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Abstract

We provide a new degree bound on the weighted sum-of-squares (SOS)
polynomials for Putinar—Vasilescu’s Positivstellensatz. This leads to an-
other Positivstellensatz saying that if f is a polynomial of degree at most
2dy nonnegative on a semialgebraic set having nonempty interior defined
by finitely many polynomial inequalities g;(z) > 0, j = 1,...,m with
g1 := L — ||z||3 for some L > 0, then there exist positive constants ¢ and
¢ depending on f, g; such that for any € > 0, for all k > ¢ée™ ¢, f has the
decomposition

L+ [lz3)(f +€) = o0 + 3721 395, (1)

for some SOS polynomials o; being such that the degrees of 09, 0;g; are
at most 2(dy + k). Here || - ||2 denotes the ¢2 vector norm. As a conse-
quence, we obtain a converging hierarchy of semidefinite relaxations for
lower bounds in polynomial optimization on basic compact semialgebraic
sets. The complexity of this hierarchy is O(¢~¢) for prescribed accuracy
e > 0. In particular, if m = L = 1 then ¢ = 65, yielding the complexity
O(£75%) for the minimization of a polynomial on the unit ball.

Keywords: positivity certificate; Putinar—Vasilescu’s Positivstellensatz; basic
algebraic set; sum-of-squares; polynomial optimization; moment-SOS hierarchy
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1 Introduction

For a positive m € N, let us consider the polynomial optimization problem (POP):

f* o= int f(), @
where f € R[z] and
S:={z €R" : gj(z) 20, j € [m]}, 3)

for some g; € R[z], j € [m]. Here R[z] denotes the ring of real polynomials in vector

of variables © = (z1,...,2,) and [m] stands for the set {1,...,m}. Assume that f

has degree at most 2dy for some positive dy € N. The set S is a conjunction of finitely

many polynomial inequalities, and therefore is called a basic semialgebraic set.
Problem (2) can be written as

fr=sup,cpf{A: f—=A>0o0nS}. (4)

We can replace the inequality constraint of problem (4) by an equality constraint, if
one can represent positive polynomials on S. Assume that S has nonempty interior
and a ball constraint is present, i.e., g1 = L — ||z||3 for some L > 0. Our first (minor)
contribution is to rely on the representation of polynomials positive on S stated by
Putinar and Vasilescu [17], to obtain

00 + D icim) 9195
A+ ]ld)* 7

for some k € N, o; € X[z], j € [m], being such that deg(co) < 2(k + dy) and
deg(c;g;) < 2(k+dy). Here X[z] denotes the set of sum-of-squares (SOS) polynomials
and deg(-) stands for the degree of a polynomial. Such a representation of positive
polynomials is called a Positivstellensatz.

After bounding the degrees of the SOS polynomials involved in (5), we obtain the
following hierarchy of relaxations indexed by k£ € N:

(0)

f-A= (5)

p =sup A
A0
st. AeER, 0; € X[, (6)

(L 1) (F = X) = 00+ 5y 7305
deg(oo) < 2(k+dy), deg(o;g;) < 2(k+dy).

Problem (6) can be solved numerically using semidefinite programming [1]. It is due
to the fact that every SOS polynomial o of degree 2t has the form o = v, Guv; for
some positive semidefinite matrix G (which is denoted by G = 0, i.e., G is symmetric
and each eigenvalue of G is nonnegative), with v¢ being the vector of all monomials

x® =z .. xp™ of degree at most t. Such a matrix G is called a Gram matriz

associated to o. It is easy to see that for each k € N, p,io) is a lower bound of f*, that
(0) : ; *
the sequence (p;, ' )ren is monotone nondecreasing, and converges to f*.
In the present paper, we answer the following two interesting questions:
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1. How fast does (p,(co))keN converge to f*? We show the convergence rate O(k~1/¢)

for some constant ¢ > 0 depending on f and g;.

2. Is there any explicit example to illustrate this rate of convergence? If S is the
unit ball, i.e., m = 1 and g1 = 1 — ||z||3, the sequence (pio))ng converges to f*
with the rate O(k~1/%%).

1.1 Background

Positivity certificates have been studied throughout history of the development of
real algebraic geometry. Nowadays it becomes a powerful tool for polynomial opti-
mization thanks to the so-called Moment-SOS hierarchy (also known as “Lasserre’s
hierarchy”) [8]. The convergence rate of the Moment-SOS hierarchy to the optimal
value of a POP inherently depends on the complexity of the representation of positive
polynomials. Roughly speaking, obtaining a lower degree bound on the SOS polyno-
mials involved in the positivity certificate allows one to improve the convergence rate
of the corresponding Moment-SOS hierarchy. How to find such lower degree bound is
an interesting question and goes hand in hand with the quest of improving the con-
vergence analysis of the Moment-SOS hierarchy. Let us review some of the standard
results on degree bounds of positivity certificates and the corresponding convergence
rates of the Moment-SOS hierarchy.

Reznick provides in [19] a Positivstellensatz for positive definite forms with an
explicit degree bound. Namely, if p is a positive definite form, i.e., p is homogeneous
and positive except at the origin, then for all k£ € N satisfying

2nd(2d — 1)
4log2

o) - 2, ™)

then ||z|3*p is a homogeneous SOS polynomial of degree 2(k + d), where 2d = deg(p).
Here for each h € R[z],

SUp egn—1 h(2) (8)
infwegn—l h(m) '

This yields a linear convergence rate of @(¢™') for the minimization of a polynomial
(see [9, Theorem 6]).

Powers and Reznick [15] improve the existing degree bound available for Pélya’s
Positivstellensatz [14]. Explicitly, if p is a homogeneous polynomial of degree d positive
on the simplex

O(h) :=

A”:{xeRn:szoaje[n}vzj'e[n]szl}7 (9)
then for all £ € N satisfying

2mingea,, p(z)
(X jem z;)*p has positive coefficients. Here for each h = >°_ haz® € R[z], we note

h . !
Ih]] := maxq % with cq = al!‘_‘flan!

for each aw € N". This yields a linear convergence
rate of O(e™ ') for the minimization of a homogeneous polynomial on the simplex.

Applying the result of Powers and Reznick, Schweighofer [22] obtains a degree
bound for Schmiidgen’s Positivstellensatz [20] claiming that given a semialgebraic
S C (—1,1)" defined as in (3) and a polynomial f positive on S, then there exists a
real ¢ > 0 depending on S such that for all k € N satisfying

k > cd} (1 + (d?«ndf ”fi”)) ; (11)

14 Jan 2022 02:33:06 PST
210527-Magron Version 2 - Submitted to J. Complexity



one has f € Py, where Py, is the truncated preordering of order k € N associated with

S:
Pr = {Eae{o,l}m Oagit .. gm" ¢ 0a € X[z], deg(oagi™ ... gn") < k. (12)
Consequently, the corresponding SOS hierarchy of lower bounds (p}™)ren, with
pr e i=supyep{X : f—AE€Pr}, keN, (13)

converges to f* with the rate O(e™°). Nevertheless, the representation of f — X in P
involves 2™ SOS polynomials.

Relying on the degree bound for Schmiidgen’s Positivstellensatz, Nie and Schweighofer
analyze in [11] the complexity of Putinar’s Positivstellensatz. Namely, if S C (—1,1)",
g1 = L — ||z||3 for some L > 0 and f is positive on S, then there exists a real ¢ > 0
depending on S such that for all k € N satisfying

k > cexp ((d?cndf %)C) ) (14)

one has f € Qp, where Qy stands for the truncated quadratic module of order k € N
associated with S:

Qk :=={00+ > jc(m 0395 * 05 € Xz, deg(oo) < k, deg(o;g;) < k}. (15)

mo

Accordingly, the corresponding SOS hierarchy of lower bounds (pj; d) keN, with
piot = supycp{A 1 f- A€ Q}, keEN, (16)

converges to f* with the rate O(exp(e™)). Despite of this exponential convergence
rate, the representation of f — A in Qf involves only m + 1 SOS polynomials which
is in deep contrast with the exponential number of SOS polynomials involved in the
representation in Pk.

However, the convergence rate of Schweighofer is still comparable to the later one
of Nie-Schweighofer when the semialgebraic set S is defined by m; < 1 inequality
constraints g;(z) > 0 and mq equality constraints h;(x) = 0. In this case, it turn out

that
pYe= sup A
A,05,m;4
st. AeER, o5 € X[z], ni € Rlz] (17)
F=X=00+3cm1) 0395 + 2icpmy) Mihi
deg(o0) < k, deg(ajg;) < k, deg(n:hi) <k,
and the sequence (p})ren converges to f* with the rate O(e~¢). Here [0] = 0.
In particular, ¢ = % when f is homogeneous, df < n, mi1 = 0 and my = 1 with

hi = 1 — ||z||3 as shown by Fang and Fawzi [4]. Thus they obtain the quadratic
convergence rate O(k~?) for the minimization of a homogeneous polynomial on the
unit sphere. This improves upon the earlier linear convergence rate O (kfl) by Doherty
and Wehner in [3].

Recently Slot and Laurent [23] have provided several convergence rates for Lasserre’s
measure-based upper bounds for polynomial optimization, on specific convex domains
and reference measures. This is in contrast with the present work, where we provide
a new convergence rate for the Moment-SOS hierarchy of lower bounds for the min-
imization of a possibly nonconvex polynomial on a possibly nonconvex semialgebraic
set.

Our contribution is concerned with the case of basic semialgebraic sets having
nonempty interiors. Basically one obtains a convergence rate similar in spirit and
magnitude of Schweighofer’s bound ¢z, but still based on the quadratic module Qy
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(not the preordering P) thanks to the prescribed denominator (1 + ||z[|3)* involved
in Putinar—Vasilescu’s Positivstellensatz.

Before showing explicitly our contribution, we restate the original result of Putinar
and Vasilescu (without degree bound) in the following theorem:

Theorem 1. (Putinar—Vasilescu [18, Corollary 4.3 and 4.4]) Let 6 be the quadratic
polynomial x — 0(z) := 1+ ||z||3, and denote by p € Rz, xnr1] the homogeneous

polynomial associated with p € Rx], defined by x — p(x) := :ri?fl(p)p(x/wnﬂ).

1. Let f € R[z] such that f >0 on R"*\{0}. Then 6" f € S[z] for some k € N,
2. Let f,g1,...,9m € R[z] satisfy the following two conditions:

(a) f = fo+ fi such that deg(fo) < deg(f1) and fi >0 on R"*1\{0};
(b) f>00nS={zeR": gj(x) >0, 7€ [m]}.
Then 0%F f € U2, Q, for some k € N, where Q. is defined as in (15).

1.2 Contribution

The construction of the hierarchy of semidefinite relaxations (6) is based on the
Positivstellensatz stated in Corollary 2. More explicitly, if S has nonempty interior
such that g1 = L — ||z||3 for some L > 0 and f is of degree at most 2d; such that f is
nonnegative on S, then there exist positive constants ¢ and ¢ depending on f, g; such
that for all € > 0, for all k > ¢~ ¢,

L+ 1|2l13)"(f + ) = 00 + X e fm 9395 » (18)

for some o; € X[z] being such that deg(oo) < 2(k + dy) and deg(o;g;) < 2(k + df).
In order to prove (18), we provide a degree bound on the weighted SOS polynomi-
als for the homogenized Putinar—Vasilescu’s Positivstellensatz [17]. This is stated in
Theorem 2 as follows: If f,g1,...,9m are homogeneous polynomials of even degrees
such that S has nonempty interior and f is nonnegative on S, then there exist positive

(&

constants ¢ and ¢ depending on f, g; such that for all ¢ > 0, for all k > é=™°,

2d
|37 + ellall3™) = 00 + X, 7395 (19)

for some homogeneous SOS polynomials o; being such that deg(oo) = deg(ojg;) =
2(k + dy). Here a polynomial p is homogeneous of degree 2t if p(Azx) = A*'p(z) for
all z € R" and each A € R. Remark that the original version of Putinar—Vasilescu’s
Positivstellensatz in [17] does not include any degree bound on the weighted SOS
polynomials ¢; involved in the representation (19). Our proof of Theorem 2 consists
of three main steps:

1. Construct iteratively some positive “weight” functions ; such that f 4+ ¢ —
> jelm) ¥ig; is positive on [=1,1]". The idea of this step is similar in spirit to
the proof of the inductive property in [21, Proposition 3.1] and relies on the
Lojasiewicz inequality.

2. Approximate /1, with the multivariate Bernstein polynomial ¢; on [—1,1]"
such that the polynomial H = f+e—)_ jelm] q? g; is positive on the unit sphere
sn=t

3. Apply Reznick’s Positivstellensatz [19] to the homogenization of H.

The complexity analysis of every step is derived to get the final degree bound ¢z~ °.

Afterwards, we obtain in Corollary 1 the same degree bound for the dehomoge-
nized Putinar—Vasilescu’s Positivstellensatz. This improves the bound O(exp(e™°))
obtained in our previous work [9], based on Nie-Schweighofer’s complexity result [11]
for Putinar’s Positivstellensatz [16]. Corollary 1 yields the convergence rate O(¢™°)
for the corresponding hierarchy of relaxations for polynomial optimization on general
(not necessarily compact) basic semialgebraic sets.
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1.3 Technical insights

We start to recall the two main steps in the proof of Nie and Schweighofer [11] for
the degree bound of SOS polynomials involved in Putinar’s Positivstellensatz:

1. Find a large enough k € N such that the polynomial
F=f+e- )‘Zje[m](gj - 1)%9]' (20)

is positive on [—1,1]". An estimate k > O(g™°) is obtained. Here £ > 0 measures
how close the polynomial f (assumed to be nonnegative on S) is to have a zero
on S.

2. Apply Schmiidgen’s Positivstellensatz to F on [—1,1]".

Notice that Schweighofer’s degree bound of Schmiidgen’s Positivstellensatz is expo-
nential in the degree of the given positive polynomial (n?f in (11)). Accordingly,
Nie and Schweighofer obtain an exponential bound nfE"
deg(F') ~ Ck as k — oo for some positive constant C.

One notable difference in our proof is that the weight A(g; —1)* in (20) is replaced
by a non-differentiable positive function ;. Surprisingly, we can prove that the square
root \/17] is a Lipschitz continuous function. Thus each \/27] can be approximated
with a Bernstein polynomials g; on [—1,1]. Here, the advantage of using Bernstein
polynomials is that the approximation error between \/% and ¢; decreases with a rate

in the second step since

which only depends on a Lipschitz constant of \/1/)7 , and |¢;| is upper bounded by the
supremum of /4 on [—1,1]™.

Next, we apply Reznick’s Positivstellensatz to the homogeneous polynomial H
obtained from the homogenization of

Hi=f4e—Y,0m @9 (21)

being such that the bounds of H and H on the unit sphere are the same. The important
point to note here is that the degree bound of Reznick’s Positivstellensatz is quadratic
in the degree of H and linear in the ratio ©(H) (see (7)). This is in deep contrast
with Schmiidgen’s Positivstellensatz, as there is no exponential dependency in these
two quantities. This leads to the difference between our convergence rate O(e~°) and
Nie-Schweighofer’s rate O(exp(e™°)).

One may ask whether with the same techniques from our proof, one could improve
the existing degree bound for Putinar’s Positivstellensatz. We have tried to apply the
degree bound (10) of Pélya’s Positivstellensatz to H after a change of coordinate, but
unfortunately this leads to the same bound as Nie and Schweighofer. The underlying
reason is that the norm ||p|| in (10) depends on the coefficients of p. In our situation, p
coincides with H and the coefficients of H are bounded by a value involving the coef-
ficients of the Bernstein polynomials. The bound on the largest coefficient, even for a
univariate Bernstein polynomial, seems to be exponential in the approximation order ¢,
namely, (2;) ~ \j‘% as t — oo. The same issue occurs when we apply the degree bound
of Schmiidgen’s Positivstellensatz instead of the one of Pélya’s Positivstellensatz.

2 Notation and definitions

In this section, we introduce mandatory notation and definitions. With = :=
(z1,...,2n), let Rlz] stand for the ring of real polynomials and let X[z] C R[z] be
the subset of sum-of-squares (SOS) of polynomials. Let us note R[z]; and X[z]; the
respective restrictions of these two sets to polynomials of degree at most t and 2t.

Given a = (ai,...,an) € N”, we note |a| := a1 + -+ + ap,. Denote Nf' = {a €
N™ : |a|] < t} for each t € N. Let (z%)aenn be the canonical basis of monomials
6
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for R[z] (ordered according to the graded lexicographic order) and v¢(z) be the vec-
tor of all monomials up to degree ¢, with length (n:t). A polynomial f € R[z]; is
written as f(z) = >, <, faz® = fTo(x), where f := (fa)a € R("") s its vec-
tor of coefficients in the canonical basis. The degree-t homogenization f associated
to f € R[z]; is a homogeneous polynomial of degree ¢ in n + 1 variables, defined by
(@, pi1) i= b f(x/Tns1). A positive definite form is a nonnegative homogeneous
polynomial which is positive everywhere except at the origin.

For a given real-valued sequence y = (Ya)aenn, let us define the Riesz linear
functional Ly : Rlz] = R by f — Ly(f) := >, fa¥Ya, for all f € R[z]. We say that
a real infinite (resp. finite) sequence (ya)aenn (resp. (Ya)aeny) has a representing
measure if there exists a finite Borel measure p such that yo =[5, ©*du(z) is satisfied
for every @ € N" (resp. o« € NY). In this case, (Ya)acn» is called the moment
sequence of p. Next, given y = (ya)aen» and d € N*, the moment matriz Ma(y)
of degree d associated to y is the real symmetric matrix of size ("Id) defined by
Ma(y) = (Ya+p)a,penn. Let g =3 gy27 € Rz]. The localizing matrix Ma(gy) of

n+d

degree d associated with y and g is the real symmetric matrix of the size ( M ) given

by Ma(gy) == (3., 91Yr+a+8)a,pens-

3 Representation theorems and degree bounds

In this section, we derive representations of polynomials nonnegative on semialge-
braic sets together with degree bounds. We extend these representations to the set of
continuous functions being nonnegative on compact domains.

3.1 Polynomials nonnegative on general semialgebraic sets

We analyze the complexity of Putinar—Vasilescu’s Positivstellensatz [17] in the
following theorem:

Theorem 2. (Homogenized representation) Let gi, ..., gm be homogeneous polynomi-
als of even degrees such that the semialgebraic set

S:={zeR" : gi(z) >20...,gm(z) >0} (22)

has nonempty interior. Let f be a homogeneous polynomial of degree 2dy for some
ds € N such that f is nonnegative on S. Then there exist positive constants ¢ and c
depending on f,g1,...,gm such that for all e > 0, for all k € N satisfying

k>ece °, (23)
there exist homogeneous SOS polynomials oo, ...,0m such that
deg(oo) = deg(o191) = -+ - = deg(omgm) = 2(k + dy) (24)
and
2k 2dy
zl2"(f +ellzlly”) =00+ o191 + -+ + Omgm - (25)
In particular, if m = 1 and g1 = 22 — ||2'||3 with ' := (z1,...,2n-1), then c = 65.

Moreover, each SOS polynomial o; involved in (25) can be chosen as the (single) square
of a homogeneous polynomial, for i € [m].

The proof of Theorem 2 is postponed to Subsection 3.4. In Theorem 2, all polyno-
mials are assumed to have even degrees. Next, we provide two corollaries where each
polynomial can have odd degree.

The following corollary is a direct consequence of Theorem 2.
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Corollary 1. (Dehomogenized representation) Let g1, . .., gm be polynomials such that
the semialgebraic set

S:={xeR": g1(x) >0...,gm(z) >0} (26)

has nonempty interior. Let f be a polynomial nonnegative on S. Denote df :=
|deg(f)/2] + 1. Then there exist positive constants ¢ and ¢ depending on f,gi,...,Gm
such that for all e > 0, for all k € N satisfying

k>ece °, (27)
there exist SOS polynomials oo, . ..,om such that
deg(oo) < 2(k+ds) and deg(ojg;) <2(k+ds),j=1,...,m, (28)
and
08 (f +e0%) =00+ 0191 + - + OmGm » (29)

where 0 := 1+ ||z||3. Moreover, if m =1 and g1 = 1 — ||z||3, then c = 65.

Proof. The proof of Corollary 1 is similar to the proof of [9, Theorems 4 and 5]. We
recall the basic ingredients. Let S be a homogenized version of S, defined by

§:={(z,xns1) ER™ ¢ Gi(@,2n41) 20, j € [m]}, (30)

dg .
with §j(z, Tnt+1) = :rif{ gj(x/Tnt1) being the degree-2d,; homogenization of g; and
dg,; := [deg(g;)/2], for j € [m]. Then the proof consists of three steps:

1. Prove that the degree-2d; homogenization of f, denoted by f , is nonnegative
on S.

2. Use Theorem 2 to obtain a representation of f together with the degree bound
on SOS polynomials.

3. Obtain a representation of f by evaluating the representation of f at Tp+1 = 1.

To apply Theorem 2, we need to show that if S has nonempty interior, then S has
nonempty interior. This statement holds since when a belongs to the interior of S,
one has §;(a,1) = g;(a) > 0, implying that (a,1) belongs to the interior of S. O

Note that the ice cream constraint 2, — ||z|3 is the degree-2 homogenization
associated to the ball constraint 1 — ||z||3.

3.2 Polynomials nonnegative on compact semialgebraic sets
The following corollary is deduced from Corollary 1.

Corollary 2. Let g1,...,gm be polynomials such that g1 := L — ||z||3 for some L > 0
and the semialgebraic set

S:={xeR" : g1(x) >0...,gm(z) >0} (31)

has nonempty interior. Let f be a polynomial nonnegative on S. Denote dy :=
|deg(f)/2| + 1. Then there exist positive constants ¢ and ¢ depending on f,g1,...,gm
such that for all e > 0, for all k € N satisfying

k>ece °, (32)
there exist SOS polynomials oo, . ..,0m such that
deg(oo) <2(k+df) and deg(ojg;) <2(k+df),j=1,...,m, (33)
and
(L+ |2]3)*(f +e) =00+ 0191+ + TmGm - (34)

Moreover, if m =1 and L = 1, then ¢ = 65.
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Proof. By using Corollary 1, there exist positive constants ¢ and ¢ depending on
f,91,--.,gm such that for all € > 0, for all k € N satisfying k > ¢, there exist SOS

polynomials og, ..., omn such that
deg(oo) < 2(k+ds) and deg(o;g;) <2(k+ds),j=1,...,m. (35)
and
0F(f +0%) =00+ 191 + - + OmGm (36)

where 0 := 1 + ||z||3. In addition,

dg—1
(L+1)% —0% = (L—|z)3) Y (L+ DY 77¢7 = s1g1, (37)
=0
where s1 = Zjigl(L +1)% 717997 is an SOS polynomial of degree 2(ds — 1). From
this,
OF[f +e(L+ 1)) = 0°(f +20%) + e0[(L + 1)¥ — %] (38)
=00+ (510" +a1)g1 + X7, 0595,
which yields the desired result. O

Remark 1. In Corollary 2, if m =1 and L > 0, we still obtain ¢ = 65. Indeed, up to
a scaling, one can always assume L = 1.

Remark 2. We can apply the technique used in the proof of Corollary 2, which consists
of replacing the perturbation 0% by e, to represent polynomials nonnegative on R™.
Let us consider an arbitrary large positive constant L and a polynomial f of degree
2dy which is nonnegative on R™. Then, thanks to [9, Theorem 3.2], for any e > 0,
for all k € N such that k > O(e™Y), 0°(f + €6%7) is an SOS polynomial, so that
0% (f +¢) = o0+ o1(L — ||z||3) for some SOS polynomials o;, i = 0,1. This is the
so-called “big ball trick”. This representation yields a linear convergence rate O(e™ 1)
for the minimization of polynomials on R™.

3.3 Preliminary material

This subsection presents some important lemmas that we use to prove the main
results.

Given Q C R", the distance of a € R™ to Q is denoted by dist(a, ). Denote by
B(a,r) (resp. B°(a,r)) the closed (resp. open) ball centered at a € R™ with radius
r > 0.

We recall the Lojasiewicz inequality in the following lemma:

Lemma 1. Let g : U — R be an analytic function on an open set U C R"™ and
Z:={x € K : g(z) = 0} for some compact set K C U. Then there exists « > 0 and
C > 0 such that

d(z, Z)* < Clg(z)|, Yz € K .

As a consequence of Lemma 1, we obtain the following result:

Lemma 2. ( /2, Corollary 2.6.7]) Let r > 0 and the semialgebraic set S = {x €
R"™ : g;(z) >0, j € [m]}, where g1,...,gm are polynomials. Then there exist positive
constants a and C such that, for all z in B(0,r),

dist(z, S)* < —C'min{g1(z), ..., gm(z),0}. (39)
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Given an open set U C R™ and a differentiable function ¢ : U — R, denote by
Vo(z) = [0z,0(2), ..., 0z, p(z)] the gradient of p at z € U. Given z = (z1,...,2,) €
R”, let ' := (z1,. .., Tn-1)-

As mentioned in [13, Theorem 3.8], one can prove that o € {1,2} in Lemma 1 if g
is a quadratic polynomial. The following lemma states an instance of this result:

Lemma 3. (Lojasiewicz inequality with ice cream constraint) Let g := z2 — ||2’||3 and
Z :={x €R" : g(z) =0}. Then for all z € R",

dist(z, 2)? < ‘9(2”)‘ . (40)
Proof. If © € Z, both sides of (40) are zeros. Let x € R"™\Z be fixed. Then
d(z,Z)* = min,{||x — y||3 : g(y) = 0}. Assume that (y,u) € R™ x R satisfies the
Karush-Kuhn-Tucker conditions:

{vynx —yll3 = uVyg(y), (41)
g(y) =0.

A
The first condition of (41) implies that 2(z —y) = p [ Y }, sox’ —y = —uy' and

2yn
—_ /o x’ . Tn s
Tn — Yn 2— ,uyn.QAssume that u/ ¢ {1,—1}. Then y' = i and y, = St Since
/
9@W) =yn = I¥'l2 =0, yn = £[ly/'||2. )
Let us consider the first case yn = ||y/[l2. Then 2o = 1272 1¢ implies that

1+p 1—p
p= e Note that z, # —|a||2 since g(z) # 0. From this, y = (nplelele

, PIEPS
’ ’
and y, = zn+gw ll2 Thus, ||z — y”g _ (@n sz 2)°

’ 2
Similarly, if we consider the case y, = —||3/||2, then ||z — y||3 = %
Let us consider the case of u € {1,—1}. Assume that 4 = 1. Then 2’ = 0 and
2
yn = . From this and the fact that 0 = g(y) = y2 — ||y/[|3, we obtain ||y/[5 = Z=.

2 2 2
T xT

_ ’ 2
It implies that ||z — y[3 = ly'[3 + (zn —yn)? = -+ 5 = 3 = W Thus,
zn— ||z’ 2
o — 3l = amlta?,

Similarly, if we consider the case 4 = —1, then ||z — y||3 = W
Thus,
d(z,2)* < gmin{(zn — ||2']|2)% (20 + [|2]|2)*}
< 3V (@n = [[27]]2)2(zn + [|27]2)? (42)
= gla — ll2/)13] = 12521,
yielding (40). O

A real-valued function f : U — R for some U C R" is called L-Lipschitz (or
Lipschitz) continuous on K C U if there exits a real L > 0 such that |f(z) — f(y)| <
L)z — yl|2, for all z,y € K. In this case, L is called the Lipschitz constant of f on K.
Given an open set U C R", a function f : U — R is called locally Lipschitz continuous
on K C U if for every x € K there exists a neighborhood W C U of x such that f is
Lipschitz continuous on W N K.

The following lemma is similar in spirit to [12, Section 2.4, Lemma 2]:

Lemma 4. Given an open set U C R"™, if the function f : U — R is locally Lipschitz
on a compact set K C U, then f is Lipschitz on K.

Proof. Since f is locally Lipschitz on K, for each x € K there is some r; > 0 and
L, > 0 such that B(z,r,) C U and f is Lg-Lipschitz on B(z,r;) N K. Then the sets
Bz, %’I‘I), x € K form an open cover of K. Due to the compactness of K, there exists
a finite subsequence of B(z, %rl-), x € K covering K. For convenience, denote these

10
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by B(zk, 37%) and L := Le,, k € [I]. Let M := sup,c |f(2)|, 7 := 3 mingep s,
Lo := Qy and L := max{Lo, Lr : k € [I]}. Then L is a Lipschitz constant of f on K.
To see this, pick z,y € K. If ||x —y||2 > r then we see that ORI % =Lo < L.

lz—yllz  —
If ||z — y[|2 < r, then for some z) we have © € B(xk, +7%). Then y € B(wk, rx) and so

|f(z) = FW)] < Llle — yll2 < Lllz — yll2. 0

Lemma 5. (Kirszbraun’s theorem [7]) If U is a subset of R™ and f : U — R is a
Lipschitz continuous function, then there is a Lipschitz continuous function F : R™ —
R that extends f and has the same Lipschitz constant as f. Moreover the extension is
provided by

F(z) = infuev{f(u) + L¢llz — ull2}, (43)
where Ly is the Lipschitz constant of f on U.

Given Q C R", denote by C(£2) the set of continuous functions from Q to R.
We recall basic properties of the multivariate Bernstein polynomials described, e.g.,
in [5,6].

Definition 1. (Multivariate Bernstein polynomials) Let d € N™ and f € C([0,1]").
The polynomials

Bra(@) i= X o+ S so £ (5o 5 ) T ()2 (=2~ ] (a4)

J

are called the multivariate Bernstein polynomials of f.

Note that deg(By,q) = > d; and the binomial identity implies

J€[n]
SUP,efo,1)n [Br.a()] < supejoun [f(@)]- (45)
Lemma 6. (Error bound) If f € C([0,1]") is L-Lipschitz, namely |f(z) — f(y)| <
L||x — y|l2 on [0,1]", then for all d € N", the inequality
n 1
|Bya(x) — f(2)] < 57, 7)° (46)

holds for all € [0,1]™.

Proof. Let x € [0,1]" be fixed. To simplify the notation, we define b; := (dl);rj’ (1-

x;)% ki for j € [n], and k = (k1 by

rRE Z2). Then, we have:
n

|Bra(z) = f@)* < (Z|f(k) = f(@)[br-..bn)?
< LZ(S Ik = wllaby -+ -ba)?
< L2 (k= 3by--ba) (b ba)
=L Z(Zr(% —27))b1 - by (47)
=L ZT(Z(% —x)%by -+ - by)
— 2 Zr Ir(ld:zr)
<Y,

For the first inequality, we have used the multinomial identity 1 = [ ,[z;+(1—z DY =
> b1...by and the triangle inequality. For the second one, we have used the fact that
f is L-Lipschitz. For the third one, we use that for all a,b € R" and all ¢ € R}, one
has (3 arbrer)? < (Y afc) (X bick). The last equality comes from the identities
Zz::o(kT —drz,)%b, = dyxe(1 — ) and Hﬁér(ZZj:O bj) = 1. The last inequality is
obtained by noticing that we have z,(1 — z,) < 1/4. O

Let e ;= (1,...,1) € R". As a consequence of Lemma 6, we obtain the following
result after a change of coordinates.

11
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Lemma 7. If f € C([0,1]") is L-Lipschitz, namely |f(x) — f(y)| < L||jz — y|l2 on
[—1,1]", then for all k € N1, the inequality

By say-onke (3 ) = f(@)] < L(Z)é (48)

holds for all x € [-1,1]". Moreover, we have

SUPge[—1,1)» |By0—>f(2yfe),ke (z;e) | < SUPge[—1,1]n |f(@)]. (49)

Proof. Define g : [0,1]" — R by g(z) := f(2x—e). Let us compute a Lipschitz constant
of g. With z,y € [0,1]", by the Lipschitz continuity of f, we have

lg(z) —g(y)l = |f(2z—e) = f(2y —e)]
< L|2z—e—2y+e|- (50)
= 2Lfz—yl..
Then 2L is a Lipschitz constant of g. Let k € N=!. Using Lemma 6, we get that for
all z € [0,1]",
n 1 nal
| Bg.re(z) — g(2)] < (X7, )% = L(})= . (51)
Let y € [~1,1]". Then ¢ € [0, 1] implies that
€ € € n l
| Boke(15%) = F(W)] = [Bore(455) — g(45°) < L(R)2 . (52)

yielding (48).
In addition, from (45),
y

SUPye[—1,1] | Bgke( ;re)| = SUPze[o,1]m | Bg,ke ()|
< sup,cpoapn [9(2)] (53)

= sup,cr_1.1) [9(45%)| = supye_1 4y [F (W)
which yields (49). O
For each h € R[z], let

SuUp, egn—1 h(x)

O = o b @)

(54)

For later use recall the following theorem.

Lemma 8. (Reznick [19, Theorem 3.12]) Suppose that p € R[z] is a positive definite
form of degree 2d, for some d € N. Then for all k € N satisfying

2nd(2d — 1) n+2d
gz OW) 5 (55)

llz||3*p is a homogeneous SOS polynomial of degree 2(k + d). More precisely, ||z||3*p
is a sum of powers of linear forms.

3.4 The proof of Theorem 2

Recall that [I] := {1,...,l} forl € NZ!. Given real value functions p, g, we use the
notation {p * q} = {z € R" : p(z) * g(z)}, where x € {=,>,<,>,<}. Given a real
value function p on Q@ C R", note ||p|la := sup,cq [p(x)|. With Q C R™, denote by
int(€2) the interior of Q.

Given U,V C R" and r € R, note U+ V ={u+v : v € U,v € V} and
rU = {ru : uw € U}. Given a function f : U — Rand A C U C R" such that A = —A,
f is called even on A if f(—z) = f(x) for all z € A. Denote by S™* the unit sphere
of R™.

To begin the proof, let us fix ¢ > 0. By assumption, deg(f) = 2dy, deg(g;) = 2dy,
for some d,dy; € N, for j € [m].

12
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3.4.1 Construction of the positive weight functions
For j € [m], define
Sj={z €R" : gi(x) 20,4 € [j]}. (56)

Obviously, we have S,, = S. Note Sp := R" and f,, := f.
We will prove that there exist functions @, : R™ — R such that the following
conditions hold:

1. @m is positive, even and bounded from above by C,, = 7rme™ "™ on B(0, y/n+m)
for some positive constants 7., and r,, independent of ¢.

2. @m is Lipschitz with Lipschitz constant Lg,, = t;e~ "™ for some positive con-
stants &, and t,, independent of ¢.

3. fm—1:= fm + £ — @r.gm satisfies:
(a) frm—-1>0o0n Sp—1NB(0,v/n+m—1);

(b) fm-1 < Cy,,_, on B(0,y/n+m), where Cy, , = ém_1e ™! for some
positive constants ¢,,—1 and ¢, —1 independent of ¢;

(¢) fm—1 is Lipschitz on B(0,y/n + m) with Lipschitz constant Ly _, =
s j -

lm—1e~ "1 for some positive constants l,,—1 and l,,—1 independent of
€.
Let .
M,, == inf ORS 3 (57)
c€SmNB(0,vatm) gm(T)
The constant M, is a positive real number. Let Cy,, = |lgmll5(0, /mtm)-
We claim that 202 < My, < co. Indeed, if z is a feasible solution of (57), z € S
yielding f(z) > 0 so that
+ £
UCORS SO ° (58)

> .
gm(z) T 2gm(2) T 2C,,,

From this, we have M,, > 2059 —. On the other hand, there exists a € R™ such
that g;(a) > 0 for j € [m] since S has nonempty interior. For j € [m], since g; is
homogeneous, a = 0 yields g;j(a) = 0. It implies that a # 0. With a = Talz €
B(0,1) C B(0,+/n + m), we obtain g;(a) > 0 for j € [m] since

(@) — o () — 9@ e m
9(a) g;<||aH2> 1o >0, V) €[m]. (59)

Thus, a is a feasible solution of (57) which yields

G+ e O+ €
oM, < T@Fs Gts (60)
2C,., gm (@) gm (@)
where Cy := HfHB(o,\/mm)-
Let 1, : R™ — R be the function defined by
fl@)+5 :
o () 1= max{ My, gm(z)z} if gm(a:‘) <0, (61)
M, otherwise.
13
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The function f+45—, g is nonnegative on S,,,_1NB(0,/n+m). Namely,
we claim that

f—|—§—1/1mgm200n Sm—1 N B(0,/n+m). (62)
Let y € Sie1 N B(0,v/n+m). If gm(y) < 0, then
FW) + 5~ Um@omy) = F) + § — gm(y) max{ My, L2E2} (63)
> f)+5—gmy) 2 0.
Otherwise, gm(y) > 0 gives
fy) + 5 = Ym(y)gm(y) f( )+ 5 —gm(y )M;n( "
W) +5—gmy)5ons =0 ifgm(y) >0, (64)
(y)+%ZO if gm(y) =0,

since y € S is a feasible solution of (57).

The function 1, is positive, even on B(0,/n +m) and continuous on
Sm—1NB(0,/n+m). Tt is easy to see that 1, is bounded from below by M,, and
continuous on B(0,+v/n + m)\{gm = 0} since the max function (t1,t2) — max{ti, 2}
is continuous.

We claim that v, is continuous on Spm—1 N B(0,v/n + m) N {gm = 0}. Indeed,
let us consider a sequence (y;); C Sm—1 N B(0,v/n+ m) N {gm < 0} such that y; —
¥ € Sm-1N B0,vn+m) N {gm = 0}. Then gm(y) — 0~ and f(y) = f(7) >0
(since § € S) yielding that % — —oo. It implies that max{My,, f;:’yfg;l)é} — M.
Thus, ¥m = My, on a sufficiently small neighborhood of any point in S,,—1NB(0, \/ﬁJr
m) N {gm = 0}. On the other hand, v, is even, i.e., Ym(x) = Ym(—z) due to the fact
that f,g1,...,gm are even and B(0,+/n +m) = —B(0,/n +m).

The upper bound of ,, depends on . It follows from (60) that 1, = M,

on B(0,+/n+ m) N {gm > 0} and so is bounded from above by f;i)(-g)%

Let us compute an upper bound of ¥, on Sy,,—1 N B(0,/n +m)N{gm < 0}. Let

Yy € Sm—1 N B(0,+/n +m) be such that g..(y) < 0 and f;i?+% > My,. Then ¢, (y) =

(v)
f;:)(-;?' By using the Lojasiewicz inequality (see Lemma 2), there exist Cy, > 0 and

am > 0 depending on g1, . .., gm such that for all z € Sp,,—1NB(0, v/n+m)N{gm < 0},

dist(z, S)*™ < —Cp, min{g1(z), ..., gm(x),0} = —Cgm(z) . (65)
Let 0., = c - (QEf )™ where Ly is a Lipschitz constant of f on B(0,/n+m). Consider

the following two cases:
e Case 1: gm(y) < —dm < 0. Then
fw+5 —fly)—3 Cy Cy 205\
Vm(y) = = < < < CnC . (66
R 7 o ) Rl S Al W= (©0)

o Case 2: —dm < gm(y) < 0. Let z € S such that dist(y,S) = ||y — z||2. Then
(65) turns to —f(y) < £ according to

—fly) < —f(2)+Lslly — f||2 < Ly dist(y, 51) (67)
SLf( Cmgm(y))“m <Lf(C (5 )O‘m = %
From this, we obtain
Mm<f(y)+§_—f(y)_§< 373 _ < (68)

gm(y)  —gm(y) T —gm(y)

The contradiction indicates that this case does not occur.

14
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Thus, the bound is given as follows

sup Y (z) < max{f(a)i—f)%,omcf (%)am} =: Cly,, - (69)

€S, _1NB(0,v/n+m) gm(a’

Moreover, we obtain the inclusion

Sp—1 0 B0, vn+m)N{&m > Mun} N {gm <0} C {gm < —m}, (70)
where &, (x) = f;:};?. Let pm be the square root of ¥, i.e., om(x) = \/tUm(T).

Then ¢, is well-defined on B(0, /n+m) since 1y, is positive. Moreover, ¢, is finitely
bounded from above on S,,,—1 N B(0,/n+m) by C,,, := 1/Cly,, and ¢, is continuous
on Sy—1 N B(0,y/n + m) since &, is continuous on Sm—1 N B(0, /1 + m).

The function ¢, is Lipschitz continuous on S,,_; N B(0,/n +m — 1).
Keep in mind that 1., is defined by the constant function M,, and the function &,,.
Since ¢, takes the constant value v/ M,, on B(0,/n+m)\({&m > Mpn} N {gm < 0}),
¢m is Lipschitz continuous on B(0,v/n + m)\({¢m > Mmn} N {gm < 0}) with zero
Lipschitz constant.

On the other hand, ., = /&, on B(0,v/n+m)N{&n > My} N{gm <0}. Asa
consequence of (70), we have

Sm—1 N B(0,v/n+m) N {&m > M} N {gm < 0}

= St A B(O./T 4+ m) N {Em > My} O {gon < —6m}- (71)

It implies that

(z) = Em(z) ifx € Smo1 NB(0,vn+m)N{&n > Mn} N {gn < —0m},
P TN i€ (Smot 1B,V m)\{m > M} 0 {gon < —50)).
(72)
The second equality is due to the fact that @m = /My, on (Sm—1 N B(0,/n +
m)\({&mn > Mm} N {gm < 0}) and

(S (1 B(O, /it + m)\{&m > M} 0 {gm < 0})

DA
= (Sm-1NB(0,v/n+m))\[Sm-1N0B(0,vn+m)N{&n > Mun} N {gm < 0}]

= (Sm-1NB(0,vn+m)\[Sm-10 B0, Vn+m) N {&m 2 Mn} N {gm < —m}]
= (Sm1NBO0,vr+m)\({&n = Mm} N {gm < —0m}). 79
73

Let Lg,, be a Lipschitz constant of g,, on B(0,/n + m). Set
R Om 6§3n
S {1’ 2Ly, 8ConLiCop + (C5 + 5)Lg,] } i
and

W == (B(0,vn+m — 1) N {n > M} N {gm < —0m}) + wnB(0,1).  (75)

Then B(0,v/n+m—1)N{&n > Mmn} N{gm < —0m} C Wi,. Next, we prove that
M, Om
Wi € BOV+m) 0 {6 > 22y 1 g, < -y, (76)

Let y € W,y,. Then y = 2 + wpu for some z € Sp—1 N B(0,v/n+m —1)N{&n >
My} N {gm < —6m} and for some v € B(0,1). Combining ||zl < vn+m — 1,
0 < wm < 1 and |lul|]z2 < 1, one has ||y|l2 < ||z]l2 + wml|lullz < /1 + m, yielding
y € B(0,y/n+m). Since gm(z) < —06m, we have

Sm Om

9 (8) < 9 () + Ly 922 < bt Ly wlulle € ~8t Ly 5o < =2 (77)
9m
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Thus y € {gm < —57’"}. This in turn implies

|£m (y) - £m (Z) |

f(w+5 f(2)+5

gm () gm (2)
[(f(W)+5)gm ()= (f(2)+5)gm (¥)|
[9m (¥)[1gm ()]

Z1(fW) T 5~ F(2) = $)gm(2) + () + 5)gn(2) —am@)]  (78)
A 17@W) — FEllgn (] + ()] + Dlgm (=) — gm@)]

Lslly — 2ll2Co + (C5 + ) Lonllz — ull2

L Ly Cop +(Cr + 3L lwmllulls < i < Y

w%w%

m*m

IA AN IA

52
n

Since &m(2) > Mm, we obtain &n(y) > &m(2) = [Em(y) — &m(2)] > M — 252 = 252,
yielding y € {&m > 22}, which concludes the proof of (76) and ensures that /&, is
well-defined on W,,.

Let us prove that /&, is Lipschitz on W,,. Let y, z € W, such that y # z. Then

[VEm @) —v/Em(2)]
Iy
|‘§m(y‘) —&m ()|

Hy_z”2(\/fm,(y)+\/§7n(z))
f+5  f()+5

S Qm(l?\!/j) T Tam ()
2y/ S lly—=ll2
< ‘(f(y)‘i’ )gm (2)— (frn(z)+ )gm (v)|
Y O P By e
2 +5)9m(z m(2)+5)gm
< [(f(y) 2)9 (2)=(fm (2)+ 5)gm (v)| (79)
52, [t v —=Il2
_ AU+ 5-F (@) =3)gm (@D () +5)(gm (2)—gm ()]
62, Jaeo—lly—=l2
< 2fw- f(z)l\gm(Z)H(lf( )|7L Ngm (2)—gm ()]
- S/ acs—lv==l2
< 2[Lylly— Zl\zcgm+(cf+ ) Lgy, l12—yll2]
- 62, lly—=ll2
S Q[Lfcgm+(cf+ )Lgrn] =L 0,

LRVt -

Thus, L /g is a Lipschitz constant of /&, on Wp,.

Set K := Sp_1 N B0, vn+m —1), K1 := KN{&m > M} N {gm < —6m} and
Ky := K\({&m > M} N {gm < —dm}). Note that K = K1 U Ko and K1 N Kz = ().
From (72), ¢m = v/&n on K1 and ., = v/M,, on K.

To conclude that ¢, is Lipschitz on K according to Lemma 4 (see Figure 1), it is
sufficient to prove that ¢, is locally Lipschitz on K.

Explicitly, we will show that for all z € K, ¢, is Llpschltz on B(z, *=)N K with
Lipschitz constant L g—. Let z € K. Let u,v € B(z, %) N K and con51der the
following cases:

e Case 1: u,v € K1 Then wu, v € W,, by definition of W,,. Moreover, o, (u) =
Em(u) and @m(v) = 1/&m(v). In this case, by the Lipschitz continuity of v/
on Wp,,

|om (1) = e (v)] = [VEm (1) = Vén(v)| < Lygrllu—vll2. (80)

e Case 2: u,v € K». In this case, pm(u) = ©m(v) = /My, so that
() — Pm(®)] = 0 < Lye=lu vl (81)
e Case 3: u € K; and v € K>. We claim that B(z, “») C W,,. Let ¢ € B(z, “3»).

)
Then |lg —ull2 < ||lg— 2|2 + ||z — u||2 < wm yielding ¢ € v+ wm B(0,1) C K1 +
W, B(0,1) C Wi, Then u,v € B(z, %) C Wy, Moreover, @m(u) = 1/&m(u)
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\ !

Figure 1: Ilustration for the proof of the Lipschitz continuity of ¢, on K
(rectangle). Here K = S,,_1 N B(0,\/n+m—1) and U = K 4 %= B°(0,1) with
the notation of Lemma 4.

and @ (v) = v Mp,. According to the continuity of &, on B(z, %) C Wi, and
the convexity of B(z, %), there exists y € B(z, %2) N {&m = Mm} N {tu+(1—
t)v : t €[0,1]}. Then with y = Au + (1 — A\)v for some A € [0, 1], we have

lom(u) = om) < lom(u) = m )| + lem(y) — @m(v)]
< V(W) = VEm W) + [V Mm — VM|
< Lygllu—vyl2 (82)
< Lygzllu—Adu— (1= X2
< L= Nlu—vl2 < Lgrllu—vl2.

From the proof of Lemma 4, the Lipschitz constant of ¢,, on K is given by

4C,,,
L@m = max{ ww 7L\/577} 5 (83)

m

Here we have covered K by a finite sequence of balls with radii “f> and centers lying
on K.

The function ¢,, has a Lipschitz continuous extension @,,. Let ¢, :
R™ — R be the function defined by

Pm(@) i= i {om(y) + Lonlle =yl 5 y € Smoa NBOVA+m =1}, (84)

By Kirszbraun’s theorem (stated in Lemma 5), @, is Lipschitz continuous with Lips-
chitz constant Lg,, and @m = @m on Sm—1 N B(0,v/n+m —1).
17
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The function ¢,, is even, positive and has a finite upper bound on
B(0,v/n +m) depending on . Let us prove that @., is even. Consider

pm(=2) = nf{om(y) + Lo | =@ —yll2 - y € Sm_1 N B(0, Vn+m—1)}.  (85)

Let y be any feasible solution of (85). Since g1, ..., gm—1 are even, S,,—1NB(0, /n+m)
is symmetric, i.e., Sm—1 N B(0,v/n +m) = —S;,m—1 N B(0,+/n + m), it turns out that
—y is a feasible solution of (85). Thus,

@m(—x) = infy{om(—=y) + Lo, [l =z +yl2 : =y € Sm—1NB(0,/n+m—1)}
= o)+ Loy ks Y€ Suos B0,V = 1)) = o)
86
where the latter inequality is due to the fact that ¢, is even (since &m, gm are even).
From this, @,, is even. It is not hard to show that @,, > v/ M,, since @, > v/ M,y,.
Let us estimate the upper bound of @, on B(0,+/n +m). Let x € B(0,y/n+ m)
and y € Sm—1 N B(0,v/n+m —1). From (84), we get

Gm (@) < omY) + Lon llz —yl2 < Co,, + (2(Vn+m) —1)Lg,, =: Cp,,. . (87)

Thus,
SUPLe B (0, vitm) Pm(T) < Co,, - (88)
Set fm—1:=f+5— B G-
From (62) and since @, = @m = V¥m on Sm_1 N B(0,/n+m —1), fm—1 >0
on Spm—1N B(0,y/n+m —1). Since @, is Lipschitz continuous, fn,—1 is Lipschitz
continuous on B(0, v/n 4+ m).

A bound and a Lipschitz constant of f,,_; on B(0,/n+m) both depend
on €. Let us compute an upper bound of |fr,—1| on B(0, /n+m). Let y € B(0,/n+
m). Then

|1 S 1F W)+ 5+ &m®)?lgm ()] < Cr + 5§+ Co,, CF,,, = Cpny - (89)

Thus,
Hfm—1||B(0,\/H+m) < Cf‘m—l . (90)
We now estimate the Lipschitz constant of f,,—1 on B(0,v/n +m). Let y,z €
B(0,+/n + m) such that y # z. Then
[fm—1(¥)—=Ffm—1(2)|

ly—=z]l2 ) )
Lf (W)= f () +]Em (¥)“gm (¥) —Bm (2)"gm (2)]

<
B om0 3 b (52 0 ()
Pm m —¥Pm m
= Lf\jr( g (1) oo g (2]
Pm (2)°gm (¥) —Bm (2)°gm (2 91
+ lv—=I12 . (O1)
= Li+ ‘g'rn(y)l‘¢7n<y>+¢7n(2)‘I@vrt(ly)7¢"irL(z)‘+957n(z> lgm (¥) =gm (2)|
Yy—z|[2
2Cyg,, Cpy L ly—2l2+C2  Lg,, lly—zll2
Ly+ FRED

A

Lf + ZCQTILL¢77LC¢7YL + Lgnzcém = Lfm71 N

Then, Ly, _, is a Lipschitz constant of f.,—1 on B(0,y/n + m).
Notice that Cg,,,Lg,,,Cy,, 1, Ly, _, are obtained by composing finitely many

times the following operators: “+47, “—7  “x7  “x” ¢ . |7 “(zq,22) — max{z1,z2}”,
“(z1,z2) = min{z1,z2}”, “(-)*” and “y/”, where all arguments possibly depend
on e. Without loss of generality we can assume Cg,, = Tme™ "™, Lg,, = tme™tm,

_ e 1 _ T _
gfm71 = Cm-16 ™1, Ly | = lm_1e” ™! for some Tm, 'm, tm, tm, Cm—1, Cm—1,

lm—1, lm—1 large enough and independent of ¢.
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Backward induction. Repeating the above process (after replacing f; by fj—1)
several times, we obtain functions @; : R = R, j =m,m —1,...,1, such that,

1. @; is positive, even and bounded from above by C; = 7;e~"7 on B(0,v/n + j)
for some positive constants 7; and r; independent of €.
2. @; is Lipschitz with Lipschitz constant Lg, = tje " for some positive constants
t; and t; independent of ¢.
3. fim1 = fi+ gmsyr — cﬁ?gj satisfies:
(a) fi-1=00nS;-1NB(0,vn+j—1);
(b) fi—1 < Cy;_, on B(0,y/n+j), where Cf,_, = ¢j_1e~ = for some positive
constants ¢j—1 and ¢;—1 independent of ¢;
(¢) fj—1is Lipschitz on B(0, v/n+j) with Lipschitz constant Ly, , = lj_qeti1
for some positive constants [;_1 and [;_; independent of €.

Then )
fo fitsm — @1912 ,
(f2 4 7= — P392) + 55 — Piq1
= fa+ (gm% + 55) :@392 - 85%!211
:"':fm‘lf'EZ?;F_Z?;Nbigi (92)
e l—5m —
=f+3 1_2% - Pigi
=f+el—z7) - XL Pioi-
From this and since fo > 0 on Sy N B(0,/n) = B(0,y/n) D [—1,1]", we obtain

£

om ol [-1,1]™. (93)

f+e- Z @igi >
=1
3.4.2 Polynomial approximations for the weight functions

Approximating with Bernstein polynomials. For each i € [m], we now
approximate @; on [—1,1]" with the following Bernstein polynomials:

xr+e
2

Bz(d) (2) = By g (2y—e) de ( ) , deN, (94)

with e = (1,...,1) € R". By using Lemma 7, for all z € [-1,1]", for i € [m],
1

|B{? (z) — @i(w)| < Lg, (%) ", deN, (95)

and the following inequality holds for all = € [—1,1]", for i € [m]:
|B{ ()] < suppei 1,10 |@i(2)] < Cp, (96)

For i € [m], let

2C;,C2 nL2, 1)%2°m
di = 2ui with Ui = ’V 8¢ Wzn i_?é(m—i_ ) ~‘ ) (97)
where Cy, := ||gill 5(0, ymt4), for i € [m]. Then for all z € [-1,1]",
1
di = n 2
B (@) - gi() < Lo, (2)
3
n 98
< L, <4C§iciinLii(m+l)222m ) (98)
e2

— €
= 3Gy, Cg, (mTD)2m °
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Converting to homogeneous approximations. Fori € [m], we write dei)

?if) hgj) such that h§j) is a homogeneous polynomial with deg(hw) = 7. Sefc pi =
%[Bi(d”(m)qLBi(di)(fm)], for i € [m]. Then p; = >0 h<2t) for i € [m], since hl(])(m) =
hgj)(—:c) if j is even and hij)(m) = —hgj)(— ) otherwise. Since @; is even, @;(z) =
1[@i(2) + @i(—=)]. It implies that for z € [~1,1]", for i € [m)],

pi(z) — @i(z)] = [3[BI") () + B (—2)] - L]gi(z) + @i(—a))|

< 31B (@) = @il@) + 3B (<o) — pil-2)| (99)
< 1Cy, Cy, (m+1)2m + acy, C%(m+1)2m = 20, Cwl(m+l)27” :
and
(di) (di) 1
Ipi(x)] < (IB (@) +|B;" (2)]) < §(C¢1+C¢) Ce, - (100)

Set gq; 1=y hl@t) HxHS(mﬁt). Then g; is a homogeneous polynomial of degree 2nu;
and ¢; = p; on S, for i € [m]. Thus for i € [m], |g:(x) — @s(z)| < W
and |gi(x)| < Cp,, for all z € S"~!. From these and (93), for all z € S"~!

f(@) +e—2 a (x)229i(x) - , ,
= flo)+e— 3" @i(x) gi(z) + 200, gi(2)[pi(x)” — qi(z)?]
> gm — Zﬁl |gi(2)]|@i(2) + qi(@)|pi(z) — qi(2)]
> gwm = Zz 1 Cos@) (12:(2)| + 19:(2) ) 35, 5 Gz (101)
Z gm QCQIC%W
2% - (mjrnls)zm - (m+1)2m :

Moreover, for all z € S,
fl@)+e->", qi(x)’gi(x) < Cr+e+ > C;ngi =:CFp. (102)

3.4.3 Applying the global positivity certificate
Set D := max;¢c(m){2nu; + dg;,ds} and

2(D—dy) 2d 2(D—2nu;—dg,;)
= llally ™ (f +ellell™) = X gid |l o (103)
Then F is a homogeneous polynomial of degree 2D and for all z € S* 1,
Cr = Flx) = f(2)+ = X :@)20:(x) > g (104)

It implies that F is a positive definite form of degree 2D with inf cgn—1 F(z) >

T yam and sup,cgn—1 F(z) < Cp. There is no loss of generality in assuming Cr =
be~? for some large enough b > 0 independent of . Similarly assume that D > de~¢

for some large enough d > 0 independent of €. From this,

—b
O(F) < bi =b(m+1)2me 7L, (105)
(m+1)2™
Set 4 4
_ 2nde~*(2de™ — 1) gmo—b=1
K = 1
Zlog2 b(m +1)2 (106)
Then 2mD(2D — 1) 2D
= n — n+
> — .
K> 1log2 O(F) 3 (107)
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Clearly there exist positive constants ¢ and c¢ independent of € such that e > K.
Let K € Nand K > ¢ée~ ¢ > K. According to Lemma 8, there exists a homogeneous
SOS polynomial sy of degree 2(D + K) such that ||z||3% F = so. Tt implies that
2(D—d;+K) 2d m 2(D—2nu;—dg; +K)
(E1S ! (f +ellzlly™)  =s0+ 3200, 94 ||zl ! (108)
=380+ ", GiSi,

where s; := qiz||x||§(D72nurd9i+K> is a homogeneous SOS polynomial such that deg(g:s:) =

2(K + D), for i € [m]. Set k = D—dy+ K. Then ||z]|3*(f+¢l|z[l>") = so+ 27, gisi
with deg(so) = deg(gisi) = 2(k + dy), for i € [m].

The case of the ice cream constraint. Assume that m = 1and g; = 22 —||2’||3
with =’ = (z1,...,2n-1). We shall show that ¢ = 65. Using Lemma 3, we can take
am = 2 in (65). We then obtain the following asymptotic equivalences as ¢ — 07:

O ~ R162 = Cdlm ~ R2572 = Cwm ~ RgEil = Wm ~ R455 = L é"” ~ ]%56;‘7g
= Lg,, ~ Ree™® = Cj,, ~ Rre™® = upm ~ Rge 2% = d,, ~ Roe™
= Cr~Rie?=>D~Re*=>b=12=d=26= K ~ Rize™®
= c = 65.
(109)
for some R; > 0 independent of €, j € [12]. This completes the proof of Theorem 2.

4 Polynomial optimization

This section is concerned with some applications to polynomial optimization.
Consider the following POP:

f* = inf f(z), (110)
where f € R[z] and
S={zeR" : g;(x) >0, € [m]}, (111)

for some g; € R[z], j € [m]. Recall that = 1 + ||z||3.

4.1 General case

In this subsection, we improve the convergence rate of the Moment-SOS hierarchy
described in [9, Theorem 4.3], based on Putinar—Vasilescu’s Positivstellensatz [17].

Theorem 3. Let f,g1,...,gm be polynomials such that f* defined as in (110) and S
defined as in (111) satisfy that S has nonempty interior and f* > —oo. Let ¢ > 0
and denote go := 1. Let dy := |deg(f)/2] + 1 and dg; := [deg(g;)/2], j € {0} U [m].
Consider the hierarchy of semidefinite programs indexed by k € N:

T = inf Ly (6°(f +260%))

s.1. y::(ya)aeN&df+H CR,
Myta, (y) = 0, (112)
Mk}+df7dgj (gjy) t 07 ] S [m}v
Ly(6%) =1.
For every k € N, the dual of (112) reads as:
pi) = supyeafX: 08 (f — A +e0%) € Qpias}, (113)

where Q, is defined as in (15). The following statements hold:
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1. For all k € N,

P <o < f (114)

2. Assume that problem (110) has an optimal solution x*. Then there exist positive
constants ¢ and ¢ depending on f,gi1,...,gm such that for all k > ce™°,

0<pl® — f* <eb(z*) . (115)

3. Strong duality holds for all orders k of the primal-dual problems (112)-(113).

The proof of Theorem 3 is exactly the same as the proof of [9, Theorem 7]. The
second statement relies on Corollary 1. The third statement is due to the Slater
condition [24, Theorem 3.1] since S has nonempty interior (see in detail [9, Proposition
2 and Remark 3]).

4.2 Compact case

In this subsection, we consider the case when S is compact by assuming that a ball
constraint is present. We can then remove the perturbation term 0%/ in the hierarchy
based on Putinar—Vasilescu’s Positivstellensatz, described in the previous subsection.

Theorem 4. Let f,g1,...,g9m be polynomials such that f* defined as in (110) and
S defined as in (111) satisfy that S has nonempty interior and f* > —oo. Denote
go := 1. Let dy := |deg(f)/2] + 1 and dgy; := [deg(g;)/2], j € {0} U [m]. Assume
that g1 = L — ||z||3 for some L > 0. Consider the hierarchy of semidefinite programs
indexed by k € N:

T,E()) ==inf L,(0%f)
s.t. Yy = (y&)aEN;(df_*_k) C Ra
Miya, () = 0, (116)
Mk+rif—dgj (gjy) i 07 ] € [m]a
Ly0%)=1.

For every k € N, the dual of (116) reads as:
P i=supserfA 1 0% (f = A) € Qusa, (117)

where Q, 1is defined as in (15). The following statements hold:
1. For all k € N,

o <ol < f (118)
2. There exist positive constants ¢ and ¢ depending on f,g1,...,gm Such that
a2t
o< —p” < () (119)

3. Strong duality holds for all orders k of the primal-dual problems (116)-(117).

Proof. The first and third statements of Theorem 4 can be proved similarly to the
ones of Theorem 3. Let us prove the second statement. By using Corollary 2, there
exist positive constants ¢ and ¢ depending on f, g1, ..., gm such that for any ¢ > 0, for
all k > ce™¢,

0" (f — f* +¢) € Quyay - (120)

Let K € N. Set e = (%)% Then € > 0 and K = ce™ “, so that

0" (f = f* +€) € Qrtay - (121)
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It implies that f* — e is a feasible solution of (117) with relaxation order K, yielding

1

0<f =g <f - —g=c=(5)". (122)

Hence the desired result follows. O

Remark 3. The authors’ bounds in Theorems 8 and 4 are only for worst cases. In
fact, for generic cases of polynomials, the Moment-SOS hierarchy based on Putinar’s
Positivstellensatz (in [8]) has finite convergence [10].

5 Conclusion

We have provided a new degree bound on the sum-of-squares (SOS) polynomi-
als involved in Putinar—Vasilescu’s Positivstellensatz. The Moment-SOS hierarchy of
semidefinite relaxations based on this Positivstellensatz provide a sequence of lower
bounds on the minimum of a polynomial on a basic compact semialgebraic set. More-
over, this sequence of lower bounds converges to the minimum with the rate O(~°),
at prescribed accuracy € > 0. We emphasize that our result yields better convergence
rates than the previous rate O(exp(¢~°)) one by Nie and Schweighofer [11] for Putinar’s
Positivstellensatz, at the price of making stronger assumptions, namely that the set
of constraints has nonempty interior and involves a ball constraint, and denominators
are used.

A topic of further investigation is the analysis of the convergence rate of the
Moment-SOS hierarchy for lower bounds in some special cases of basic (compact)
semialgebraic sets. A fairly straightforward idea is to find the explicit constant « in
the Lojasiewicz inequality stated in Lemma 2. We could then proceed analogously to
the proof of the rate O(¢7%) for the minimization of a polynomial on the unit ball.
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