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—— Abstract

We develop value iteration-based algorithms to solve in a unified manner different classes of combina-
torial zero-sum games with mean-payoff type rewards. These algorithms rely on an oracle, evaluating
the dynamic programming operator up to a given precision. We show that the number of calls to
the oracle needed to determine exact optimal (positional) strategies is, up to a factor polynomial
in the dimension, of order R/ sep, where the “separation” sep is defined as the minimal difference
between distinct values arising from strategies, and R is a metric estimate, involving the norm of
approximate sub and super-eigenvectors of the dynamic programming operator. We illustrate this
method by two applications. The first one is a new proof, leading to improved complexity estimates,
of a theorem of Boros, Elbassioni, Gurvich and Makino, showing that turn-based mean-payoff games
with a fixed number of random positions can be solved in pseudo-polynomial time. The second
one concerns entropy games, a model introduced by Asarin, Cervelle, Degorre, Dima, Horn and
Kozyakin. The rank of an entropy game is defined as the maximal rank among all the ambiguity
matrices determined by strategies of the two players. We show that entropy games with a fixed rank,
in their original formulation, can be solved in polynomial time, and that an extension of entropy
games incorporating weights can be solved in pseudo-polynomial time under the same fixed rank

condition.
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1 Introduction

1.1 Motivation

Deterministic and turn-based stochastic Mean-Payoff games are fundamental classes of games
with an unsettled complexity. They belong to the complexity class NP N coNP [23, 57] but
they are not known to be polynomial-time solvable. Various algorithms have been developed
and analyzed. The pumping algorithm is a pseudo-polynomial iterative scheme introduced
by Gurvich, Karzanov and Khachyan [30] to solve the optimality equation of deterministic
mean-payoff games. Zwick and Paterson [57] derived peudo-polynomial bounds for the
same games by analyzing value iteration. Friedmann showed that policy iteration, originally
introduced by Hoffman and Karp in the setting of zero-sum games [31], and albeit being
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experimentally fast on typical instances, is generally exponential [25]. We refer to the survey
of [10] for more information and additional references.

Entropy games have been introduced by Asarin et al. [11]. They are combinatorial games,
in which one player, called Tribune, wants to maximize a topological entropy, whereas its
opponent, called Despot, wishes to minimize it. This topological entropy quantifies the
freedom of a half-player, called People. Although the formalization of entropy game is recent,
specific classes or variants of entropy games appeared earlier in several fields, including the
control of branching processes, population dynamics and growth maximization [52, 47, 46, 56],
risk sensitive control [32, 9], mathematical finance [6], or matrix multiplication games [11].
Asarin et al. showed that entropy games also belong to the class NP N coNP. Akian et al.
showed in [1] that entropy games reduce to ordinary stochastic mean-payoff games with
infinite action spaces (actions consist of probability measures and the payments are given by
relative entropies), and deduced that the subclass of entropy games in which Despot has a
fixed number of significant positions (positions with a non-trivial choice) can be solved in
polynomial time. The complexity of entropy games without restrictions on the number of
(significant) Despot positions is an open problem.

1.2 Main Results

We develop value iteration-based algorithms to solve in a unified manner different classes
of combinatorial zero-sum games with mean-payoff type rewards. These algorithms rely
on an oracle, evaluating approximately the dynamic programming operator of the game.
Our main results include universal estimates, providing explicit bounds for the error of
approximation of the value, as a function of two characteristic quantities, of a metric nature.
The first one is the separation sep, defined as the minimal difference between distinct values
induced by (positional) strategies. The second one, R, is defined in terms the norm of
approximate sub and super-optimality certificates. These certificates are vectors, defined as
sub or super-solutions of non-linear eigenproblems. For games such that the mean payoff
is independent of the initial state, we show that (exact) optimal strategies can be found
in a number of calls to the oracle bounded by the ratio R/sep, up to a factor polynomial
in the number of states, see Theorems 10 and 30. We also obtain a similar complexity
bound for games in which the mean payoff does depend on the initial state, under additional
assumptions.

We provide two applications of this method.

The first application is a new proof of an essential part of the theorem of Boros, Elbassioni,
Gurvich and Makino [18], showing that turn-based stochastic mean-payoff games with a fixed
number of random positions can be solved in pseudo-polynomial time. The original proof
relies on a deep analysis of a generalization to the stochastic case of the “pumping algorithm”
of [30]. Our analysis of value iteration leads to improved complexity estimates. Indeed, we
bound the characteristic numbers R and sep in a tight way, by exploiting bit-complexity
estimates for the solutions of Fokker—Planck and Poisson-type equations of discrete Markov
chains.

The second application concerns entropy games. Let us recall that in such a game, the
value of a pair of (positional) strategies of the two players is given by the Perron root of a
certain principal submatrix of a nonnegative matrix, which we call the ambiguity matriz,
as it measures the number of nondeterministic choices of People. We show that entropy
games with a fixed rank, and in particular, entropy games with a fixed number of People’s
states, can be solved in pseudo-polynomial time; see Theorem 61. These results concern
the extended model of entropy games introduced in [1], taking into account weights. Then,
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entropy games in the sense of [11] (implying a unary encoding of weights) that have a fixed
rank can be solved in polynomial time. These results rely on separation bounds for algebraic
numbers arising as the eigenvalues of integer matrices with a fixed rank.

1.3 Related Work

The idea of applying value iteration to analyze the complexity of deterministic mean-payoff
games goes back to the classical work of Zwick and Paterson [57]. In some sense, the present
approach extends this idea to more general classes of games. When specialized to stochastic
mean-payoff games with perfect information, our bounds should be compared with the ones of
Boros, Elbassioni, Gurvich, and Makino [18, 17]. The authors of [18] generalize the “pumping”
algorithm, developed for deterministic games by Gurvich, Karzanov, and Khachiyan [30], to
the case of stochastic games. The resulting algorithm is also pseudopolynomial if the number
of random positions is fixed, see Remark 47 for a detailed comparison. The algorithm of
Ibsen-Jensen and Miltersen [33] yields a stronger bound in the case of simple stochastic
games, still assuming that the number of random positions is fixed. A different approach,
based on an analysis of strategy iteration, was developed by Gimbert and Horn [28] and more
recently by Auger, Badin de Montjoye and Strozecki [12]. The value iteration algorithm for
concurrent mean-payoff games, under an ergodicity condition, has been studied by Chatterjee
and Ibsen-Jensen [21]. Theorem 18 there gives a O(|loge|/€) bound for the number of
iterations needed to get an e-approximation of the mean payoff. When specialized to this
case, Theorem 16 below improves this bound by a factor of |loge|. Another possible general
approach to compute the mean payoff would be based on relative value iteration combined
with Krasnoselskii-Mann damping [13], see [27]. Under some ergodicity condition, this
method allows one to get an e-approximation of the mean payoff as well as an approximate
optimality certificate in O(1/€?) iterations, to be compared with the O(1/¢) iterations of the
present algorithm, see Remark 17.

We build on the operator approach for zero-sum games, see [15, 42, 45]. Our study of
entropy games is inspired by the works of Asarin et al. [11] and Akian et al. [1]. We rely
on the existence of optimal positional strategies for entropy games, established in [1] by
an o-minimal geometry approach [16], and also on results of non-linear Perron-Frobenius
theory, especially the Collatz—Wielandt variational formulation of the escape rate of an order
preserving and additively homogeneous mapping [43, 26, 2, 5].

The present work, providing complexity bounds based on value iteration, grew out from
an effort to understand the surprising speed of value iteration on random stochastic games
examples arising from tropical geometry [8], by investigating suitable notions of condition
numbers [7]. An initial version of some of the present results (concerning turn based stochastic
games) appeared in the PhD thesis of one of the authors [50].

1.4 Organization of the Paper

In Section 2 we recall the definitions and basic properties of turn-based stochastic mean-payoff
games and entropy games, and also key notions in the “operator approach” of zero-sum
games, including the Collatz—Wielandt optimality certificates.

The universal complexity bounds based on value iteration are presented in Section 3.
First, we deal with games whose value is independent of the initial state, and then, we extend
these results to determine the set of initial states with a maximal value.

The applications to turn-based stochastic mean-payoff games and to entropy games are
provided in Section 4 and Section 5.
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2  Preliminaries on Dynamic Programming Operators and Games

2.1 Introducing Shapley Operators: The Example of Stochastic
Turn-Based Zero-Sum Games

Shapley operators are the two-player version of the Bellman operators (a.k.a. dynamic
programming or one-day operators) which are classically used to study Markov decision
processes. In this section we introduce the simplest example of Shapley operator, arising
from stochastic turn-based zero-sum games.

A stochastic turn-based zero-sum game is a game played on a digraph (¥, &) in which the
set of vertices ¥ has a non-trivial partition: ¥ = in W Pax W Phat. There are two players,
called Min and Max, and a half-player, Nature. The sets Min, “Max and #nat represent the
sets of states in which Min, Max, and Nature respectively play. The set of edges & represents
the allowed moves. We assume & C in X Max U PMax X PNat U Nat X PMin, Meaning
that Min, Max, and Nature alternate their moves. More precisely, a turn consists of three
successive moves: when the current state is j € ¥in, Min selects and edge (j,4) in & and the
next state is ¢ € gax. Then, Max selects an edge (i, k) in & and the next state is k € at.
Next, Nature chooses an edge (k,j’) € & and the next state is j' € #pn. This process can
be repeated, alternating moves of Min, Max, and Nature.

We make the following assumption.

» Assumption 1. Fach player has at least one available action in each state in which he has to
play, i.e., for all j € Miin, 1 € Pax, and k € s, the sets {i': (j,i') € &}, {k': (i,k') € &}
and {j': (k,j') € &} are non-empty.

Furthermore, every state k € #uat controlled by Nature is equipped with a probability
distribution on its outgoing edges, i.e., we are given a vector (Py;); ey, With rational entries
such that Py; > 0 for all j and 3, ;s Prj = 1. We suppose that Nature makes its decisions
according to this probability distribution, i.e., it chooses an edge (k, j) with probability P, .
Moreover, an integer A;; is associated with each edge (j,7) in & N (PMin X Prax), and an
integer By is associated with each edge (i,k) in & N (Pgax X Nat). These integers encode
the payoffs of the game in the following way: if the current state of the game is j € iy and
Min selects the edge (j,%), then Min pays to Max the amount —A;;. Similarly, if the current
state of the game is i € Hax and Max selects the edge (i, k), then Max receives from Min
the payment Bjj.

We first consider the game in horizon N, in which each of the two players Min and Max
makes N moves, starting from a known initial state, which by convention we require to be
controlled by Min. In this setting, a history of the game consists of the sequence of states
visited up to a given stage. A strategy of a player is a function which assigns to a history of
the game a decision of this player. A pair of strategies (o, 7) of players Min and Max induces
a probability measure on the set of finite sequences of states. Then, the expected reward of
Max, starting from the initial position jo € Auin, is defined by

N—-1

Rjy(0,7) i=Eor (D (= A5, + Bik,))

p=0

in which the expectation E, , refers to the probability measure induced by (o, 7), and
jos>%0, ko, J1,%1, k1, ... is the random sequence of states visited when applying this pair of
strategies. The objective of Max is to maximize this reward, while Min wants to minimize
it. The game in horizon N starting from state j € #in is known to have a value vév and
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optimal strategies ¢* and 7*, meaning that

Ri(c*, 1) < vjv =R;(c",7") < Rj(o,7"),
for all strategies o of Min and 7 of Max. The value vector vV = (UJI-V)jea;/Mm keeps track
of the values of all initial states. A classical dynamic programming argument, see e.g. [41,
Th. IV.3.2], shows that

W =0, UN:F(UN_l),

where 0 denotes the vector that has all entries equal to 0 and the Shapley operator F' is the
map from R”Mi» to R”Mi» defined by

FJ(Z‘) = min (—Ai]‘ —+

By, + P, >’f 11j € Y. 1
(4,1)€E Zm?é{g( k Z klﬂil) or all j A (1)

(i,k
(k1)eE

Assumption 1 guarantees that F' is well defined.
One can also consider the stochastic mean-payoff game, in which the payment g;, (o, 7)
received by Max becomes the limiting average of the sum of instantaneous payments, i.e.,

N-1
- 1
9jo(0,7) = }\}fgfg Eor (N Z (—Aij, + Bz'pkp)) : (2)
p=0

We say that a strategy is positional if the decision of the player depends only of the current
state. A result of Liggett and Lippman [38] entails that a mean-payoff game has a value x;
and that there exists a pair of optimal positional strategies (c*, 7*), meaning that

gj(U*aT) SX; = gj(O'*,T*) < gj(o, T*)a

for every initial state j € g, and pair of non-necessarily positional strategies (o, 7) of
players Min and Max. A result of Mertens and Neyman [40] entails in particular that the
value of the mean-payoff game coincides with the limit of the normalized value of the games
in horizon N, i.e.,

N FN(0)

XYENBN TN

where FN = Fo--.0 F denotes the Nth iterate of F.

» Remark 1. In our model, players Min, Max, and Nature play successively, so that a turn
decomposes in three stages, resulting in a Shapley operator of the form (1). Alternative
models, like the one of [18], in which a turn consists of a single move, reduce to our model
by adding linearly many dummy states, and rescaling the mean payoff by a factor 3.

2.2 The Operator Approach to Zero-Sum Games

We shall develop a general approach, which applies to various classes of zero-sum games with
a mean-payoff type payment. To do so, it is convenient to introduce an abstract version of
Shapley operators, following the “operator approach” of stochastic games [45, 42]. This will
allow us to apply notions from nonlinear Perron—Frobenius theory, especially sub and super
eigenvectors, and Collatz-Wielandt numbers, which play a key role in our analysis.

We set [n] := {1,...,n}. We shall use the sup-norm |||/ = max;c[,) [7|, and also the
Hilbert’s seminorm [26], which is defined by [|z[|y = t(z) — b(z), where t(z) = max;c[, 2
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(read “top”) and b(z) = min,cp,) z; (read “bottom”). We endow R with the standard order
<, which is extended to vectors entrywise.
A self-map F of R" is said to be order-preserving when

r<y = F(z) < F(y) for all z,y € R", (3)
and additively homogeneous when

FA+z)=A+F(z)forall A e Rand z € R", (4)
where, for any z € R™, A + z stands for the vector with entries A\ + z;.

» Definition 2. A self-map F of R™ is an (abstract) Shapley operator if it is order-preserving
and additively homogeneous.

A basic example is provided by the Shapley operator of a turn-based stochastic mean-payoff
game (1). Here, the additive homogeneity axiom captures the absence of discount. We shall
see in the next section a different example, arising from entropy games.

We point out that any order-preserving and additively homogeneous self-map F' of R" is
nonexpansive in the sup-norm, meaning that

[F(z) = F(y)lloo < |z = ylloo for all 2,y € R™ .

Using the nonexpansiveness property, we get that the existence and the value of the limit
limy_ o (FN(x)/N) are independent of the choice of z € R™. We call this limit the escape
rate of F', and denote it by x(F'). When F' is the Shapley operator of a turn-based stochastic
mean-payoff game, fixing # = 0, we see that F'V(z) coincides with the value vector in horizon
N, and so x;(F) yields the mean payoff when the initial state is j, consistently with our
notation x; in Section 2.1.

The escape rate is known to exist under some “rigidity” assumptions. The case of
semialgebraic maps is treated in [42], whereas the generalization to o-minimal structures
(see [53] for background), which is needed in the application to entropy games, is established
in [16].

» Theorem 3 ([42] and [16]). Suppose that the function F: R™ — R™ is nonexpansive in
any norm and that it is semialgebraic, or, more generally, defined in an o-minimal structure.
Then, the escape rate x(F) does exist.

This applies in particular to Shapley operators of turn-based mean-payoff games, since in
this case the operator F, given by (1), is piecewise affine (meaning that its domain can be
covered by finitely many polyhedra such that F restricted to any of them is affine), and a
fortiori semialgebraic. In the case of entropy games, we shall see in the next section that the
relevant Shapley operator is defined by a finite expression involving the maps log, exp, as
well as the arithmetic operations, and so that it is definable in a richer structure, which is
still o-minimal. We emphasize that no knowledge of o-minimal techniques is needed to follow
the present paper, it suffices to admit that the escape rate does exist for all the classes of
maps considered here, and this follows from Theorem 3.
When the map F' is piecewise affine, a result finer than Theorem 3 holds:

» Theorem 4 ([36]). A piecewise affine self-map F of R™ that is nonexpansive in any norm
admits an invariant half-line, meaning that there exist z,w € R™ such that

Fz4+pw)=2z4+ B+ DHw

for any B € R large enough. In particular, the escape rate x(F) exists, and is given by the
vector w.
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This entails that FV (2 + fw) = z + (8 + N)w, and so, by nonexpansiveness of F, for all
r €R" FN(x) = Nx(F)+O(1) as N — co. This expansion is more precise than Theorem 3,
which only states that FN(z) = Nx(F) + o(N).

For a general order-preserving and additively homogeneous self-map of R", and in
particular, for the Shapley operators of the entropy games considered below, an invariant
half-line may not exist. However, we can still recover information about the sequences
(FN(z)/N)y through non-linear spectral theory methods. Assuming that F is an order-
preserving and additively homogeneous self-map of R™, the upper Collatz—Wielandt number
of F is defined by:

cw(F) =inf{p e R: 3z e R", F(2) < pu+ 2}, (5)
and the lower Collatz—Wielandt number of F by:
cw(F) =sup{p e R: Iz e R" F(2) 2 p+ z}. (6)

It follows from Fekete’s subadditive lemma that the two limits limy_, . t(F~(0)/N) and
limy 00 b(FY(0)/N), which may be thought of as upper and lower regularizations of the
escape rate, always exist, see [26]. In the examples of interest to us, the escape rate x(F)
does exist, it represents the mean-payoff vector, and then limy o t(F™ (0)/N) = t(x(F)) =
max; X;(F) is the maximum of the mean payoff among all the initial states. Similarly,
limy 00 B(FYN(0)/N) = b(x(F)) is the minimum of these mean payoffs.

The interest of the vectors z arising in the definition of Collatz-Wielandt numbers is to
provide approzimate optimality certificates, allowing us to bound mean payoffs from above
and from below. Indeed, if F(z) < p + 2, using the order-preserving property and additively
homogeneity of F, we get that F'V(z) < Nu + z for all N € N, and, by nonexpansiveness of
F, imp o0 t(FN(0)/N) = limy 00 t(FN(2)/N) < p. Similarly, if F(2) > pu+ z, we deduce
that limx oo b(FN(0)/N) > p. The following result of [26], which can also be obtained as a
corollary of a minimax result of Nussbaum [43], see [2], shows that these bounds are optimal.

» Theorem 5 ([26, Prop. 2.1], [2, Lemma 2.8 and Rk. 2.10]). Let F' be an order-preserving
and additively homogeneous self-map of R™. Then, limy_ o t(FN(2)/N) = cw(F) and
limy 00 B(FY (2)/N) = cw(F) for any z € R™.

Thus, when F' is the Shapley operator of a game, the quantities ew(F) and cw(F') respectively
correspond to the greatest and smallest mean payoff among all the initial states.
A simpler situation arises when there is a vector v € R™ and a scalar A € R such that

Fv)=X+wv. (7)

The scalar A\, which is unique, is known as the ergodic constant, and (7) is referred to as the
ergodic equation. Then, cw(F) = cw(F) = A. The vector v is known as a bias or potential. It
will be convenient to have a specific notation for the ergodic constant A when the ergodic
equation is solvable, then, we set erg(F') := A.

The existence of a solution (A, v) of (7) is guaranteed by certain “ergodicity” assump-
tions [4]. When the Shapley operator F' is piecewise affine, it follows form Kohlberg’s theorem
(Theorem 4) that the ergodic equation (7) is solvable if and only if the mean payoff is
independent of the initial state.

Denote R := R U {—oc}. Properties (3) and (4) also make sense for self-maps of R”, by
requiring them to hold for all z,y € R” and A € R. Any order-preserving and additively
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homogeneous self-map F of R” admits a unique continuous extension F to R™, obtained by
setting, for z € R",

F(z) = inf{F(y): y eR",y > 2} . (8)

Moreover, F is still order-preserving and additively homogeneous, see [20] for details. Hence,
in the sequel, we assume that any order-preserving and additively homogeneous self-map F’
of R™ is canonically extended to R", and we will not distinguish between F' and F.

2.3 Entropy Games

Entropy games were introduced in [11]. We follow the presentation of [1] since it extends the
original model, see Remark 9 for a comparison.

Similarly to stochastic turn-based zero-sum games, an entropy game is played on a digraph
(¥, &) in which the set of vertices ¥ has a non-trivial partition: ¥ = in ¥ tax W Nat-
As in the case of stochastic turn-based games, players Min, Max, and Nature control
the states in in, PMax and PNat respectively, and they alternate their moves, i.e., & C
Pin X PMax U MMax X PNat U Phas X Pain. We also suppose that the underlying graph
satisfies Assumption 1. In the context of entropy games, player Min is called Despot, player
Max is called Tribune, and Nature is called People. For this reason, we denote ¥p = in,
Y1 = Pin, and ¥p = Pas. The name “Tribune” coined in [11], refers to the magistrates
interceding on behalf of the plebeians in ancient Rome.

The first difference between stochastic turn-based games and entropy games lies in the
behavior of Nature: while in stochastic games Nature makes its decisions according to some
fixed probability distribution, in entropy games People is a nondeterministic player, i.e.,
nothing is assumed about the behavior of People. The second difference lies in the definition
of the payoffs received by Tribune. We suppose that every edge (p,d) € & with p € ¥p and
d € ¥p is equipped with a multiplicity m,q which is a (positive) natural number. The weight
of a path is defined as the product of the multiplicities of the arcs arising on this path. For
instance, the path (do, to, po, d1,t1,p1,d2,t2) where d; € ¥p, t; € ¥ and p; € ¥p, makes 2
and 1/3 turn, and its weight is mp,q, Mp,a,. A game in horizon N is then defined as follows:
if (0,7) is a pair of strategies of Despot and Tribune, then we denote by R% (o, 7) the sum of
the weights of paths with initial state d that make N turns and that are consistent with the
choice of (o, 7). Tribune wants to maximize this quantity, while Despot wants to minimize it.
As for stochastic turn-based games, a dynamic programming argument given in [1] shows
that the value VN ¢ RZ@ of this game does exist, and that it satisfies the recurrence

VvO=1, VN =Ny, (9)

where 1 is the vector whose entries are identically one and the operator T': RZ@ — RZ@ is
defined by

Ta(x) = (;E)igg (trg)agg( %:E(@ mpixy, for alld € ¥p . (10)
p, 2

To define a game that lasts for an infinite number of turns, we consider the limit

Vi (0, 7) = limsup(RY (o, 7))V,
N ——+oc0o

which may be thought of as a measure of the freedom of People. The logarithm of this limit
is known as a topological entropy in symbolic dynamics [35]. The following result shows that
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the value of the entropy game V* does exist and that it coincides with the limit of the
renormalized value (VV)V/N = [TV (1)];/ N of the finite horizon entropy game, so that the
situation is similar to the case of stochastic turn-based games, albeit the renormalization
now involves a Nth geometric mean owing to the multiplicative nature of the payment.

» Theorem 6 ([1]). The entropy game with initial state d has a value V°. Moreover, there
are (positional) strategies o* and 7 of Despot and Tribune, such that, for all d € ¥p,

Vie(o*,7) SV =V (", ) < Vo, 7%),

for all strategies o and T of the two players. In addition, the value vector V° = (V) gey,,
coincides with the vector

lim (TN (1))/Y e RZE

N—o00

1/N

in which the operation - is understood entrywise.

Entropy games can be cast in the general operator setting of Section 2.2, by introducing the
conjugate operator F': R — R”P|

F :=logoT oexp (11)

in which exp: R”? RZ@ is the map which applies the exponential entrywise, and log =
exp~!. Since the maps log and exp are order-preserving, and since the weights My appearing
in the expression of T'(z) in (10) are nonnegative, the operator F is order-preserving. Moreover,
using the morphism property of the maps log and exp with respect to multiplication and
addition, we see that F' is also additively homogeneous, hence, it is an abstract Shapley
operator in the sense of Definition 2. Moreover, it is definable in the real exponential field,
which was shown to be an o-minimal structure by Wilkie [55], and this is precisely how
Theorem 6 is derived in [1] from Theorem 3. Actually, entropy games are studied in [1] in
a more general setting, allowing history dependent strategies and showing that positional
strategies are optimal. It is also shown there that the game has a uniform value in the sense
of Mertens and Neyman [40].

When the (positional) strategies o, T are fixed, the value can be characterized by a classical
result of Perron—Frobenius theory.

» Definition 7. Given a pair of strategies (o,7) of Despot and Tribune, we define the
ambiguity matrix M7 € RZ@XVD, with entries (M%7 oy = My of (T(0(k)),1) € &
and (M%) = 0 otherwise, i.e., this is the weighted transition matriz of the subgraph 477

obtained by keeping only the arcs ¥p — V7 and Y1 — Vp determined by the two strategies.

The digraph 477 can generally be decomposed in strongly connected components €7, . .., €%,
and each of these components, %;, determines a principal submatrix of M7, denoted by
M T[], obtained by keeping only the rows and columns in %; N ¥p. We denote by p(+)
the spectral radius of a matrix, which is also known as the Perron root when the matrix is
nonnegative and irreducible, see [14] for background.

» Proposition 8 ([47], [56, Th. 5.1]). The value of the subgame with initial state d, induced
by a pair of strategies o, T, coincides with

max{p(M?7[€,)]): there is a dipath d — €; in Y77} .
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1: procedure VALUEITERATION(F)

2: > F a Shapley operator from R™ to R™

3 u:=0¢€eR"

4: repeat u:= F(u) > At iteration ¢, u= FZ(O) is the value vector of the game in finite horizon ¢
5:  until t(u) <0 or b(u) >0

6: if t(u) < 0 then return “cw(F) < 0” > Player Min wins for all initial states

7 else return “cw(F) > 0” > Player Max wins for all initial states

8 end

9: end

Figure 1 Basic value iteration algorithm.

» Remark 9. In the original model of Asarin et al. [11], an entropy game is specified by
finite sets of states of Depot and Tribune, D and T, respectively, by a finite alphabet X
representing actions, and by a transition relation A C T'x X x DUD x X xT. A turn consists
of four successive moves by Despot, People, Tribune, and People: in state d € D, Despot
selects an action a € X, then, People moves to a state ¢t € P such that (d,a,t) € A. Then,
Tribune selects an action b € X, and People moves to a state d’ € D such that (¢,b,d’) € A.
This reduces to the model of [1] by introducing dummy states, identifying a turn in the
game of [11] to a succession of two turns in the game of [1]. Another difference is that

I/N " and this is equivalent

the payment, in [11], corresponds to maxgep limsupy_, o (RY)
to letting Tribune choose the initial state before playing the game. Then, the value of the
game in [11] coincides with the maximum of the values of the initial states, maxq V;°, see [1,
Prop. 11]. Finally in [11], the arcs have multiplicity one, whereas we allow integer multiplicies

(coded in binary), as in [1].

3 Bounding the Complexity of Value Iteration

In this section, F' is an (abstract) Shapley operator, i.e., an order-preserving and additively
homogeneous self-map of R™.

3.1 A Universal Complexity Bound for Value Iteration

The most straightforward idea to solve a mean-payoff game is probably value iteration: we
infer whether or not the mean-payoff game is winning by solving the finite horizon game, for
a large enough horizon. This is formalized in Figure 1.

When the non-linear eigenproblem F(w) = erg(F) + w is solvable, we shall use the
following metric estimate, which represents the minimal Hilbert’s seminorm of a bias vector

R(F) =inf {|lw|y: w e R", F(w) = erg(F) + w} .

In general, however, this non-linear eigenproblem may not be solvable. Then, we consider,
for A € R, the sets

S\(F)={veR": A\ +v < F(v)} and SMF)={veR": A +v > F(v)} .

» Theorem 10. Procedure VALUEITERATION (Figure 1) is correct as soon as cw(F) > 0 or
cw(F) < 0, and it terminates in a number of iterations N,; bounded by

inf{”v)'\H:/\>0,v€S>\(F)US)‘(F)} . (12)

R(F)
[erg(F)]

In particular, if F has a bias vector and erg(F) # 0, we have Ny; <
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—

: procedure FPVALUEITERATION (F)

u=0€cR", £:=0€N,ecRso

repeat u = F(u); £ .= ¢+ 1 > We suppose that the operator F is evaluated in approrimate
arithmetics, so that F(u) is at most at distance € in the sup-norm from its true value F(u).

4:  until le+t(u) <0 or —le+b(u) >0

5:  if fe + t(u) < 0 then return “cw(F) <07 © Player Min wins for all initial states
6: end

7. if —le+Db(u) > 0 then return “cw(F) > 0" > Player Max wins for all initial states
8: end

9: end

Figure 2 Value iteration in finite precision arithmetics.

To prove Theorem 10 and some other results, we need the following lemma.

» Lemma 11 ([26, Theorem 8]). Let F be an order-preserving and additively homogeneous
self-map of R™. Then, b(F*(0)) < lew(F) < few(F) < t(F*(0)) for any £ € N.

Proof of Theorem 10. Since v+ b(w —v) < w < v+ t(w — v) for any v,w € R”, and F* is
order-preserving and additively homogeneous for any ¢ € N, note that

Ff(v) — t(v) = F'(v) + b(—v) < F¥(0) < F(v) + t(—v) = F(v) — b(v) ,

for all v € R™ and £ € N.

To prove the theorem, in the first place suppose that cw(F') > 0. Then, by the definition (6)
of cw(F') we know that there exist A > 0 and v € R™ such that v € S\(F). Moreover, observe
that in this case for any A > 0 and v € S\(F) U S~ (F) we necessarily have v € Sy(F),
because otherwise we would have v € S~*(F), which implies that ew(F) < 0 and so that
cw(F) < 0, contradicting our assumption. Therefore, for any A > 0 and v € R™ such that
v € Sy (F)U S~ (F), we have A +v < F(v) and so

X — ||v]lg = €A+ b(v) — t(v) = b(A + v — t(v)) < b(F'(v) — t(v)) < b(F(0))

for all £ € N. Thus, we conclude that 0 < b(F*(0)) if £ € N is greater than (12). This shows
that Procedure VALUEITERATION terminates in a number of iterations Ny; bounded by (12)
when cw(F') > 0. The proof in the case tw(F') < 0 is analogous.

Finally, observe that the correctness of Procedure VALUEITERATION readily follows from
Lemma 11. <

A special case of Theorem 10 in which the existence of a bias vector is assumed appeared
(without proof) in [7].
» Remark 12. The infimum in (12) is generally not attained. Consider for instance F :
R? — R? given by F(z) = (log(exp(z1) + exp(z2)),r2) — o, where a > 0. Then, since
Fy(x) = 3 — o < g, we have S)(F) = 0 for A > 0. Besides, since © — A > F(x) if and only
if 21 — X\ > log(exp(x1) + exp(w2)) — a and z3 — A = 29 — q, it follows that S™(F) # ()
if and only if A < a. Now let v € S™*(F) for some A < a. Without loss of generality, we
may assume b(v) = 0. Then, we have v; — A > log(exp(v1) + exp(v2)) — @ > log2 — a and
SO Hv/\”H >1+ log%. We conclude that the infimum in (12) is equal to 1052 but it is not
attained.

3.2 Value lteration in Finite Precision Arithmetics

The algorithm in Figure 1 can be adapted to work in finite precision arithmetic. Consider
the variant of the main body of this algorithm, given in Figure 2. Now we assume that each

11
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evaluation of the Shapley operator F' is performed with an error of at most € > 0 in the
sup-norm. In what follows, we denote by F': R™ — R™ the operator which approximates F,
as in Procedure FPVALUEITERATION, so it satisfies:

|F(z) — F(z)||oo < € for all z € R™. (13)

The following result is established by exploiting nonexpansiveness properties of Shapley
operators.

» Theorem 13. Procedure FPVALUEITERATION (Figure 2) is correct as soon as cw(F') > 2

or tw(F) < —2¢, and it terminates in a number of iterations N¢; bounded by

inf{)\vngz A > 2, UESA(F)US‘*(F)} : (14)
— z€

In particular, if F' has a bias vector and | erg(F)| > 2¢, we have N§; < %.

The proof relies on the next lemma.

» Lemma 14. Denote u’ := F*(0) and @’ = F*(0) for £ € N. Then, we have ||i* —u||o < Ce,
[t(@f) — t(u’)| < le, and |b(@’) — b(u’)| < Le for any £ € N.

Proof. We prove the first claim by induction on £. We have ||i! — u!||oc < € by (13).
Furthermore, since F' is nonexpansive we get

17° = ullo = [|IF(@"1) = F(u" )]l
<F@ ) = Fa e + 1@ = Fu™)]ls

~X
e+ ||a ! —uf Yo < Le.

To prove the other claims, fix £ € N and let k € [n] be such that t(uf) = uf. Then, we
have t(u®) = uf, < 4l + le < t(@*) + Le. Similarly, if & € [n] is such that t(@°) = @%,, then
t(@) = i, < ul, + le < t(ub) + le. Thus, we get [t(@’) — t(u’)| < le. The proof of the fact
that [b(@’) — b(u)| < fe is analogous. <

Proof of Theorem 13. To prove that procedure FPVALUEITERATION returns the correct
answer, suppose that it stops at the £th iteration and, in the first place, that the condition
—le +b(u) = —le + b(F'(0)) > 0 is satisfied. Then, we have b(F*(0)) > 0 by Lemma 14,
and so we conclude that cw(F') > 0 by Lemma 11. Therefore, player Max wins for all initial
states if the condition —fe + b(F‘(0)) > 0 is satisfied. If this condition is not satisfied, we
necessarily have fe 4+ t(F (0)) < 0 due to the stopping condition. Then, we can prove that
cw(F) < 0 using symmetric arguments to the ones applied in the case in which the condition
—Lle +b(F(0)) > 0 is satisfied, and so player Min wins for all initial states.

In order to bound the number of iterations required by FPVALUEITERATION, suppose
that cw(F') > 2e. Then, by definition there exist A > 2¢ and v € Sy (F). Moreover, if A and
v are such that A > 2¢ and v € Sy (F) U S~ (F), then we have v € S\(F), as v € S™*(F)
would imply that ew(F') < —2e. Therefore A + v < F(v) and, by Lemma 14,

X — |[v]lg = bEX +v — t(v)) < b(F(v) — t(v)) < b(FY(0)) < b(F*(0)) + Le.

Hence, if £ > L'I)_”Qi, we have —le +b(F*(0)) > 0. Therefore, FPVALUEITERATION terminates

in a number of iterations bounded by (14). The proof in the case where Tw(F) < —2¢ is
analogous. <
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: procedure APPROXIMATECONSTANTMEANPAYOFF(F)
u,z,y:=0€R", £:=0€N,d €Rso > The number d is the desired precision of approzimation.
repeat u = F(u); £:=0+1 > The operator F is evaluated in approzimate arithmetic, so that
F(u) is at most at distance € := §/8 in the sup-norm from its true value F(u).
until t(u) — b(u) < (3/4)6¢
k=Db(u)/l; X :=t(u)/l
u:=0 ~
fori=1,2,...,£—1do u:= F(u); x .= max{z, —ix + u}; y = min{y, —i\ + u}
done
: return “[cw(F),cw(F)] is included in the interval [k — §/8, A + ¢/8], which is of width at most 0.
Furthermore, we have k — §/8 + x < F(z) and A+ 6/8+y > F(y)” > All initial states have a value
in [k —0/8,A+4/8].
10: end

W

Figure 3 Approximating the value of a mean-payoff game when it is independent of the initial
state, and computing approximate optimality certificates, working in finite precision arithmetic.

When the value of a mean-payoff game is independent of the initial state, Procedure Ap-
PROXIMATECONSTANTMEANPAYOFF of Figure 3 returns sub and super-eigenvectors = and
y satisfying K — 0/8 + x < F(z) and A+ 0/8 +y > F(y), for some £, A € R such that the
interval [k — /8, A+ 6/8] is of width at most some desired precision 6. As discussed above, by
Theorem 5 this entails that [ew(F),cw(F')] is included in the interval [k — §/8, A+ §/8]. The
construction of these sub and sup-eigenvectors, by taking infima and suprema of normalized
orbits of F, is inspired by [26, Proof of Lemma 2].

» Lemma 15 (cf. [26, Lemma 2]). Suppose that b(F'(0)) > X for some A\ € R and ¢ € N.
If we define

=0V (-A+F(0)) v v (=(e = DA+ F(0)),
then A\ — e + @ < F(). Analogously, if t(F*(0)) < A and we define
W=0A (—)\+ F(O)) ASEERA (—(f - 1)>\+ﬂ_1(0)) )

then A +e+u > F(a).

Proof. Since F is order-preserving, we have F(z Vy) > F(z) V F(y) for every z,y € R™.
Therefore, we get

F(a)

WV

F(O)V (=A+ F(F(0))) v+ v (== DA+ F(F1(0)))
> e+ F(0)V (—A—6+F2(o)) VooV (—(z— 1)A—e+ﬁé(o))
> —c+ F(0)V (—)\—6+F2(0)) VEPRY (—(z—z)A—eJrﬁf-l(O)) V(A—e)
=XA—e+i.

The proof of the fact that A + ¢ +@ > F(a) if t(F*(0)) < M is analogous. <

» Theorem 16. Suppose that Tw(F) = cw(F), and let p denote this common value. Then,
Procedure APPROXIMATECONSTANTMEANPAYOFF (Figure 3) halts and is correct for any
given desired precision of approzimation 6 € Rso. Furthermore, if R == max{||v||y, |w||y},
where v,w € R™ are any two vectors that satisfy p—3§/8+v < F(v) and p+46/8+w > F(w),
then this procedure stops after at most [8R/§] iterations of the first loop.
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Proof. Assume ¢cw(F) = cw(F). Let € := §/8 as in Figure 3, p = cw(F) and R =
max{||v|y, ||w|/y }, where v,w € R™ are any two vectors that satisfy p — e +v < F(v) and
p+e+w > F(w) (note that such vectors exist due to the fact that cw(F) = cw(F') = p and
€ > 0). Since v < t(v) + 0, for every £ € N we get p — le +v < F'(v) < t(v) + F*(0). Thus,
FY0) > lp— le +v —t(v) = €p — le — ||v]|y. Analogously, we get F*(0) < lp + le + |Jw|y-
Therefore, if we denote @ := F¢(0), Lemma 14 shows that t(@’) < £p + le + R + le =
lp+16/4+ R, and analogously that b(i‘) > p—¢5/4— R. Hence t(a’) —b(a*) < £5/2+2R.
In particular, for every ¢ > 8R/§ we have t(@’) — b(@*) < (3/4)d¢ and so the stopping
condition of the first loop is achieved within the first [8R/d] iterations. Moreover, combining
Lemmas 11 and 14 we get

b(ii’) — te < b(F'(0)) < £p < t(F(0)) < t(a") + Le

for every £ € N. Therefore, p belongs to the interval [b(@‘)/¢ — §/8,t(@’)/¢ + 6/8] and this
interval has length at most § whenever t(i‘) — b(@) < (3/4)0¢. Furthermore, Lemma 15
implies that kK —§/8 4+ =K —e+ o < F(x) and A\ +6/84+y > F(y). <

» Remark 17. An alternative approach to compute the ergodic constant p of the game with
Shapley operator F is to apply relative value iteration with Krasnoselskii-Mann damping,
see [27], which consists in computing the sequences y* = F(zF=1) — t(F(2*~1))1, and
78 = ay® + (1 — a)2¥1, for any 0 < a < 1. We have b(F(z¥) — 2F) < p < t(F(aF) — 2%),
and it is shown there, as a consequence of a general result on Krasnoselskii-Mann iteration
in Banach spaces [13], that as soon as F admits a bias vector, ||z — F(z*)|| g < O(1/Vk),
see [27, Coro. 13]. In this way, we obtain an approximation of p with a precision € in
O(1/€?) iterations. In contrast, Theorem 16 provides an approximation of the same quality in
only O(1/e€) iterations. However, note that relative value iteration with Krasnoselskii-Mann
damping produces a vector x := z* such that p +z — O(1/vVk) < F(z) < p+z + O(1/VE)
when it stops after k iterations, whereas Procedure APPROXIMATECONSTANTMEANPAYOFF
returns two vectors z and y such that p+2 — O(1/k) < F(x) and F(y) < p+y+O(1/k). In
particular, this procedure returns a pair (z,y) of approximate optimality certificates. Hence,
by “relaxing” the constraint that “z = y” in the optimality certificates, we passed from
an iteration complexity of O(1/€%) to O(1/€) to get an e-approximation. Note also that
Procedure APPROXIMATECONSTANTMEANPAYOFF differs from Krasnoselskii-Mann damping
in the fact that it replaces a linear averaging of z*~! and 3* by a non-linear “averaging”
operation, taking a supremum or infimum of a normalized orbit, as in Lemma 15.

3.3 Deciding Whether the Value Is Independent of the Initial State

In this section, we will show how the value iteration algorithm can be adapted to decide
whether or not a given game has constant value. Our analysis is based on an abstract notion
of dominion.

As previously, we suppose that F': R® — R" is an order-preserving and additively
homogeneous operator. Recall that thanks to (8), F is canonically extended to define
a self-map of R”. Furthermore, given a nonempty set .¥ C [n], we define the operator
F7:RY - RY as F¥ = p” o Foi?, where p”: R® — R is the projection on the
coordinates in . which is defined as usual by pJ‘-y (z) = z; for j € &, and i”: R — R™ is
defined by ifp (x) =z, if j € ¥ and ij‘-y () = —oo otherwise. The next two lemmas provide
elementary properties of the operators F~”.

» Lemma 18. If . C [n] is any set, then the operator F¥ is continuous, order-preserving,
and additively homogeneous.
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Proof. By definition, F is a composition of continuous, order-preserving, and additively
homogeneous maps. |

» Lemma 19. If . and Y are two nonempty subsets of [n] such that .1 C S, then
(Fyl)j(O) < (F‘%)j(O) for all ¢ € N and j € #. In particular, we have cw(F”1) <
TwW(F7?).

Proof. Observe that if # € Rt and y € R”2 are such that x; < y; for all j € .1, then
ijl (z) < ijz (y) for all j € . Indeed, the facts that ; < y; for all j € %) and that
S C S imply i1 (z) < i72(y), and so for any j € .1 we have Ff1 (z) = F;(i7"(z)) <
Fi(i72(y)) = F]‘-%’ (y) because F is order-preserving. Hence, by setting (z,y) := (0,0) we get
the first claim for £ = 1. Then, this claim follows by induction setting = := (F”1)*~1(0) and
y = (F#2)1(0).

The second claim follows from the first claim and Theorem 5. <

» Definition 20. A dominion (of Player Max) is a nonempty set 9 C [n] such that F?
preserves R, i.e., such that FZ(xz) € R? for all x € R?.

As discussed in [8, 4], for stochastic mean-payoff games (with finite action spaces), a dominion
of a player can be interpreted as a set of states such that the player can force the game to
stay in this set if the initial state belongs to it. This terminology differs from the one of [34],
in which a dominion is required in addition to consist only of initial states that are winning
for this player.

» Lemma 21. A set Z C [n] is a dominion if and only if FZ(0) € RZ.

Proof. If 2 C [n] is a dominion, then FZ(0) € R?. Conversely, given any = € R?, we have
F?(z) > b(z) + FZ(0) because = > b(z) + 0 and F? is order-preserving and additively
homogeneous. Thus, if FZ(0) € R?, we conclude that FZ(z) € R? for all 2 € R?. <

The procedures that we discuss in this section require an additional assumption on the
structure of the Shapley operator F'.

; o D T (F?)“(0) D
» Assumption 2. We assume that the limit x7 = limy_, 7 € R? exists for every

dominion & C [n]. Furthermore, we assume that the set Dmax = {Jj € [n]: Xg-"] =cw(F)} is
a dominion and that it satisfies cw(F?max) = ew(FZmex) = cw(F).

» Remark 22. We note that the first part of Assumption 2 holds automatically when the
Shapley operator F': R™ — R"” is definable in an o-minimal structure. Indeed, in this case
the relation (8) implies that F'Z is definable in the same structure for every dominion 2, so
xZ exists by Theorem 3. We will see that the second part of the assumption applies to the
games considered in this paper.

» Remark 23. Assumption 2 will allow us to make an induction on the number states, by a
reduction to a simpler game with a reduced state space Z. In particular, the assumption that
D\l
the limit 7 = limy_, o0 w exists will allow us to apply value iteration to the Shapley

operator of the reduced game, FZ.

» Lemma 24. If 91 and P are two dominions such that 91 C Do, then x?l < X;ZQ for all
i€ D.

(F%é)[(o) (F72)*(0)

Proof. Since x7' = limy_,o0 and Y72 = limy_,oo “——, the lemma readily

follows from Lemma 19. <

15
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1: procedure DECIDECONSTANTVALUE(F, §, R)

2: u=0eR", £:=0€N.

3 F = any map such that F(u) is at most at distance € := §/8 in the sup-norm from F(u).

4:  repeat u:=F(u); £:=(+1

5:  until t(u) — b(u) < (3/4)d or £ =1+ [8R/4]

6: if £=1+[8R/J] then

7 S ={i: u; =b(u)}

8 return . > The value of the game depends on the initial state. We have x; < tw(F) for all
1 €S

9: else

10: return @ > The value of the game is independent of the initial state.
11: end

12: end

Figure 4 Algorithm that decides if the value is constant.

» Lemma 25. Suppose that 9 C [n] is a dominion that contains the set of states of mazimal
value, i.e., {j € [n]: x; = eW(F)} C 2. Then, cw(F) = ew(F?) and {j € [n]: x; =
wW(F)}={j€2:x] =tw(F?)}.

Proof. We have X? < x; for all j € 2 by Lemma 24. Let Ziax = {j € [n]: x; =W (F)} C
2. Then, Ppax is a dominion of the operator F' by Assumption 2. Moreover, since Zp.x C Z,
we have Xj@m"“‘ < Xj@ < x; = cw(F) for all j € Piax by Lemma 24. As Xj@m"“‘ =tw(F) for
all j € Diax by Assumption 2, it follows that X;-j =tw(F) for all j € Dyax. Furthermore, if
J & Dimax, then X? < x; < ©W(F), which finishes the proof. <

From now on, we denote x := ™ and P, = {j € [n]: x; = &W(F)}. The following
theorem applies to Shapley operators for which an a priori separation bound is known: if
cw(F) > cw(F), it requires an apriori bound § > 0 such that cw(F) — cw(F) > §. We
note that the existence of the approximate sub and super-eigenvectors v and w used in this
theorem follows from Assumption 2.

» Theorem 26. Suppose that F' is such that either cw(F) = cw(F) orew(F) —cw(F) > §
for some § > 0. Let Prax be the set of states of mazimal value and R = max{||v||g, |lw|g},
where v,w € RZmax are any two vectors that satisfy cw(F) — §/8 +v < FZmax(v) and
eW(F) + 0/8 +w > FZmax(w). Then, Procedure DECIDECONSTANTVALUE (Figure /) is
correct.

The proof relies on the following lemma.

» Lemma 27. Let F': R™ — R" be such that |[F(x) — F(2)|s < € for all z € R™. Suppose
that . C [n], v € R and v > 0 are such that tW(F) — v +v < F7(v). Then, for all £ € N
and j € .7, we have Ff(()) > AW (F) — v —¢€) — |[v]g-

Proof. In the first place, note that cw(F) — v 4+ i (v) < F(i”(v)). Indeed, if j € .7 we
have tw(F) — v + i]‘-y(v) < Fj(i”(v)) because i]‘-y(v) =v; and F;(i” (v)) = F]‘y(v), and if
j ¢ .7 we also have cw(F) — v+ i]‘-y(v) < F;(i” (v)) because i‘y( ) = —00.

Now, since 0 > —t(v) +i” (v) (note that t ) 75 —o0 because v € R, we get F*(0) >
—t(v) + F'(i7 (v)) = —t(v) + L(ew(F)
Fi(0) > —t(v) + L(EW(F) —7) +1] (v) =
Therefore, by Lemma 14, we conclude tha

Lew(F) =) +v; 2 LW (F) =) = [v]lg-

(v
+ i (v). Hence, for every j € . we have
)+
(0) > LW (F) =7 =€) = [|lv[|g- <

=)
(Nv
t Ff(0

Proof of Theorem 26. In the first place, note that vectors v,w € RZmex satisfying the
condition of the theorem exist owing to Assumption 2.
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1: procedure EXTEND(Z,.)

2: > C Z is a nonempty set
3: while True do

4: S=0

5: define z € R? as x; = —oo for j € . and x; = 0 otherwise
6: for j € 2 do

7 if Fj@(x) = —oo then
8: s =7"u{j}

9: end
10: done
11: if #U.Y # .7 then
12: S =70
13: else
14: return .
15: end
16: done
17: end

Figure 5 Procedure that extends the set laying outside some dominion.

Denote @’ == F*(0) for £ € N. As in the proof of Theorem 16, we note that Lemmas 11
and 14 imply that we have the inequality

b(a') — £(6/8) < few(F) < €ew(F) < t(@") +£(5/8). (15)

Hence, if the condition t (i) —b(a’) < (3/4)d¢ is satisfied for some £, then ew(F) —cw(F) < §
and so ew(F) = cw(F) by our assumption on 6. Conversely, if cw(F) = cw(F), then
Drmax = [n] and Theorem 16 shows that the condition t(@‘) — b(a’) < (3/4)d¢ is satisfied for

some £ < [8R/J]. Hence, the algorithm correctly decides if the value of the game is constant.

To finish the proof, suppose the value of the game is not constant, so tw(F')—cw(F') > § by
our assumption on 4, and let £ := [8R/§] + 1. Then, by Lemma 27 for any j € Ppax we have
12§ > U(Ew(F)—6/8—¢)—|lv||y = (cW(F)—0/8—€)—R > few(F)—3((5/8) since R < £(6/8)
and € = ¢/8 in Procedure DECIDECONSTANTVALUE. On the other hand, (15) implies

b(ii!) — £(5/8) < few(F) < £(@W(F) — 8). Hence, we have b(il') < ew(F) — T((5/8) < .

We conclude that, if we take any k € [n] such that @ = b(@*), then k ¢ Zax. <

3.4 Finding the States of Maximal Value

We now refine Theorem 26, showing in Theorem 30 below that we can in fact extract all the
initial states with maximal value. To this end, we introduce and analyze two procedures,
EXTEND and TorPCLASS, which are used to obtain Theorem 30.

» Lemma 28. Procedure EXTEND (Figure 5) has the following properties. Let 9 C [n] be
a dominion and .¥ C 9 be a non-empty set. If 9’ is a dominion such that 9' C 2 and
S NG =0, then EXTEND(2,.)N D' = (). Besides, 9\ EXTEND(Z,.¥) is a dominion.

Proof. At each execution of the while loop, the procedure either stops or strictly increases
the cardinality of . C 2. Therefore, the procedure stops after at most || — 1 executions
of the while loop.

To prove the first property of the procedure, let 2° C 2 be a dominion such that
S NP =0. Since S NP =0 and 2’ C 2, we have i (0) < iZ(z), where z is the vector
defined in the while loop of the procedure (i.e., z :== i?\(0)). Hence, F(i-@/(O)) < F(i7(z))
because F' is order-preserving. Since 2’ is a dominion, we get —oo < Fj@,(O) = F;(i7 (0)) <
F;(i?(x)) = F () for all j € 2'. Therefore, .’ N %' =) and so (' U.Y")NZ' ={. In

17
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1: procedure TorCLASS(F, §, R)

2 2 = [n]

3 while True do

4 % = DECIDECONSTANTVALUE(F?Z, §, R)

5 if ./ = @ then

6: return 2 > 2 is the set of states that have the mazimal value
7 end

8 9 = 9 \ EXTEND(2,.%)

9 done

10: end

Figure 6 Procedure that finds the set of states with maximal value.

other words, the set . U.¥’ obtained by a single execution of the while loop in the procedure
is disjoint from 2'. Therefore, we have EXTEND(Z,.%) N 2’ = .

To prove the second property, let 2’ := 2\ EXTEND(Z,.7), and let 2 € R™ be the vector
defined as z; = —oo for j € EXTEND(Z,.%) and z; = 0 otherwise (i.e., let z := i?'(0)).
The stopping criterion of the procedure implies that {j € 2: Fj9 (pg(x)) = —o0} C
EXTEND(Z,.%). Since z = i?(p?(x)), we have F (p?(z)) = Fj(z) for every j € 2.
Therefore, {j € Z: F;(xz) = —oo} C EXTEND(Z,.) and so F;(z) > —oo for all j € Z'. In
particular, we have Fj@/ (0) = F;(i?7'(0)) = Fj(x) > —oc for all j € 2. Hence, F7'(0) € R?'
and 2’ is a dominion by Lemma 21. <

Let
sep(F) i= inf (ew(F?) - ew(F?))

where the infimum is taken over all the dominions & of F which contain all the states of
maximal value and satisfy cw(F?) — cw(F?) > 0.

» Theorem 29. Let 0 > 0 be such that 6 < sep(F'), Pmax be the set of states of mazimal value
and R = max{||v|ly, |w|ly}, where v,w € R?max are any two vectors that satisfy cw(F) —
§/8 +v < FZmax(v) and ew(F) +§/8 +w > FZme=(w). Then, Procedure ToPCLASS(F, 6, R)
(Figure 6) halts after at most n iterations of the while loop, and correctly computes the set of
initial states with mazimal value.

Proof. Fix any dominion 2 C [n] such that Z.x C 2 and consider two cases. If
9D = Drax, then we have tw(F) = cw(F?) = cw(F?) by Assumption 2. By applying
Theorem 26 to F'Z, Procedure DECIDECONSTANTVALUE(F? 4, R) outputs @. If 2 # Dax,
then we have cw(F) = ew(F?) # cw(F?) by Lemma 25. Thus, cw(F?) — cw(F?) >
sep(F) > & by the definition of sep(F). Hence, by applying Theorem 26 to F?, Proce-
dure DECIDECONSTANTVALUE(F?,§, R) outputs some nonempty set . C 2 such that
x? < ew(F) for all i € .. In particular, .¥ N Ziax = 0 by Lemma 25. Therefore, by
Lemma 28, the set 2 \ EXTEND(Z,.¥) is a dominion that contains Znax and is strictly
smaller than 2. By induction, if &, denotes the set Z at the fth iteration of the while loop
in ToPCLASS(F, §, R), then we have [n] = 24 2 25 2 -+ D Dmax and all of the sets &, are
dominions. Furthermore, Procedure ToPCLASS(F, 0, R) stops only when it finds a set Z,
such that 2, = Zmax and outputs %, as the set of states with maximal value. <

To state the final result of this section, we will suppose that we have access to an oracle
that approximates (the canonical extension (8) of) F to a given precision ¢ > 0. More
precisely, given a point € R™, the oracle is supposed to output a point y € R™ that satisfies
y;j = —00 <= Fj(x) = —oo and |F}(x) — y,| < € for all j such that F;(x) # —oc.
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» Theorem 30. Let 6 > 0 be such that 6 < sep(F'), Pmax be the set of states of mazximal
value and R = max{||v|y, |w|y}, where v,w € RZmex are any two vectors that satisfy
eW(F) — /8 + v < FZmax(v) and cw(F) + 0/8 +w > FZmax(w). Then, the set of initial
states of mazimal value can be found by making at most n? +n[8R /5] calls to an oracle that
approzimates F to precision € := §/8.

Proof. Denote the oracle by F': R” — R™ and let 21, ..., P, be as in the proof of Theorem 29.
If 9 = 2, for some ¢ € [p], then |Fj9(a:) — F;(i?(z))| < §/8 for every z € R? and j € 2.

Indeed, since Z is a dominion, we have Fj@(aj) =F; (i-@(m)) > —oo for all j € 2 and therefore
|Fj@(x) — F; (i%(z))| < 6/8 by the definition of F. Hence, the map that approximates
F7:R? — R? as required by Procedure DECIDECONSTANTVALUE(F?, §, R) is obtained by
calling F. Furthermore, Procedure DECIDECONSTANTVALUE(F?, §, R) finishes after making
at most 1 4 [8R/§] calls to the oracle. Moreover, for every z € R? and j € 2 we have
Fj@(x) =00 <= Fj (i7(z)) = —oo by the definition of F. Therefore, we can replace every
call to FZ(x) in EXTEND(Z,.%) by a call to F(i@(x)). We also note that EXTEND(Z,.¥)
makes at most n — 1 calls to the oracle. Therefore, a single iteration of the while loop in
ToprCLASS(F, d, R) can be done by making at most n+ [8R/J] calls to the oracle. The claim
follows from the fact that TOPCLASS finishes after at most n iterations of the while loop. <«

4 Application to Stochastic Mean-Payoff Games

In this section, we apply our results to stochastic mean-payoff games. We follow the notation
concerning stochastic mean-payoff games as introduced in Section 2.1. In particular, we
suppose that F' is of the form given in (1). Before starting, we note that the continuous
extension of F' to R’ is still given by the same formula (1), with the convention that
0 (—o00) = 0. Indeed, under this convention, the operations min, max, and z — « - x for
« > 0 are continuous in R.

4.1 Dominions of Stochastic Mean-Payoff Games

We first describe the dominions in the special case of stochastic mean-payoff games, and
deduce that this class of games satisfies Assumption 2.

Intuitively speaking, 2 C #in is a dominion if player Max can force the game to
stay in & provided that the initial state of the game belongs to Z.To make this more
precise, we use the following notation. If % C un is any subset, then we denote by
Ve C PNt the set of vertices controlled by Nature whose all outgoing edges go to .7,
ie., “//N‘Zt = {k € Mat: D_jc.» P = 1}. Moreover, we denote by ”f/My;X C Max the set of
vertices controlled by Max which have at least one outgoing edge that goes to %%, i.e.,
Yoy = {1 € Naax: Ik € K, (i, k) € &}. Furthermore, we denote by (¥*,&) the
subgraph of (¥, &) induced by .7 & %7, W 7,

» Lemma 31. A set 2 C Puin s a dominion of a stochastic mean-payoff game if and only
if all edges leaving 2 go to V2., i-e., {i € Waax: 3j € 2, (j,i) € &} C 2. In particular,

if 9 is a dominion, then the sets ”//N%t and 7/1\/1@ax are nonempty. Furthermore, if 9 is a
dominion, then we have the equality

9 - . .
F; (z) = (j)glérélw (fAij + (@%2}2’5" (Bik + . Z)Zegy Pklsvl)> forallje 9.
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Proof. Let 2 C Y be any set. In the first place, note that for every x € R?, by the
definition of %Z,, for every k € ¥ay we have

Z Pi? (z), = {Z(k pegz Pazy itk € Waw

(kDes —00 otherwise.

Thus, by the definition of 47, _, it follows that

max

( ik + Z Pui? (z ) = {maX(M)em (Bax + Dkes? Pyzi) if i € Vi
(i,k)e& ‘

N, —00 otherwise,

for all 7 € Yvax. We conclude that

F(i7(z)) = (16)
min (—Aij + max (B + Z Py ) ifi e “//1\/?&)( for all (4,4) € &,
(4,)e&2 (z‘,k)eg’ﬁ (k.D)e?
—00 otherwise,

for all 7 € Pwin-

If we assume that 2 is a dominion, we necessarily have that i € ”//h%ix for every j € 2
and i € Pvax such that (j,47) € &, because otherwise (16) would imply that F@( )= —00
for some j € 2, contradicting Lemma 21. Then, when Z is a dominion, (16) also shows that

Fg(x) = min ( A + max B, + E Pklacl))
J U
(4,0)e&? (i,k)e& (k1)es?

for every z € RZ and j € 2.

Assume now that & has the property that for every j € & and ¢ € #ax such that (j,7) € &
we have i € %7, . Then, by (16) we have F7(0) = min; e g2 (—Aij + max; y)cg2 (Bir))
for every j € 2. Besides, since every vertex in #u, has at least one outgoing edge by
Assumption 1, for every j € & there exists i € ¥;7,, such that (j,4) € &7. It follows that
F7(0) > —oc for every j € 2 because maxyey 2 (Bi,) > —oc for every i € %7, by the
definition of 7/1\/[@%. Thus, by Lemma 21 we conclude that & is a dominion. <

Lemma 31 implies that if 2 is a dominion, then F'? is the Shapley operator of a stochastic
mean-payoff game on the subgraph (7, &7). We refer to this game as the subgame induced
by 2. We note that this subgame satisfies Assumption 1.

» Lemma 32. If 2 C Pin s a dominion, then the subgame induced by 9 satisfies Assump-
tion 1.

Proof. Lemma 31 implies that every vertex j € & has an outgoing edge to a vertex ¢ € ”//hﬁx.
The vertices in "// Nap and “//N?ax have at least one outgoing edge in &7 by definition. <

The following lemma characterizes the recession operators of Shapley operators of stochas-
tic mean-payoff games. Recall that if F' is a self-map of R", the recession operator of F is
defined by

F(z) = Blgroloﬁflp(ﬂx), reR" .

It is immediate that when G and H are Lipschitz continuous self-maps of R™ that admit
recession functions, so does G o H, and GoH=GoH. Moreover, if F' is a self-map of R”
that is order-preserving and additively homogeneous, so is F. All the Shapley operators of
the concrete games considered in this paper admit recession functions. In particular:
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» Lemma 33. For every j € Hin we have

F.(z) = min max Pux |
J( ) (7,9)€é& ( zk)Gé"(k;g REEL

» Lemma 34. The Shapley operators of stochastic mean-payoff games satisfy Assumption 2.

Proof. The fact that F satisfies the first part of Assumption 2 follows from Remark 22.
Alternatively, to prove this part it is enough to note that F' has an escape rate by Theorem 4
and, by Lemma 31, the same is true for the operator £’ when 2 is a dominion.

In order to prove the second part of Assumption 2, let 7 be an optimal strategy of Max
in the stochastic mean-payoff game described by F'. Consider the Shapley operator

FJT(a:) = (n;l)lgg( Aij + Biry + Z Py lxl)
I (r(i))eé

of the game in which Max plays according to 7. Since 7 is optimal, we have x =
T\¢ A
limy_y o0 w. Let F'™ be the recession operator of F'7. By Lemma 33 we have

F7(x) = mi P
j (:E) (]T)lgg Z T(Z)lxl
(r(@),l)e&

Furthermore, by a standard observation, F'7(x ) = ¥, see e.g. [45] or [3, Prop. 3.1]. Note
that > pes Paxy = cW(F) for every k € Vo and Y knyes Paxy < ew(F) for all
k € Mas \ ”//N@ max Therefore, the equality F7(x) = x implies that for every j € Zmax and
every i € Hax such that (j,4) € & we have 7(i) € 7, 7 wa In particular, every such ¢ belongs
to 7/1\/1@;;;"‘ and Zpyax is a dominion by Lemma 31.

To complete the proof, recall that for all j € P, we have Xj@ max L ew(F) by Lemma 24.

To prove that cw(F) < Xj@“”“‘ for j € Pmax, let gZmax: @ "I/l\%‘;j" be an optimal
strategy of Min in the subgame induced by Zpnax and let o: Pin — Prax be any strategy of
Min that agrees with ¢Z»2x on Zax. Likewise, let 77max: 7/1\/%;‘3" — “//Ngj;g‘a" be any strategy
of Max in the subgame induced by Zn.x that agrees with 7 on the set {i € “//N%;‘j": Jj €
Dmax, (J,1) € &}. Note that there is at least one such strategy, because we have shown above
that 7(¢) € "//N%é‘“ for any 4 that belongs to this set. Furthermore, if the initial state j of the
game belongs to Znax and the players use the strategies (o, 7), then the game never leaves
the set of states Zypax W 7/1\%’)‘(“ O ”f/N%;‘“ by the definition of ”//N%t“a*. Even more, (o,7) and
(0Zmax 7%max) generate the same probability measures on the possible trajectories starting at
j. In particular, we have g;(o,7) = g;(o%mex, 7%max) for all j € Piax. Hence, the optimality
of ¢Zmax and 7 implies Xj@“‘a" > g;(oPmax 7Pmax) = g.(0,7) = x; = ew(F). <

4.2 Bit-Complexity Estimates for Stochastic Mean-Payoff Games

We start by bounding the separation sep and the metric estimate R(F'), when F is the
Shapley operator of a stochastic turn-based zero-sum game as in (1). We recall that the
payoffs A;; and By, are integers. This is not more special than assuming that they are
rational numbers (we may always rescale rational payments so that they become integers). We
set

W = maX{|Aij — Bik|: 1€ ’VMaxa j S “I/Mim ke ﬂf/Nat} . (17)

We also assume that the probabilities Py; are rational, and that they have a common

denominator M € Nsg, Pyj = ny; /M, where ng; € {0,..., M} for all k € Yar and j € Pvin.
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We say that a state k € Nq is a significant random state if there are at least two indices
J»J" € Pnin such that Py; > 0 and Py > 0. We denote by s(P) (or simply s, when P is
clear from the context) the number of significant random states. The following separation
bound improves an estimate in [18].

» Theorem 35. We have sep(F) > 1/(nM™in{sn=1})2,

We will deduce this theorem from an optimal bit-complexity result for Markov chains,
established in [51].

» Lemma 36 ([51]). Suppose that a Markov chain with transition matriz Q and n states is
irreducible, and that the transition probabilities are rational numbers whose denominators
divide the integer M. Let s := s(Q), and let w € (0,1]"*" be the invariant measure of the
chain. Then, the least common denominator of the rational numbers mj, j € [n], is not
greater than nM™n{sn—1}

» Lemma 37. Both cW(F) and cw(F) are rational numbers whose denominators are not
greater than nM™n{sn—1}

Proof. Let o and 7 be optimal strategies of players Min and Max respectively. Consider the
Shapley operator

F]7(2) = =Ag(); + BoGyroin + D, PrioGym
(e D)eE

of the game in which players play according to (o, 7). Note that cw(F) = cw(F*7) and
cw(F) = cw(F?7) because the strategies o, are optimal. Furthermore, let the vector
r € R™ and the row-stochastic matrix Q € R"*" defined as 7; := —As(jy; + Bs(j)r(o(j)) for
all j € Auin and

Q= {Pr(a(j))l if (7(0(4)),1) € &,
=

0 otherwise

for all 5,1 € Yuin. In this way, we get F%7 (2) = r+Qu for all z € R™. In other words, F7°7 is
an operator describing a Markov chain with rewards, in which the Markov chain has transition
probabilities given by @ and rewards given by 7. The ergodic theorem of finite Markov
chains [44, Appendix A.4] implies that this Markov chain has two (possibly identical) recurrent
classes Uy, Uz such that ew(F'™7) = .y, 7"j7r§1), ew(F7T) =3 e, Tj?Tj@), where 7(1) | 7(2)
are the invariant measures of the restrictions of the Markov chain to these classes.Hence, the
claim follows from Lemma 36. |

Proof of Theorem 35. By Lemma 37, both ¢w(F) and cw(F') are rational numbers with
denominators not greater than nM™{sn=1}  Therefore, they are either equal or satisfy
w(F) — cw(F) > 1/(nM™r{sn=1})2 By Lemma 31, the same is true for any operator F'?
where 2 C [n] is a dominion. <

We now provide a bit-complexity estimate for the bias vector of the Shapley operator of
a stochastic mean-payoff game.

» Theorem 38. Suppose that cw(F) = cw(F). Then, there exists a vector u € R”in sych
that F(u) = cw(F) + u and

R(F) < |Jully < 8nW Mmin{sn—1}



X. Allamigeon, S. Gaubert, R. D. Katz, M. Skomra

Before detailing the proof, we sketch the main ideas. The existence of the bias vector follows
from Kohlberg’s theorem (Theorem 4). The bias is generally not unique (even up to an
additive constant) and then the main difficulty is to find a “short” bias. The one which will
be constructed in the proof of this theorem relies on the notion of Blackwell optimality. This
notion requires to consider the discounted version of the game, in which the payment (2) is
replaced by E,, 327 (1 — a)?(=A;,j, + Bi,k,), where 0 < a <1 and 1 — a is the discount
factor. The discounted game with initial state j has a value, x;(«), and the value vector,

z(a) = (zj(«)) € R™, is the unique solution of the fixed point problem z(a) = F((1—a)z(a)).

Then, a strategy of a player is Blackwell optimal if it is optimal in all the discounted games
with a discount factor sufficiently close to 1. It can be obtained by selecting minimizing or
maximizing actions when evaluating the expression F((1 — a)z(«)), for a > 0 close enough
to 0. Kohlberg proved that x(a) admits a Laurent series expanstion with a pole of order
at most 1. In fact, the result of Kohlberg applies more generally to piecewise-affine maps
that are nonexpansive in any norm (not just to Shapley operators of stochastic mean-payoff
games).

» Theorem 39 ([36]). Let F': R™ — R™ be a piecewise-affine function that is nonexpansive
in any norm. Then, for every j € [n] there exists a Laurent series x; € R((a)) of the form

S . 2
zj(a) =c¢j_107 " +cjoF oot ciaa”+ ...

such that zj(c) converges for all small o > 0 and the point z(a) = (z1(a),...,z,(a)) €
R((a))™ satisfies f((1 — a)z(a)) = x(a) for all small a« > 0. Furthermore, if we denote
n=(c1,-1,---,¢n—1) € R" and v = (c1,0,...,¢n0) € R", then the equality F(tn + u) =
(t+ 1)n + u is satisfied for all sufficiently large t > 0.

In fact, the vector 7 collecting the coefficients of a~! in the expansions of z;(a) coincides
with the escape rate vector of F'; and the vector u collecting the coefficients of the term of
order 1 yields a bias vector, in a special case.

» Proposition 40. Under the assumptions of Theorem 39, we have x(F) = 1. Moreover, if
F is the Shapley operator of a stochastic mean-payoff game, and if cw(F) = cw(F), then
F(u) =n+u, ie., u is a bias vector.

Proof. For all sufficiently large ¢, and for all N € N, we have FN (tn +u) = (t + N)n + u,
from which we deduce that x(F) = limy_s o (FN(tn +u))/N = 7.

Moreover, we have F(tn+u) = n+ tn + u. When cw(F) = cw(F) and F is the Shapley
operator of a stochastic mean-payoff game, using the fact that F' commutes with the addition
of a constant vector, we deduce that F(u) = n + u. <

We shall see that the bias vector u satisfies a Poisson-type equation x(F) + u = r + Qu,
and that this special bias vector has the remarkable property of having a zero expectation
with respect to all invariant measures of (). Hence, the following lemma will allow us to
bound the bit-complexity of this bias vector.

» Lemma 41 ([51]). Take a (possibly reducible) Markov chain with n states and transition
probabilities given by the row-stochastic matriz Q € R ™. Suppose that the transition
probabilities are rational numbers, and let s and M be as above. Let r € Z™ be an integer
vector and suppose that (n,u) € R®" is a solution of the system

Qn =1 (18)
Qu =-r+n+u.
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Furthermore, suppose that u is orthogonal to all the invariant measures of the Markov chain,
i.e., uTT = 0 whenever 1TQ = . Then, ||u|c < 4|7||con™in{sn=1}

Proof of Theorem 38. Since F' (understood as a function from R™ to R™) is piecewise-linear
and nonexpansive in the sup-norm, Theorem 39 shows that there exists two vectors n,u € R”
such that the equality F'(tn+u) = (t+1)n+ u holds for all sufficiently large ¢t > 0. If we take
v = ton+u for one such ¢y, then we get F'(v) = n+wv, which (by the fact that cw(F) = cw(F))
implies that 7 = x = cw(F)1.In particular, we have F (tocw(F) + u) = (to + 1)ew(F) + u,
which gives F'(u) = tw(F') + u. Furthermore, we can suppose that the vector u comes from
a vector z(a) € R((«))™ as described in Theorem 39. In particular, for all small a > 0 we
have

F((1-a)z(a)) = z(a) (19)

and, for every j € [n], the series z;(a) satisfies zj(a) = eW(F)a ™' +u;j+o0(1). Define y(«a) :=
(1—a)x(a) € R((a))™ and note that this series satisfies y(a) = ew(F)a ™! +u—ew(F) +o(1).
For every i € #\ax consider the expression

max (Bik + E Pkly(a)l) . (20)
(i,k)e&
(k,l)e&

Observe that for all sufficiently small «, the minima in (20) are achieved by the same
indices.In other words, for every i € ax there exists 7(i) € Puat such that the equality
max; k)es (Bik + Z(k,l)eé” Pkly(a)l) = Biri) + Z(r(z‘),l)eg P (iyiyi() holds for all small a.
In particular, for every j € un we have the equality

F; (y(a)) = min (_Aij + Bir@y + Z PT(i)lyl(a)) .
(@)ed (r(),1)eE

As before, the maxima on the right-hand side of this equality are achieved by the same indices
if v is small. Hence, for every j € i there exists 0(j) € Yrax such that the equality

zj(@) = Fi(y(0)) = —Ao(i)i + Bayroin + D, Priotinin(@)
(r(o(i) s
=eW(F)a™" = Agj + Bo(iyraty ~ W)+ Y Prggyuu +o(1)
(r(o(i)Des

(21)

holds for all small a > 0. Therefore, we get

uj = =As(i); + Bo(iyrtoy ~WEF) + Y PGy
(r(o () DEE

for all j € . Let @ € R™*™ be the row-stochastic matrix defined as Qj; == Pr(j))
if (7(0(4)),1) € & and Qj; = 0 otherwise, and let » € R™ be the vector given by r; =
—Ao(j)i T Bo()r(o(j)). T € R™ satisfies 77Q = 7, then (21) gives 77z (a) = nTr+7Ty(a) for
all small o« and therefore 77r = anTz(a) = eW(F) + anTu + o(«) for all small «, which gives
mTr =¢cw(F) and 7Tu = 0. By defining n = cw(F')1, the pair (1, u) is a solution of the linear
system given in Theorem 38 for the pair (7, Q). Hence, we have |[u||oo < 4nW M™in{sn—1}
The claim follows from the fact that ||jul/;; < 2|uls. <

Thanks to these estimates, we arrive at the following corollaries.
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» Corollary 42. Let F' be a Shapley operator as above, supposing that F has a bias vector
and that erg(F) is nonzero. Then, procedure VALUEITERATION stops after

Nvi < 8n2WM2 min{s,n—1} (22)
iterations and correctly decides which of the two players is winning.

Proof. By Theorem 38 we have R(F) < SnWM™ir{s:n=1} Moreover, by Lemma 37, erg(F)
is a rational number with denominator at most nM™{*"?=1} In particular, |erg(F)| >
(nMmin{sn=11 =1 Hence, the claim follows from Theorem 10. <

» Remark 43. When specialized to deterministic mean-payoff games, i.e., when s = 0,
Corollary 42 yields Ny; = O(n?W) which is precisely the bound that follows from the analysis
of value iteration by Zwick and Paterson [57].

» Corollary 44. Suppose that F has a bias vector and let p :== nMmin{sn=1} © Thep  Procedure
APPROXIMATECONSTANTMEANPAYOFF, applied to F and to § := u~2, terminates in at
most

128n3WM3 min{s,n—1}

calls to the oracle. Moreover the interval returned by this procedure contains a unique rational
number of denominator at most u, which coincides with the value, and optimal strategies can
be obtained from the approzimate optimality certificates generated by the procedure.

Before proving this corollary, let us explain a key idea, how the optimal strategies can
be obtained from the output of Procedure APPROXIMATECONSTANTMEANPAYOFF. This
procedure returns sub and super-eigenvectors = and y that satisfy x — §/8 + < F(z) and
A+6/8 4y > F(y). By selecting, for each state j € pn, & minimizing state i € Hax in
the expression

Fj(y) = min <_Aij +

(4,9)€&

(ir;jagg(Bik + ( > Pkl?Jk)) :

kl)e&

one gets a positional strategy which guarantees to Min a value at most A 4+ /8. A similar
method is used to construct a positional strategy of Max. Then, since § = p~2 is smaller than
the separation bound between values of different strategies, we will deduce these strategies
guarantee a value of erg(F') to each of the players, and so, they are optimal.

Proof of Corollary 44. By Theorem 38, the value R := 8nW M™in{s:n—1} gatisfies the condi-
tions of Theorem 16. Therefore, APPROXIMATECONSTANTMEANPAYOFF stops after at most
[8R/§] = 64n3W M3 min{s:n=1} jterations of its first loop. In particular, it makes no more
than 128n3W M3 min{s:n=1} calls to the oracle during its entire execution. Furthermore, it
outputs an interval [a,b] that contains erg(F) and is of width at most . Since erg(F) is a
rational number of denominator at most y by Lemma 37 and & := u~2, erg(F) is the unique
rational number in [a, b] of denominator at most u. In particular, the exact value of erg(F)
can be found by the rational search technique, see, e.g., [37, 24]. Furthermore, the procedure
outputs two vectors z,y € R™ such that a + < F(z) and b+ y > F(y). A pair of optimal
strategies (o, 7) is then constructed as follows. For every i € ax let 7(i) € Yat be a vertex
such that

(Z{I;?é(g(BikJF > Puw) = Biry + Z Pr iy -
(ke (r(@),h)ee
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Analogously, for every j € in, let 0(j) € Paax be a vertex such that

e gz Bt 2 P = Aot g Bt 2, )
We claim that o is optimal for Min and 7 is optimal for Max. Indeed, let F'” be the Shapley
operator of the game in which Min uses o. Then, the definition of o gives the inequality
Fe(y) = F(y) < b+y. Hence, cw(F?) < b. Even more, since Lemma 37 applies to F7, we
get TW(F7) < erg(F). If 7' is any strategy of Max, and we denote by Fo7 the operator
obtained by fixing both strategies, then we have F®™ (z) < F7(z) for any z € R™ and hence
gj(o,7") < ew(Fo™) < ew(F7) < erg(F) for every j € Ymn.Analogously, if 7 is a strategy
of Max defined above and ¢’ is any strategy of Min, then erg(F') < g;(o’,7) for all j € PAin.
Hence, the strategies (o, 7) are optimal. <

» Corollary 45. The set of initial states with mazimal value of a stochastic mean-payoff game
can be found by performing at most 65n*W M3 ™»{s:n=1} c4lls to an oracle approzimating
its Shapley operator F with precision € = 1/(8u?), where p = nM™»{sn—1},

Proof. Let § :== 1/u%. By Theorem 35 we have § < sep(F). Furthermore, if we denote by
Dmax C PMin the set of initial states with maximal value, then by applying Theorem 38 to
F7max we see that the number R := 8W i satisfies the conditions of Theorem 29, so that the
procedure TOPCLASS applied to the Shapley operator F, with ¢ :== 1/u? and R = 8W p, is
correct, and finds the set of initial states with maximal value. Furthermore, by Theorem 30,
ToprCLASS can be executed by performing at most n?+n[8R/d] = n?+64n*W M3 minisn—1}
calls to the oracle that approximates F'. <

» Remark 46. If we are given explicitly the graph of the game together with the probabilities
Pi; and the payoffs A;; and B, then the operator F' can be evaluated exactly in O(FE)
complexity, where E is the number of edges of the graph representing the stochastic mean-
payoff game. In particular, there is no need to construct an approximation oracle in order
to apply the results of this section. Nevertheless, even in this case it may be beneficial to
use an approximation oracle. Indeed, if we evaluate F' exactly, then each value iteration
u = F(u) increases the number of bits needed to encode u. As a result, value iteration
would require exponential memory. In order to avoid this problem, one can replace F' with
an approximation oracle F' obtained as follows. Let p = nM™"{s7 =1} and e .= 1/(8u2).
Given x € R"™in | we first compute y := F(z) exactly and then round the finite coordinates
of y in such a way that the rounded vector § satisfies |y; — §;| < € whenever y; # —oo and
7; is a rational number with denominator at most 8u%. One can check that if we use such
a procedure as an approximation oracle, then all the algorithms presented in this section
require O(nE log(nM W)) memory, which is polynomial in the size of the input.

» Remark 47. Since a single call to the oracle approximating F' can be done in O(E)
arithmetic operations, by combining Corollary 45 with Corollary 44 we see that the set of
states with maximal value, and a pair of optimal strategies within this set can be found in
O(n*EW M?3min{sn=1}) complexity. This should be compared with the algorithm BWR-
FINDTOP from [18] which achieves the same aim using a pumping algorithm instead of
value iteration. If we combine the estimate from [51] with the complexity bound presented
in [18] for the pumping algorithm, then we get that BWR-FINDTOP has O(VCEW s2° M*s +
V3EW log W) complexity, where V' is the number of vertices of the graph. In particular, our
result gives a better complexity bound. Furthermore, the authors of [18] show that, given an
oracle access to BWR-FINDTOP and to another oracle that solves deterministic mean-payoft
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games, one can completely solve stochastic mean-payoff games with pseudopolynomial number
of calls to these oracles, provided that s is fixed. Hence, we can speed-up this algorithm by
replacing the oracle BWR-FINDTOP with our algorithms.

5 Solving Entropy Games With Bounded Rank

Recall that the dynamic programming operator 7' of an entropy game, as well as its conjugate
F, which we call the Shapley operator of an entropy game, were defined in (10) and (11). As
in the last section, we denote n := |#p| and we put W = max(, pyes Mpk-

5.1 Dominions of Entropy Games

We first describe the dominions of entropy games, and verify that this class of games satisfies
Assumption 2. Given a set .¥ C ¥p, we denote by #;5” C #p the set of states of People that

have at least one outgoing edge that goes to .7, i.e., ¥ = {p € ¥p: A € 7, (p,1) € &}.

In the same way, we denote by 747 C 77 the set of states of Tribune that have at least one
outgoing edge that goes to 735, i.e., V3 ={t € ¥7: Ip € ¥, (t,p) € &}. The following
lemma characterizes the dominions of entropy games.

» Lemma 48. A set 2 C ¥p is a dominion of the operator F if and only if every outgoing
edge of every state of 2 goes to V7, i.e., if for every pair (k,t) € 2 x Y7 we have
(k,t) € & = t € V. Furthermore, if 9 is a dominion, then F? =logoT? oexp, where
for all x € RZ, Zy and all k € Z we define

TZ(z) = min max E MpI L] -
(kt)eé (t,p)e&

2 2 (Ih
tevy peve i,

Proof. The proof is similar to the proof of Lemma 31. By Lemma 21, 2 is a dominion if
and only if for every k € Z and every ¢t € ¥7 such that (k,t) € & we have

(tm?é(g Z mplicg > 0. (23)
PE (pes

By definition, we have Z (pyes Mptlicz >0 if and only if p € ¥/, and so the relation (23)
holds if and only if ¢ € “//@ . The second part of the claim follows from the definition of
F?. <
In particular, as in the case of stochastic mean-payoff games, FZ is the Shapley operator of
a smaller entropy game that takes place on the state space 2w /7 W 7,7.

» Lemma 49. If 9 is a dominion, then the subgame induced by 2 satisfies Assumption 1.

Proof. This is an immediate consequence of Lemma 48. <
» Lemma 50. The recession operator of F' is given by

Fk(z) = min max max T Vk e Vp .
(kt)e& (t,p)ES (pl)ES

Proof. For every s > 0 and every € R”P we have

—1 —1
F(sz) = 5" log( ’)
s (sx) =s "lo (krrznelg (g?)aéqg( ;eg My exp(x;)

- i i o 32 o)
(p)e€

27



28

Universal Complexity Bounds for Value lteration

To finish the proof, note that the inequality

S < S < W S
(;I’})aé(g exp(z;)® < ( lz)ég mp exp(x;)® <n (;r;%?é{g exp(z;)
P,

implies that s~! log (Z(p,l)&? My exp(wl)s> — max(p e Ti- <

» Lemma 51. The Shapley operator F' of an entropy game satisfies Assumption 2. Further-
more, if T is an optimal strategy of Tribune, then for any k € Pmax and any t € Vp such
that (k,t) € & we have 7(t) € ”VP@“““". Even more, if o is an optimal strategy of Despot and
k ¢ Dmax, then a(k) ¢ V7=

Proof. The operator F satisfies the first part of Assumption 2 by Remark 22. To prove the
remaining claims, we proceed as in the proof of Lemma 34. Let x be the escape rate of F,
and let Zn.x be the set of states of maximal value. Furthermore, let 7: ¥ — ¥p be an
optimal strategy of Tribune. We consider a reduced operator

T (z) = (kf}tl)irelg > megum
(r(t),)e&

obtained from a game in which Tribune plays according to 7. Let F™ = logoT™ o exp. By
the optimality of 7 we get x(F7) = x. Since F"(x) = x,Lemma 50 implies that

t(x) = mi
0= e o bee

for all k € Zmax. Note that t(x) = max(, ;es x; if and only if p € ¥, Hence, for every
k € Dpax we have

(k,t) € & = 7(t) € ¥ m.

This proves the second claim. In particular, if & € Py and (k,t) € &, then ¢ belongs to
”//T9 m2x and S0 Dmax 18 a dominion by Lemma 48. To prove the third claim, let o: ¥p — 7
be an optimal strategy of Despot. As above, we consider the reduced operator

and we let F7 = log o o exp. Since F(x) = x, Lemma 50 implies that

t = max max
0 =, fmax_, max xi

Hence, we get k € Zmax whenever o(k) € ”f/T@ max  This proves the third claim.

It remains to prove that cw(F?max) = t(x). To do 50, let G Drax — ¥™> be an optimal
strategy of Despot in the subgame induced by Zp.x. We extend & to a strategy 6: ¥p — ¥
by setting 6 (k) == o (k) for all k ¢ Pax. Let T'(z) == M%7z, where M%7 € R™™" is the
associated ambiguity matrix. In this way, 7"(z) is the operator of a game in which both
strategies are fixed. In particular, if we take F’ := logoT” o exp, then x(F’) > x by the
optimality of 7. Furthermore, if k ¢ Ziax, then the third claim implies that the dipaths
in %7 that start in k are the same as in the graph ¢°". Therefore, by Proposition 8,
X(F = xx for all k € Dy and so

k¢ Dmax = X(F )k < t(x)- (24)
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Moreover, if k € Dax, then x(F'), > t(x) and Proposition 8 shows that there exists a
strongly connected component ¢ of 97 such that p(M%7[€]) > t(x) and such that there
exists a dipath from k to ¢ in ¢%7. By (24), this dipath does not go through any vertex in
YD \ Dmax- Therefore, this dipath only goes through vertices in

S = Dunax W{G(k): k € Dmax} W{T(5(K)): k € Dumax} C Dunax B V7 mex W) F/ 7 max

and the component % is included in .. Consider the subgame induced by Zy,.x and suppose
that in this game Tribune uses a strategy 7: WT@ max _y ”f/P@ max that agrees with 7 on the set
{te "I/T@““‘”‘: Fk € Dmax, (k,t) € &}. Note that there exists at least one such strategy by the
second claim. Furthermore, since € is included in .%, Proposition 8 implies that the value
of state k in the game obtained by fixing (&, 7) is not smaller than its value in the original

game. By the optimality of & and since k € Zyay was arbitrary, we have cw(FZmax) > t(x).

The other inequality follows from Lemma 24.
<

5.2 Bit-Complexity Bounds for Entropy Games

We define the rank of the entropy game to be the maximum of the ranks of the ambiguity
matrices, see Definition 7. The following result will be established by combining a separation
bound of Rump [48] for algebraic numbers, with bounds on determinants of nonnegative
matrices with entries in an interval, building on the study of Hadamard’s maximal determinant
problem for matrices with entries in {0, 1} [22].

» Theorem 52. Suppose two pairs of strategies yield distinct values in an entropy game of

rank r, with n Despot’s states. Then, these values differ at least by V;} where

. W r2
Upp = 2’(‘(,’,, + 1)8r7,727‘2+7‘+1(n6)4r2 (1 vV 7)4

Proof. Step 1. First, we note that if C is a k X k matrix with entries in [0, W], we have

|det C| < (k + DVE (W/2)F . (25)

Indeed, this follows by writing C' = B + W J/2, where J is the matrix whose entries are all
equal to one and B = C' — W.J/2, so that —W/2 < B;; < W/2, then by expanding det C
by multilinearity as a function of columns, i.e., det C = det B + Zle(jzl) det(B;, (W/2)1)
in which B; denotes the matrix obtained by deleting column ¢ of B, noting that the other
terms of this multilinear expansion are zero owing to repeated appearances of columns
proportional to 1. By Hadamard inequality, | det B| < k*/2(W/2)¥, and similarly for each

A

| det(B;, (W/2)1)|, which gives (25). (We note that when all the entries of C' belong to {0, 1},
the bound can be refined to |det C| < vk + 1k+1/2’“7 see [22].)

Step 2. Let A be the n x n ambiguity matrix associated with a pair of strategies. Since A
has rank at most r, it has at most r non-zero eigenvalues, and so, the n — r first coefficients
of the characteristic polynomial Q4 := det(XI — A) = Sreo Q;;‘X k are zero. The coefficient
Qﬁ7 . of X™~¥ in this polynomial is given by the sum of minors of order k of A. Hence, using
the inequality established in Step 1, together with the inequality () < (ne/r)", we get

Sur = 104l = 21084 < X (1) e VE (G < (1P () VT (v g )
k=0 k=0

2
k=0
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Step 3. Now, if A, B are two n x n ambiguity matrices, consider the product Q4QP of
the characteristic polynomials of A and B. Let S denote the sum of absolute values of the
coefficients of QAQ®. Then,

w
S<S2, Sany = (r+ ) ()P (1v 7)% :
’ r
Now, we use a theorem of Rump, [48, Th. 3], showing that for a polynomial of degree d with
integer coeflicients whose sum of absolute values is bounded by S, the distance between any
two distinct real roots is at least

1

2V2(d5 (S + 1)7) (26)

We apply this result to the polynomial Q4Q®, which is of degree d = 2r, showing that the
roots of this polynomial are separated at least by the inverse of the following quantity

2r
2_3/2(2r)’°Jrl (an,r + 1) < 2_3/2(27“)7"+1ai’:r exp (2r log(1 + a;’lr))

<27%2@2r)al exp(2ray,) < (2r)Hal,
2 1% 2
— 2rrr+1(r + 1)87“(@)47‘ ’I“QTQ (1 v 7)47“ ’
r 2
in which the second inequality follows from the concavity of the logarithm, and the third one

follows from the fact that for alln > r > 1,

_ o — 2 r exp(—2r)
2ra;l <2 Tl G R
" n,r r((r+ ) (r) T) (r+1)3r+1 rr

(5)" < 2exp(-2) .
n
together with 273/2 exp(2exp(—2)) < 1.

Since the value of an entropy game coincides with a non-zero eigenvalue of the ambiguity
matrix associated with a pair of strategies, the result is established. |
» Remark 53. When W > 2, the separation bound of v, | may be written as C’;}W““’z.
The exponent of W may be improved at the price of increasing the combinatorial factor Cy, .,
by using a theorem of Mahler [39], showing that for a polynomial of degree d, with integer
coefficients bounded by M, and without distinct roots, the inverse of the distance between
two distinct roots is bounded by

Banr =372 (d+ 1)BHD2 41

As explained in [48], one can deduce from this a separation root for polynomials P with
possibly multiple roots, after replacing P by P := P/gcd(P, P’). Using Malher’s bound
instead of (26), we would arrive at a bound (C,'LT)*IW"“’Q*% instead of C,;},W’4”2.

Theorem 52 readily entails a separation bound for values of strategies. Using the
observation fact that the value of an entropy game is always in the interval [1,nWW], we next
deduce a separation bound for the logarithms of these values, differing only by a nW factor:

» Corollary 54. The value of an entropy games lies in the interval [1,nW]. Moreover,
suppose two pairs of strategies yield distinct values in an entropy game of rank r, with n
Despot’s states. Then, the logarithms of these values differ at least by D L where

n,r

Upp =nWuvp, .
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Proof. We first recall the following property of monotonicity of the spectral radius: if U, V'
are nonnegative matrices, then,

USV = pU)<p(V) (27)

see [14, Chap. 2, 1.5].

Let A, i denote the distinct values determined by two pairs of strategies, and suppose,
without loss of generality, that A > p. By Proposition 8, the numbers A and p coincide
with the Perron roots of some irreducible principal submatrices of ambiguity matrices.
In particular, suppose that A = p(U[¥¢]) in which U is an ambiguity matrix, and & the
subset of indices of rows and columns used to extract the matrix. Since all the players
alway have at least one allowed move, we deduce there are distinct elements iq,...,is of
@ such that U;,;, ... Ui i, # 0, and since the entries of the ambiguity matrix are integer,
Uiyigs -+, Uiy, = 1. We deduce that U[€] > V where V is a {0,1} matrix whose only
non-zero entries are in the positions (i1,42), ..., (is,41), and by (27), p(U[€]) = p(V) = 1.
Moroever, since all the multiplicities are bounded by W, we have that U[¢] < W J, where J is
the € x ¥ matrix whose entries are all equal to 1, and so, p(U[%]) < p(WJ) = |€|W < nW.

This entails that 1 < A\, u < nW. By the intermediate value theorem, log A — logu =
(A — ) /€ for some & € (1,nW), and so, log A —log i = (A — p)/(nW) > b, 1. <

» Proposition 55. Let 0 < § < 1. Then, there exist vectors w,z € RZEO’ such that
e b(V=)w < T(w), e’t(V>®)z > T(z), and max{||logw||y, || log 2|} < 1200(n3log W +
n?logd—1).

This proposition will be established by observing that for a given value of §, w and z are
defined by semi-linear constraints, and by using bitlength estimates on the generators and
vertices of polyhedra defined by inequalities. To do so, we first state, for convenience, the
following consequences of Theorem 5, which follow by applying this theorem to the Shapley
operator F' = logoT o exp,

b(V>) =sup{A > 0: Jw € RY,, dw < T'(w)} (28)

t(V) =inf{u > 0: 3z € RY,, uz > T(2)} . (29)

We also recall that the encoding length of an integer number r is defined as (r) =
[logs(|r| + 1)] + 1. Moreover, if r = p/q is a rational number then its encoding length
is defined as (r) = (p) + {(¢). The encoding length of an affine inequality with rational
coefficients az < b is defined as (b) + (a1) + - -- + (ay). In the proof, we use the following
straightforward inequalities:

» Lemma 56. If r > 1 is a natural number, then logy(r) < (r) <3 +logy(r). If r1,...,7m
are rational numbers, then (11 +---+ry) < 2((r1) +- -+ (rm)) and (rire) < (r1) +(rz2). <

Proof of Proposition 55. We have T(1) < nW1, so that T%(1) < (nW)1 for all £ and
therefore V> < nW1. Likewise, since my,; are natural numbers, we have T'(1) > 1 and so
V> > 1. In particular, we have b(V>°) > 1, so the open interval e °b(V>), b(V>)] is of

length at least 1 —e % > l—ié. Thus, it contains a rational number g € Q with denominator

at most w =2+ % < %. Since b(V>°) < nW, the numerator of ¢ is not greater than
4AnW
6 b)

and so the encoding length of ¢ satisfies

(q) <10+ logyn + logy W 4 21og, 67+ .
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Let w € RZ, be any vector that satisfies qw < T'(w). Since ¢ < b(V>), the existence
of such a vector follows from (28). For every ¢, let p, be such that (¢,p;) € & and
max(; pyees Z(p,l)eé" Mmpyw; = Z(pt,l)eé" myp,wy. Likewise, for every k let t; be such that
(k,tr) € & and

min max Z Mpiw; = max Z Mmpwy

(k’t)eg(t’p)eg(p,l)eg (tk,p)eg’( Jes

In this way, we have

Tk(w) = Z mp<tk>lwl

(P(ty,) D) EE

for all k. Consider now the polyhedron W C R” defined by the inequalities

V(t,p) c (g), Z Mmpx] < Z Mp 1T
(p.h)e& (pe,1)EE

V(k,t) S g, Z mMp, 1T P Z mp(tk.)lxl
(pr,1)ES (P(1y) DEE (30)
Vk, qry < Z My, 101
(P(ty) EE
Vk, Tl } 0

Then, we have w € WNRY so W is nonempty. Even more, any vector z € WNRY, satisfies
qr < T(x). Let

¢ =1+ 4n(3 +logy W) + 2(g) < 50(nlog, W + logy 6 1).

Then, Lemma 56 shows that every inequality that describes W has encoding length at
most ¢. Hence, by [29, Lemma 6.2.4], there exists two finite sets X, Y C Q™ such that
W = conv(X) + cone(Y) and every entry of every vector in X UY has encoding length
at most 4ng. Furthermore, we have X C QY%, because X C W and Y C QY because
x+ Ay € W for any (x,y) € X x Y and A > 0. By Carathéodory’s theorem [49, Section 7.7],
there exist xq,...z, € X, y1,...,Yn € Y such that w € conv(zg,...,2,) + cone(y1, ..., Yn).
Since w € RY; and X, Y C Qf,, the point @ € W defined as

- 1
w-—n+1$0+"'+m$n+1+y1+"‘+yn

also satisfies w € R%;. Moreover, the inequalities from Lemma 56 show that every entry
of 1w has encoding length at most 60n?¢. Therefore, for all k we can write @ = pi/q,
where the numbers pg, g are natural and their encoding length is bounded by 60n2¢. In
particular, we have | log, W[y < 2||logy @]lec < 2maxy(log, pr + logs qix) < 240n%¢ <
1200(n3 logy W +1log, 6 1) and @ satisfies the claim. The proof of the other part is analogous,
using the fact that the open interval Jt(V>°), e2t(V>°)[ has length at least e — 1 > §, and so
it contains a rational number with denominator at most 2/4. |

We deduce the following parameterized complexity result.

» Theorem 57. In an entropy game of rank at most r, we can find the set of initial states
with mazimal value by performing O(nR,, 0y ) calls to an oracle approzimating F with
precision §/8 where § = (D)7 .
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Proof. The claim follows by combining Theorem 30 with the estimates from Corollary 54
and Proposition 55. |

» Remark 58. We note that the oracle used in Theorem 57, approximating the Shapley
operator of an entropy game up to a given precision, can be implemented in polynomial time,
this follows by using a result of Borwein and Borwein [19] on the approximation of the log
and exp maps, together with a scaling argument, see [1, Lemma 27].

As an intermediate step, we solve strategically the special case of entropy games whose value
is independent of the initial state. To do so, we suppose that we have access to the graph of
the game as well as to an oracle that approximates the operator F'.

» Proposition 59. In an entropy game of rank at most r, such that the value is independent
of the initial state, we can find a pair of optimal strategies for both players by performing
O(nRy, +0p,r) calls to an oracle approzimating F with precision §/16 where § = (D, )"t
Proof. The proof is similar to the proof of Corollary 44. We use APPROXIMATECONSTANT-
MEANPAYOFF to obtain two vectors z,y € R”? and an interval [a,b] of width at most &/2
such that a +2 < F(z) and b+y > F(z). By Theorem 16 combined with the estimates from
Corollary 54 and Proposition 55, this requires O(nR,, .0y ) calls to an oracle approximating
F. By Corollary 54, the interval [a,b] contains erg(F'). For every k € ¥p we have

b+ min max log ( m ey’).
Y 2 (kH)EE (tp)EE Z Pl
(p,)e&

For every p € ¥p we approximate the expression log <Z(p hee eyl) to precision ¢/8 using

the procedure from [1, Lemma 27]. Let ), € R denote this approximation and let o be a
strategy of Despot that satisfies

R, o, O = max O

for all k € ¥p. We have

b+ vy > min max lo m ey’) > —§/8+ min max
Yk (k1)EE (t,p)EE & (p%;g Pl /8+ (kH)EE (t,p)EE

= /8 + max 54—|— max lo my et
/ (o(k).p Qp / (o(k),p)E& g((lz)ég vl )

Hence, if we denote by F” the Shapley operator obtained by fixing o, then b+4d/4+y > F(y).
In particular, TW(F7) < b+ §/4. Since the interval [a,b + §/4] is of length smaller than ¢§
and contains erg(F'), Corollary 54 implies that cw(F?) < erg(F) and o is optimal. We can
construct an optimal strategy of Tribune in an analogous way. <

The following decomposition property for entropy games extends a classical property of
deterministic mean-payoff games. Once the set of Despot’s states with maximal value is
known, it allows one to determine the value of the other states by reduction to an entropy
game induced by the other states of Despot.

» Lemma 60 (Decomposition property). Let . = Dax LfJ”I/T@‘““"‘ LfJ”I/P@"“"" and S =V \A.
Furthermore, suppose that % is nonempty. Consider the induced digraphs 4[] and 4[]
of the original graph ¢ = (V,&). Then, the entropy games arising by restricting the graph
to Y[A1) and G [.Ss)] satisfy Assumption 1. Furthermore, if (01,71) are optimal strategies of
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Despot an Tribune in the induced entropy game on 4[] and (o2, 72) are optimal strategies
of Despot and Tribune in the induced entropy game on 4[%], then the joint strategies

{m%)ﬁke%m,

o9(k) otherwise,

Ti(t) ifte v,

Vk € Vp, olk) =
b, o(k) T2(t)  otherwise.

We%yﬂﬂ:{ (31)

are optimal in the original game.

Proof. The game on ¢[.#]] satisfies Assumption 1 by Lemmas 48 and 51. The other game
satisfies this assumption by the definition of the set .%. Indeed, if p € ¥p N .%%, then all the
outgoing edges of p go t0 ¥p \ Dimax, s0 they are in ¥[.%]. Likewise, if t € ¥ N %%, then
all the outgoing edges of t go to ¥p \ ”I/Pgm‘“‘, so they are in 9[.%]. If k € ¥p N .S, then
Lemmas 48 and 51 shows that k has an outgoing edge that goes to ¥7 \ ¥ ™, so this edge
is in ¥[.7%].

To prove the second part of the claim, let 6,7 be any pair of optimal strategies of
Despot and Tribune in the original game and let x be the escape rate of the operator F.
Let x>7 be the escape rate of the operator obtained by fixing (o,7). We use analogous
notation for other pairs of strategies. By Lemma 51 for every k € ¥p \ Pmax we have
6(k) ¢ “I/T@ max - Hence, Proposition 8 combined with the optimality of &, 72, 02,7 gives the
inequality xr > XZ’T > x> XZ’+ > Xk. Therefore, x;'" = xs for all such k.

Let ¢ be an optimal response to 7, i.e., an optimal strategy of Despot in the game in
which Tribune plays according to 7. To prove the optimality of 7 it is enough to show
that x%7 > x. Consider the game obtained by fixing (&,7). Note that if we remove from
the graph ¢%7 the edges that go from “VI? ™2 t0 YD \ Pmax, then the value of this game
can only decrease.Moreover, by Lemma 51 we have (k) € ”VTQ max for all k € Ppax and
cw(FZmax) = gw(F7max) = t(x). Hence, the optimality of 7; combined with Proposition 8
give X7 = t(x) = xx for all k € Ziyax. Furthermore, we have & (k) ¢ ¥ Zme for all
k € YD \ Pmax- Indeed, suppose that o(k) € “//T@“‘a". Then, there is a dipath in ¥%7 that
goes from k to Pyax and so XZ’T > t(x) by the previous observation. However, & is an optimal
response to 7 and therefore we have XZ’T < xx < t(x), which gives a contradiction. Thus,
a(k) ¢ ;7™ for all #p \ Pmax. In particular, the optimality of 7 gives o7 = x0T = ke

Analogously, let 7 be an optimal response to o and consider the game obtained by fixing
(0,7). The optimality of oy gives XZ’% <Xy =xk forall k € ¥\ Zmax. Fix k € Pax
and let € be any strongly connected component of ¢%7 that can be reached form k in this
graph. If € contains a vertex from #p \ Zmax, then the previous observation combined with
Proposition 8 gives p(M77[¢]) < t(x). If € does not contain any such vertex, then it is
included in .. Hence, the optimality of o7 combined with Proposition 8 and the equality
ew(FZmax) = Gw(F7max) = t(x) give p(M?7[€]) < t(x). Hence, x7'™ < t(x) = x for all
k € Dmax and o is optimal. <

Then, by combining Theorem 57 and Lemma 60, we get:

» Theorem 61. A pair of optimal strategies of an entropy game of rank r can be found in
O(n®R,, +Dp, ) calls to an oracle that return F with a precision of 1/(160,, ). Then, entropy
games in the original model of Asarin et al. [11] and with a fized rank are polynomial-time
solvable, whereas entropy games with weights, in the model of Akian et al. [1], and with a
fizxed rank, are pseudo-polynomial time solvable.

Sketch of the proof of Theorem 61. We solve entropy games by the following algorithm.
We find the states with maximal value using TOPCLASS, find optimal strategies on this
dominion using Proposition 59, we split the game in two as in the decomposition property



X. Allamigeon, S. Gaubert, R. D. Katz, M. Skomra

(Lemma 60) and continue recursively on the smaller game. The bound on the number of
calls to the oracle follows from Theorem 57, Lemma 60 and Proposition 59. Since the
approximating oracle can be constructed in polynomial time as discussed in Remark 58, this
algorithm can be implemented to work in polynomial memory. Furthermore, as in Remark 47,
the time complexity of this algorithm is dominated by the number of calls to the oracle
multiplied by the time cost of a single call. |

» Corollary 62. Entropy games with weights and with a fized number of People’s positions
are pseudo-polynomial time solvable.

Proof. The claim follows from Theorem 61 by noting that the rank of an entropy game is
bounded by the number People’s states. |

5.3 A Lower Complexity Bound for Value Iteration for Entropy Games

We say that a state of a game is significant if there are several options in this state, in
particular, a state p of People is significant if there are at least two distinct arcs (p, k) and
(p,1) in &. We may ask whether the statement of Corollary 62 carries over to entropy games
with a fixed number of significant People’s states. The following result shows that this
can not be derived from the universal value iteration bounds, since value iteration needs
Q(Wn=1) iterations to recognize the optimal strategy.

» Theorem 63. There is a family of G,,(W) of Despot-free entropy games, and a constant

C > 0, with the following properties:

1. G, (W) has arc weights < W, only one significant Tribune’s position, with two actions,
and 2n + 1 People’s positions among which there are only 4 significant positions;

2. The action of Tribune that is optimal in the mean-payoff entropy game is never played, if
Tribune plays optimally in the entropy game of finite horizon k, for all k < CW™~1.

To construct this game, we need an estimate of the positive root of a special polynomial p,,.

» Proposition 64. Consider the polynomial p,(z) = 2™ — W(z"~t + ... + 1), where W > 0.
Then, p, has a unique positive root, x,(W), which satisfies

r,(W) =W +1—-1/W" ! 4o(1/Wwn 1) | as W — oo .

Proof. Recall that Descartes’ rule of sign states that the number of positive roots of a
polynomial is bounded by the number of variations of signs of the sequence of its coefficients,
and that it is equal modulo 2 to this number. It follows that p, (W) has a unique positive root,
for all W > 0. Let us define the Newton polygon A as the upper boundary of the convex hull
of the points (7, j) such that p,, has a monomial of degree ¢ in = and of degree j in W. Then,
the Newton-Puiseux theorem [54] shows that all the roots of p,, have Puiseux series expansions,
with a leading term aW® 4+ o(W*) where « is the opposite of a slope of the Newton polygon
A of p,,, and a € C\ {0}. Moreover, the horizontal width of an edge determine the number
of roots of order W, counted with multiplicities. Here, the monomials —W,..., —Wa"~ !
determine the edge [(0, 1), (n — 1, 1)], which is of slope 0, and has horizontal width n — 1. The
monomials —Wax"~1 and 2" determine the edge [(n — 1, 1), (n,0)], which is of slope —1 and
has horizontal width 1, So there are n—1 roots z;(W) = a;W°+0o(W°) = a;+0(1) as W — oo,
with 1 <4 < n — 1, and there is one root z,(W) = a, W' + o(W). Substituting x;(W) in
pn(z;(W)) =0, for 1 <i < n—1, we find that a; must be a root of 14 ---+ 2"~ 1. Thus, a;

cannot be positive for i < n. So, the unique positive root of p,, is z,(W) = a, W + o(W).

Substituting , (W) in p, (z,(W)) = 0, and cancelling negligible terms, we get a,, = 1. Hence,
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we can write x, (W) = W + y(W), where y(W) = o(W). Moreover, using (z" "> +---+1) =
(2™ — 1)/(z — 1), pa(x) = 0 can be rewritten as ™(z — W — 1) + W = 0. Substituting
2o (W) =W + y(W), we end up with y(W) =1 — W/x,(W)"* =1 —1/W"~L + o(1/W"),
hence, z,(W) =1+ W — 1/W"=1 4 o(1/Wn~1). <

We denote by

W W
1 0 0
A, W) =| o
0 ... 0 1 0

the n X n companion matrix of the polynomial p, (W).

» Lemma 65. The left Perron eigenvector u™ of the matriz A, (W) satisfies
1 n n n N
§u1 Sy <uf forall2<i<n .

Proof. Noting that p,(W + 1) > 0 > p, (W), and using the intermediate value theorem, we
deduce that the unique positive root x,, (W) of p,, satisfies W < x,,(W) < W+ 1. The Perron
root A of A, (W) coincides with x,(W). We have Au; = Wuy + ug, Aug = Wuy + us,. ..,
Aip_1 = Wuy + uy, Mu, = Wuy. Since all the entries of u are positive, we deduce
that w; = yyW/A Z2 yyW/(W + 1) > uy/2, for all 2 < i < n. From Au; = Wuy + ug,
we deduce that us < (A — W)uy < uy. Then, from Aug = Wuy + us, we deduce that
uz < Aug — Wuy < Au; — Wuy < wy. Continuing in this way, we get that u; < wp for all
2<i < n. |

The proof of Theorem 63 also relies on the following lemma. We denote by 1,, the unit
column vector of R™.

» Lemma 66. Let o > 1. Then, in the expression
z(k) = max(1, AF1,, 01} A% 11, 4)

the maximum is achieved by the rightmost term, for all k such that

1 —-1)/(4

b e o lolaln—1)/(n) (52
log(An/An—1)

Proof. Let A\, = x,(W). The Perron eigenvector u™ is defined only up to a positive

multiplicative constant, so from Lemma 65, we may assume that 1;1'— <u” < 217‘[ . Hence,

1 1
g/\ﬁ < GMUL, = SuARL, S LTARL, SwtARL, = M, < 20

Hence, 1} A¥1,, < al]_;A* 11, ; holds as soon as

n—1
k
ar,_q

2n\k <

which is the case when (32) holds. <
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Figure 7 The entropy game constructed in the proof of Theorem 63, here for n = 3. The circles
represent People’s states, whereas the square represents the unique significant Tribune’s state. The
weights are indicated on the arcs. For a > 1, when the horizon is small, it is optimal for Tribune to
play “bottom right”, whereas when the horizon is large, the optimal move of Tribune is “bottom
left”.

Proof of Theorem 63. We next set a := 8, so that log(a(n — 1)/(4n)) > log2. Using the
asymptotics of A\, = x,,(W) given by Proposition 64, we find that

k* = (log2)W™ ! 4 o(W" 1) (33)

We now claim that z(k) can be interpreted as the value in horizon k + 1 of an entropy
game satisfying the conditions of the theorem. Figure 7 illustrates the proof when n = 3.

First, we note that the term 1,] A¥1,, can be interpreted a the value in horizon k + 1 of a
Despot-free and Tribune-free entropy game, with n + 1 People’s states, among which there
are only two significant states, one encoding the first row of A,,, and another one encoding
the row vector 1,7. Recall every turn of an entropy game involves a succession of three stages,
with moves made by Despot, Tribune, and People. So, this interpretation requires to insert
dummy states of Despot and Tribune for each transition between People states. E.g., on the
figure, in which dummy states are not represented, the value of the entropy game in horizon
k + 1 with initial state 6 is precisely 14 Ak1;.

The term a1, ;A¥ 1, ; admits a similar interpretation, with n People’s states instead
of n + 1. One significant state encodes the first row of A,,_;, whereas the other significant
state encodes the row vector a1, ;. E.g., on the figure, the value of the entropy game in
horizon k + 1 with initial state 7 is precisely 15 A51,.

We complete the construction of the entropy game G, (W) by adding a significant state
of Tribune, with only two options: moving to the state encoding 1, , or moving to the state
encoding a1,) ;. On the figure, this significant state of Tribune is labeled 8.

Then, using the dynamic programming equation (9), we see that the value of the
corresponding entropy game in horizon k, starting from the significant state of Tribune, is
precisely z(k — 1). Since A\, > \,_1, in the mean-payoff entropy game, the optimal action
for Tribune is to move to the state encoding 1,] (move “bottom left” on the figure) which
guarantees a geometric growth of \,,. However, for k£ < k* + 1, the optimal action, for the
initial move, is to select the term achieving the maximum in the expression of z(k), and so,
to move to the state encoding a1,]_; (move “bottom right”). <
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6 Concluding Remarks

We developed generic value iteration algorithms, which apply to various classes of zero-sum
games with mean payoffs. These algorithms admit universal complexity bounds, in an
approximate oracle model — we only need an oracle evaluating approximately the Shapley
operator. These bounds involve three fundamental ingredients: the number of states, a
separation bound between the values induced by different strategies, and a bound on the
norms of Collatz-Wielandt vectors. We showed that entropy games with a fixed rank (and in
particular, entropy games with a fixed number of People’s states) are pseudo-polynomial time
solvable. This should be compared with the result of [1], showing that entropy games with
a fixed number of Despot positions are polynomial-time solvable. Since fixing the number
of states of Despot or People leads to improved complexity bounds, one may ask whether
entropy games with a fixed number of significant Tribune states are polynomial or at least
pseudo-polynomial, this is still an open question.
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