2v distor-
tions for the two types of reorientation for Pd, Pt, and the vacancy
at negative charge state. Experimental values are included for the
vacancy [16]. All values are given in eV.

Reorientation process Pd Pt V

C2-restricted 0.007 0.007 0.051 0.008 [16]
C2-unrestricted 0.023 0.021 0.116 0.072 [16]

degenerate and the reorientation process can either happen left
or right around the Mexican hat energy surface [Fig. 4(b)(II)].
An equivalent model is proposed for the reorientation of the
negative vacancy, for which the sense of distortion for minima
and saddle points of the APES is inverted.

To summarize, we have proposed novel transition paths
between equivalent C2v distortions, consistently sampling a
subspace of the general T ⊗(e + t2) problem. We emphasize
that the sampled APES corresponds to a single electronic
manifold, contrary to the above discussed D2d model. In this
case, the warped APES proposed for the reorientation process
with unrestricted C2 axis certainly looks similar to the E ⊗e
model for the precursor C3v distortion. We however remark
that the plotted energy surfaces are restricted to a subspace
of atomic displacements {Q} and hence, they do not corre-
spond to the global APES. On the other hand and to the
best of our knowledge, only in the context of the Cr(CO)6

compound the MEP between equivalent C2v distortions has
been previously investigated [42]. In such work, the saddle
point of C2-unrestricted transitions were postulated to present
a Cs symmetry, in contrast with our proposed model. For the
selected centers in silicon, we did also estimate a transition
path whose saddle point presented a lower Cs symmetry,
which did not however correspond to the MEP. Our proposed
MEPs for both reorientation processes between equivalent
C2v distortions present saddle points with the same symmetry
order (n = 4) as the minima. Such example explicitly supports
the need to guide the ab initio characterization by symme-
try arguments, especially when exploring APES with a large
number of degrees of freedom.

The activation energies obtained for both investigated
mechanisms are collected in Table II. As expected, the barrier
of the C2-restricted mechanism is systematically lower with
respect to the C2-unrestricted reorientation process. In the case
of the vacancy, both reorientation barriers were obtained by
stress-alignment EPR studies [16]. For these cases, we over-
estimate the measured activation energies by ∼40 meV. This
energy difference is however consistent with similar absolute
errors reported in the context of ab initio calculations of de-
fects in semiconductors. In the case of the metallic impurities,
the low barrier for the C2-restricted mechanism is in alignment
with the observed reorientation between two JT distortions
at cryogenic temperatures [22]. Finally, we remark that the
obtained D2 symmetry as the global minimum for neutral gold
is consistent with the general JT theory and it is compatible
with EPR spectroscopy. Indeed, the difference in ground state
minima for Au0 (D2 distortion) and for its isoelectronic center

Pt− (C2v configuration) might explain the disparity of EPR
signals reported for these centers [21–24].

VI. CONCLUSIONS

In this paper, we have proposed a theoretical framework to
understand and predict defect properties, opposite to standard
defect-oriented studies. Such framework exploits Group The-
ory (or JT theory), a symmetry-based toy model and ab initio
calculations to characterize the APES of common defects
in diamond lattices. Starting from the tetrahedral symmetry,
we have identified the plausible SB mechanisms, reducing
the number of compatible point-group symmetries and hence
limiting the possible critical points of the T ⊗(e + t2) APES.
Within our toy model we have characterized the fundamental
properties of these JT distortions, including the symmetry
of the wave functions and level ordering of defect states.
Such detailed symmetry analyze have allowed us to guide the
ab initio characterization of the APES, by restricting the sam-
pling according to the preserved symmetries. In the case of the
reorientation paths, for instance, the reported MEP is found
after testing different point-group symmetries as saddle points
of the transition.

Treating the vacancy and the Pd, Pt, and Au impurities
in silicon as instances of the general T ⊗(e + t2) JT effect
has allowed us to propose theoretical pictures of their APES,
which are compliant with the available experimental data. In
particular, we have presented a full and quantitative model for
the Td → D2d APES in the subspace of two effective coordi-
nates, ultimately proving that transitions between equivalent
D2d minima are symmetry protected. We have also sampled
instances of the Td → C2v APES, for which no general shape
has ever been proposed, by targeting the two MEPs between
equivalent distortions. In the particular case of the simple
silicon vacancy, we contradict previous theoretical studies
that were proposing a C3v symmetry as the saddle point of
the reorientation transition at neutral charge state. For the
vacancy and the Pd, Pt impurities at negative charge state, we
have theoretically proven the existence of two reorientation
processes, for which no model had been proposed. Moreover,
we have shown that the Pt− and Au0 centers have indeed
different ground-state configurations, possibly explaining the
lack of EPR signal for the latter. To conclude, we empha-
size that our resulting pictures are grounded by group theory
considerations, overcoming possible numerical biases, and
becoming transferable to equivalent systems (e.g., vacancies
and substitutional impurities in C, Ge). This paper is there-
fore of potential technological interest, going from mitigation
strategies for the irradiation damage in silicon to the accurate
description of electronic excitations in diamond for the reali-
sation of qubits.
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[34] S. Öğüt, H. Kim, and J. R. Chelikowsky, Ab initio cluster
calculations for vacancies in bulk Si, Phys. Rev. B 56, R11353
(1997).

[35] M. I. J. Probert and M. C. Payne, Improving the convergence
of defect calculations in supercells: An ab initio study of the
neutral silicon vacancy, Phys. Rev. B 67, 075204 (2003).

[36] F. El-Mellouhi, N. Mousseau, and P. Ordejón, Sampling the
diffusion paths of a neutral vacancy in silicon with quantum
mechanical calculations, Phys. Rev. B 70, 205202 (2004).

[37] A. F. Wright, Density-functional-theory calculations for the
silicon vacancy, Phys. Rev. B 74, 165116 (2006).

[38] F. Corsetti and A. A. Mostofi, System-size convergence of point
defect properties: The case of the silicon vacancy, Phys. Rev. B
84, 035209 (2011).

[39] F. Corsetti and A. A. Mostofi, Negative-U properties for substi-
tutional au in Si, Europhys. Lett. 105, 57006 (2014).

[40] G. Herrero-Saboya, L. Martin-Samos, A. Jay, A. Hemeryck,
and N. Richard, A comprehensive theoretical picture of e cen-
ters in silicon: From optical properties to vacancy-mediated
dopant diffusion, J. Appl. Phys. 127, 085703 (2020).

[41] A. Resende, R. Jones, S. Öberg, and P. R. Briddon, Calculations
of Electrical Levels of Deep Centers: Application to Au-H and
Ag-H Defects in Silicon, Phys. Rev. Lett. 82, 2111 (1999).

[42] H. Köppel and H. Barentzen, The Jahn-Teller Effect: Funda-
mentals and Implications for Physics and Chemistry, Springer
Series in Chemical Physics, 97 (Springer-Verlag, Berlin, 2009).

034601-10

https://doi.org/10.1038/s41578-021-00306-y
https://doi.org/10.1103/PhysRevB.42.11869
https://doi.org/10.1103/PhysRevLett.73.866
https://doi.org/10.1103/PhysRevLett.74.4353
https://doi.org/10.1103/PhysRevLett.74.4354
https://doi.org/10.1103/PhysRevB.53.9791
https://doi.org/10.1103/PhysRevB.58.1106
https://doi.org/10.1103/PhysRevLett.83.3852
https://doi.org/10.1016/S0921-4526(99)00543-8
https://doi.org/10.1103/PhysRevB.64.245206
https://doi.org/10.1103/PhysRevB.72.073306
https://doi.org/10.1103/PhysRevB.74.205208
https://doi.org/10.1103/PhysRevB.77.115208
https://doi.org/10.1098/rspa.1937.0142
https://doi.org/10.1098/rspa.1973.0090
https://doi.org/10.1103/PhysRev.115.1546
https://doi.org/10.1103/PhysRevLett.44.1627
https://doi.org/10.1103/PhysRevB.26.6040
https://doi.org/10.1103/PhysRev.126.466
https://doi.org/10.1103/PhysRevB.45.3279
https://doi.org/10.1103/PhysRevB.52.16575
https://doi.org/10.1103/PhysRevLett.67.1149
https://doi.org/10.1016/j.cpc.2016.04.003
https://doi.org/10.1103/PhysRevB.88.085117
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1063/1.1329672
https://doi.org/10.1103/PhysRevB.74.045102
https://doi.org/10.1016/S0020-1693(00)95909-7
https://doi.org/10.1103/PhysRevB.58.1318
https://doi.org/10.1103/PhysRevB.56.R11353
https://doi.org/10.1103/PhysRevB.67.075204
https://doi.org/10.1103/PhysRevB.70.205202
https://doi.org/10.1103/PhysRevB.74.165116
https://doi.org/10.1103/PhysRevB.84.035209
https://doi.org/10.1209/0295-5075/105/57006
https://doi.org/10.1063/1.5140724
https://doi.org/10.1103/PhysRevLett.82.2111

