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Abstract

Several recent works on nonatomic routing games suggest that the performance degradation of
selfish routing with respect to optimal routing is overall low and far from worst-case scenarios. In
this work, we study the performance degradation induced by the lack of coordination in an atomic
routing game over parallel links in which there are two types of links. The latency function of ”cheap”
links is of the form ci¢(x), whereas the latency function of ”expensive” links is of the form c2¢(z),
where ca > ¢1. For ¢(z) = €® and ¢(z) = (1 + x)™, we obtain an explicit characterization of the
optimal and equilibrium flow configurations, and show that the worst traffic conditions occur when
all users have the same traffic demand and the total traffic demand is such that ”expensive” link
are marginally used by selfish routing. We also obtain some partial results on the worst network
configuration for the inefficiency of selfish routing. All in all, our results suggest that the worst-
case scenario for the inefficiency of selfish routing corresponds to very specific traffic conditions
and to highly asymmetric network configurations, and thus that the Price of Anarchy is probably
an overly pessimistic performance measure for non-cooperative routing games, as advocated in the
above mentioned works.

1 Introduction

1.1 Motivation

In networks based on a centralized routing scheme, a central node computes the least-cost path between
source and destination nodes by using some global knowledge of the network and then distributes the
resulting routes to other nodes so that they can forward user traffic. The main advantage of such an
approach is that it can enforce an optimal routing policy minimizing the overall cost (e.g., the overall
mean packet-delay) of all users. However, it is broadly admitted that a centralized routing scheme cannot
be used in large networks due to scalability, robustness and complexity reasons. An alternative approach
is to let each network user selfishly decide on which path to route its traffic demand according to its own
interest. Although more robust and scalable, this decentralized scheme may lead to a loss in performance
as the individual optimizations performed by many interacting self-interested users does not necessarily
converge to an optimal routing policy.

Noncooperative routing games provide the natural framework to study the performance degradation
in the above decentralized routing scheme. These games are mathematical models of the equilibrium
flow configuration resulting from the routing decisions made by selfish, uncoordinated network users.
One usually distinguishes two types of such games. Atomic routing games refer to games in which there
are finitely many users, and the resulting flow configuration is known as the Nash equilibrium [21].
It corresponds to a routing policy in which no user can decrease its own routing cost by deviating
from its strategy unilaterally. In contrast, nonatomic routing games refer to games in which there is a
continuum of users, each one controlling a negligible amount of traffic, and the resulting flow configuration
corresponds to the so-called Wardrop equilibrium [29], according to which the traffic demand of each user
is forwarded along a minimum-cost path. For both types of games, the equilibrium flow configuration
does not always correspond to that of a globally optimal routing policy. In game theory terminology,
such an optimal policy is usually referred to as a social optimum as it minimizes the sum of all user costs.
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A vast body of literature has been devoted to the study of the inefficiency of selfish routing under
a variety of traffic models. The most popular measure of the inefficiency of equilibria is the Price of
Anarchy (PoA) which was introduced by Koutsoupias and Papadimitriou [19] and is defined as the per-
formance ratio between the overall cost of an optimal routing policy and that of the worst Nash/Wardrop
equilibrium (that is, an equilibrium with the largest social cost). As discussed in Section 1.3, it has been
shown that the PoA of some selfish routing games can be arbitrarily large. Several recent works aim-
ing at understanding when is selfish routing bad suggest however that the PoA is an overly pessimistic
measure and that non-cooperative routing achieves near-optimal performance in most realistic settings.
Nevertheless, most of these works have been carried out for nonatomic routing games, which are usually
much simpler to analyze thanks to the assumption of a continuum of players.

In contrast to the above mentioned works, the present paper studies the efficiency of selfish routing
in atomic routing games. Owing to the complexity of the analysis, we restrict ourselves to a topology
of parallel links, as introduced in the seminal paper of Orda, Rom and Shimkin [23]. Given a function
¢(x), which can be either ¢(x) = e* or ¢(z) = (1 4+ z)™ for some m > 2, and two cost parameters ¢,
and ¢y such that ¢; < ¢y, we further assume that there are two types of links: ”cheap” links whose cost
is a function of the flow on the link of the form ¢;¢(z), and ”expensive” links whose cost function is of
the form cad(x). We also assume a finite number of users, each one splitting its traffic demand over the
parallel links so as to minimize its own routing cost, which is the sum of the costs incurred over all the
links it uses. As the cost of a link is a nondecreasing function of the traffic flow on that link, the optimal
strategy of a user depends on how the other users split their traffic demands. In this context, a Nash
equilibrium is a flow configuration on the links in which no user can benefit from a unilateral deviation
of its routing strategy.

For the above atomic routing game, we assume that the number of links of each type as well as their
cost parameters are fixed, and study the efficiency of selfish routing as a function of the traffic demands
of users. Our goal is to understand under which traffic conditions the worst inefficiency of selfish routing
is obtained for a fixed network configuration. As measure of efficiency, we adopt the ratio of the social
costs obtained at the Nash equilibrium and under a socially optimal solution. This ratio is at least one,
when selfish routing is optimal, and is upper bounded by the PoA of the game. The worst value of this
ratio (over all possible vectors of traffic demands) corresponds to the Inefficiency of the routing game, a
concept introduced in [16] for load-balancing games. As opposed to the PoA, the Inefficiency depends
on the network configuration. By calculating the worst possible value of the Inefficiency over all network
configurations, one retrieves the PoA.

1.2 Contributions

The main contributions in this work are the following:

e For an arbitrary network configuration, we characterize the traffic conditions associated with the
Inefficiency, that is, the traffic conditions under which the ratio of social costs is maximum. Specif-
ically, we show that the worst traffic conditions occur when all users have the same traffic demand
and when the total traffic in the network is such that ”expensive” links are marginally used at
Nash equilibrium.

e We provide an explicit characterization of the optimal and equilibrium flow configurations on the
links. In particular, we show that under the worst traffic conditions the ratio of the flows obtained
under the decentralized and centralized schemes is maximum for the ”cheap” links, whereas it is
minimum for the ”expensive” links.

e We show that the Inefficiency depends only on the ratio of the number of links of each type and
on the ratio £ of their costs (but not directly on the total number of links nor on their costs). We
prove that 1t 1mphes that the worst value of the Ineﬂiczency is obtained when there is only one

”cheap” link and the rest of the links are ”expensive”.

e For ¢(z) = e, we conjecture from numerical experiments that the PoA is obtained when the
number of ”expensive” links is infinitely larger than the number of ”cheap” links, and when their
cost parameter ¢y is also infinitely larger than the cost parameter ¢; of the cheap links. Assuming
that this conjecture holds, we obtain bounds on the PoA. This is in contrast to the situation for
¢(x) = (1 + x)™ for which we observe that the Inefficiency is not monotone as a function of the

ratio <.
c2



1.3 Related work

We first review relevant works on nonatomic routing games. The analysis of the efficiency of Wardrop
equilibria has a long history which dates back to 1920 and the well-known Pigou’s example which shows
that the outcome of a selfish routing game can be inferior to a centrally designed outcome [24]. It was
shown in 1968 by Dietrich Braess that adding resources to a transportation network can sometimes
hurt performance at equilibrium, a phenomemon now known as the famous Braess’s paradox [5]. More
recently, Roughgarden and Tardos have shown that the value of the PoA of nonatomic congestion games
with affine costs is bounded above by 4/3, and that this bound is tight [26]. This shows that selfish
routing is always efficient for such routing games. However, it was shown in [25] that the PoA for
networks with latency functions that are polynomials with nonnegative coefficients and degree at most

d is asymptotically © (ﬁ) as d — oo, indicating that selfish routing can be very inefficient in such

games. Similarly, it was shown in [18] that the PoA of nonatomic load-balancing games over parallel
servers corresponds to the number of servers (see also [1,4]). Other relevant works on the PoA of
nonatomic routing games are [12-14, 27].

On the empirical side, several recent works studied the efficiency of Wardrop equilibria in real networks
and observed that the performance degradation with respect to optimal routing is overall low in spite
of large theoretical values of the PoA. For instance, Monnot et al. analyze data of commuting students
in Singapore and conclude that routing choices are near optimal [20] (see also [17] for a similar study).
On a more theoretical side, the authors in [8-10] prove that Wardrop equilibria are efficient when the
network is lightly or highly congested. The authors in [30] extend the results of [8] to a more general
setting and show that selfish routing is efficient when the total traffic demand gets very large. In [11],
Cominetti et al. study the efficiency of Wardrop equilibria as a function of the total traffic demand in
the network. As efficiency metric, they focus as we do on the ratio of social costs obtained under the
equilibrium and optimal routing strategies. For affine link costs, they show that this ratio has a finite
number of local maxima, which are achieved where the set of active links changes. In summary, all the
above works suggest that the PoA is an overly pessimistic measure of the inefficiency of selfish routing
and that the performance degradation is often low and far from the worst-case scenarios.

Efficiency results for atomic routing games are much scarcer, as these games are much harder to
analyze. Most known results are only valid for topologies of parallel links, as introduced in [23], where
the existence and unicity of the Nash equilibrium are shown for a broad class of latency functions. Ayesta
et al. consider in [3] an atomic load-balancing game in which K users selfishly route their jobs to a system
of S parallel M/G/1/PS servers and prove that in this case the PoA is of the order VK, independently
of the number S of servers as long as S > 2. Other results on the PoA of selfish load balancing can be
found in [2,7,15,28]

A closely related work to ours is presented in [16], where the authors consider an atomic load-balancing
game with "fast” and ”slow” servers, which are modeled as M/G/1/PS queues. They study the ratio
of social costs as a function of the total incoming traffic in the system and prove that this ratio attains
its maximum when the ”slow” servers are marginally used by the decentralized load-balancing scheme.
Our work complements the results of [16] as we prove that a similar result holds for the latency function
¢(x) = €* and ¢(z) = (1 + z)™. Our work also complements the work in [11] which also studies the
ratio of social costs as a function of the total traffic demand in general network topologies, but for a
nonatomic routing game and affine cost functions on the links, whereas we consider an atomic routing
game over parallel links and non-linear cost functions on the links.

1.4 Organization of the paper

We first present the mathematical model of the atomic routing game considered in the paper and for-
mally state the problem in Section 2. In Section 3, we establish some preliminary results and obtain
the characterization of the equilibrium and optimal flow configurations as solution of convex optimiza-
tion problems. Our results on the worst-case total traffic are established in Section 4. In Section 5,
assuming that the worst traffic conditions are met, we investigate the worst network configuration for
the inefficiency of the decentralized routing scheme, that is, we study how the PoA is obtained from the
Inefficiency. In Section 6, we discuss two possible extensions of this work: first the generalization to
other latency functions and then the extension to more than two types of links. Finally, some conclusions
are drawn in Section 7.



Figure 1: K users route their traffic demands over N parallel links.

2 Problem formulation

2.1 Non-cooperative routing game

As illustrated in Figure 1, we consider an atomic splittable routing game in which K users have to send
their traffic demands from a source node to a destination node. We let C = {1,..., K} be the set of users
and denote by A, > 0 the traffic demand of user u € C. We consider a decentralized routing scheme in
which each user freely decides how to split its traffic demand over the N parallel links joining the source
node and the destination node. We shall denote by z, ; the quantity of traffic sent by user u on link
j=12,...,N.

The routing strategy of user u is represented by the vector x, = (xutj)j:L_“, - We shall denote
by X, the set of feasible routing strategies for this user, that is, the set of vectors x, > 0 such that
Z Ty,j = Ay. A strategy profile is then a vector x = (x,)yec belonging to the product strategy space
X =@, cc Xu- It describes the routing strategy used by each player and represents in a way the state of
the game. leen a state x € X of the game, we denote by x_, the vector (x1,...,Xu—1,Xut1,. -, XK)
which describes the routing strategies of all other users than wu.

We assume that the links are of two types. There are n; > 1 type-1 links and no = N —nq > 1 type-2
links. In the following, we let S; = {1,...,n1} be the set of type-1 links and So = {n; +1,...,N} be
the set of type-2 links. A crucial assumption in our model is that the links have traffic-dependent cost
functions. More precisely, it is assumed that the cost per unit flow on link j € Sy, is of the form c;d(y;),
where y; = ) .o Ty j represents the total traffic on the link, ¢, is a cost parameter which depends on
the type of the link, and ¢ is a given cost function. In this work, we shall assume that ¢; < ¢y and
refer to type-1 links (resp. type-2 links) as ”cheap” links (resp. ”expensive” links). Moreover, we shall
consider the following cost functions: ¢(x) = e® and ¢(x) = (1 4 x)™ for m > 2.

Another key assumption is that users are self-interested agents seeking to minimize their own routing
cost. More precisely, in state x = (x,,X_,,) of the game, user u chooses its routing strategy x so as to
solve the following optimization problem

* *
minimize Ty, (Xy,, X—y) =1 E Ty P xu7j—|—é T4 j

x5 EXy : :
JjE€SL i#u
* *
t+ e Z xu,j ¢ xu,j + le’-l
JES:2 iFu

Note that the cost incurred by the routing agent u on a link j depends both on the amount of flow

; that it routes to that link, but also on the total traffic ), £y, Ti,j sent by the other users on that link.

Thus the optimal strategy for user v depends on the routing strategies of the other players, which gives

a non-cooperative routing game between the users. A Nash equilibrium (NE) of this game is a stable
state x™¢ € X’ of the game from which no user finds it beneficial to deviate unilaterally, that is

¢ €arg min, ey, T, (2,x",), VueC.

For the cost functions ¢() mentioned above, existence and uniqueness of the NE follow from [23].



2.2 Inefficiency of the decentralized routing scheme

It is well-known in game theory that the outcome of a non-cooperative game between selfish players
can be inferior to a centrally designed outcome (see, e.g. Chapter 17 of [22]). In our setting, it means
that letting users optimize their own performances without any coordination may lead to a performance
degradation with respect to a centralized routing scheme which would optimize the global performance
of all users.

We adopt the point of view of a network operator who has a known network configuration. For the
model introduced above, a network configuration is defined as a vector of parameters p = (n, c), where
n = (n1,ng) specifies the numbers of ”cheap” and ”expensive” links, whereas ¢ = (¢, ca) gives the
costs of the two types of links. The network operator does not know the traffic demands Aq1,..., A\g
of the users and does not control how they route their traffic demands into the network. We assume
a decentralized scheme in which each user minimizes its own routing cost, without coordination with
the others, as explained above. The objective is to evaluate, for the fixed network configuration p, the
performance degradation resulting from the absence of a central authority under the worst-case traffic
conditions.

In order to make things more formal, we introduce below some definitions. Consider a network
configuration p and a vector A = (A1,..., k) of traffic demands. Let x™ be the corresponding NE of
the routing game and define y"° = (y1'*, y5°, ..., yx"), where y'° = > . ;% is the total flow on link j
at the NE. The global performance (or social cost) of the decentralized routing scheme with K players is
defined as the sum of the individual player’ costs at the NE

k(A p) = Z Tu(x"€).

uel

Introducing Fy(y) = cx y ¢ (y) for k = 1,2, the social cost can be written as follows

Dk(Ap)=c1 Z Z Ty @ (Z xZZ)

jE€S1 uel ueC

ne ne
MDD I (Z %> 7
jES2 uel ueC

=Y R+ Y By,

JESL JES2
= F(yne ) ’

where F(y) = > ;cs, F1(y;) +2_ cs, F2(y;) for all y > 0. In this paper, our objective is to compare the
performance of the decentralized scheme with the optimal performance that could be achieved

F(y*) =min < F(y) : yZO,Zyj=X , (1)

where A = > wce M is the total traffic in the system. Note that F'(y*) is the performance achieved by an
optimal routing strategy minimizing the social cost, and that it corresponds to the cost obtained when
there is a single user controlling all the traffic in the system, i.e. such that Ay = A. The global cost of

this centralized routing scheme can be written as D1(\, p), and we thus have F(y*) = D1(\, p).

In order to compare the two routing schemes, we shall use the concept of inefficiency introduced
in [16] in the context of server farms. The inefficiency of the decentralized scheme is defined as the ratio
between the performance obtained by the NE and the global optimal solution under the worst possible
traffic conditions, that is

, Dk (A, p) F(y™)
Inefficiency Ik (p) = sup ————= = sup ,
x Di(Ap) x F(y*)
where the supremum is taken over all vectors A of traffic demands that the network may have to acco-
modate and A = Zle Av- We emphasize that the inefficiency depends on the network configuration p
but not on the traffic demands of the users. Its values are between 1 and oo, a higher value indicating a
worse performance of decentralized routing compared to centralized routing.

(2)



Another widely used measure of how the efficiency of a system degrades due to selfish behavior of its
users is the so-called Price of Anarchy (PoA) [19], which, in our case, is related to the inefficiency as

follows
PoA(K,N) = sup Ik (p), (3)
P

where the supremum is taken over all parameter vectors p = (n, ¢) such that ny+ns = N and 0 < ¢; < ca.

3 Preliminary results

We first recall in Section 3.1 some results regarding the worst-case traffic conditions for the performance
of the decentralized routing scheme. We then provide simple relations for the characterisation of the
centralized and decentralized routing solutions in Sections 3.2 and 3.3, respectively.

3.1 Worst traffic conditions for a fixed total traffic

If the total incoming traffic A is fixed, it is proven in [6] that the global cost Dx (A, p) achieves its
maximum for the symmetric game, that is

A
SupDK (Aap):DK <K 17p>7 (4)
A
where 1 = (1,1,...,1), implying that
A
1) = sup 2 2P) (5)
x(p) = sup _ .
A>0 Dl()‘vp)

As a consequence, for the calculation of the inefficiency, we can restrict ourselves to the symmetric game.
This, coupled with the fact that in our setting the symmetric game is also a potential game, makes it
more tractable for the analytic computation of the NE routing solution. More precisely, it is shown in [6]
that the decentralized routing solution is the solution of a convex optimization problem, as stated in
Theorem 1 below.

Theorem 1. Let the vector y be the global optimum of the following convex optimization problem

2 v;
minimize Z Z Fi(y;) + (K — 1)/0 ck 9(2)dz

y
k=1j€Sk

N -
Zj:lyj:)‘7
y; >0,j=1,...,N.

s.t.

The strategy profile x such that x,; = yfj forallu e C and j =1,...,N is the NE of the symmetric
game.

3.2 Characterization of the centralized routing strategy

Under the centralized routing strategy, the vector y* of link flows is the optimal solution of problem (1).
For a type-k link j € Sk, the KKT conditions then imply that y; > 0 if and only if the marginal cost

Felys) =cr [0 (v5) +u5 ¢ (v))] (6)
F3(0), that is,

is minimal. Defining A* as the unique solution of F{(i—l)
A* A
alp(X)+2e ()] e @
n
it follows from the assumption ¢; < ¢y that

e for A < \*, the centralized routing strategy forwards all the traffic to the cheap links and they all
receive the same amount of traffic, that is, y} = n—>‘1 for all k € §1 and y; =0 for all j € Sy,



e for A > )\*, the centralized routing strategy is such that all links receive a positive amount of traffic
(that is, y; > O for alll =1,...,N), and

clo (i) +uk @ (i)l = c2 [0 (v5) + 5 &' (47)]
Vk € S1, Vj € Ss. (8)

Note that in both cases two links of the same type receive exactly the same amount of traffic, that
is, yf = y;, if {,m € S for k = 1,2. This implies that for A < A\* the optimal social cost is simply

Fy*)=nmF (%), whereas for A > A\*, it can be written as F(y*) = ni F1 (y5) + naFs (yi)-

3.3 Characterization of the decentralized routing strategy

Under the decentralized routing strategy, the vector y™¢ of link flows is the optimal solution of the
optimization problem stated in Theorem 1. Defining A™¢ as the unique solution of

o [qu (An> N (Anﬂ — 6K, )
ny ny ny

it follows from the KKT conditions and the assumption ¢; < co that

e for A < \"¢, the decentralized routing strategy forwards all the traffic to the cheap links only and
they all receive the same amount of traffic, that is, y;¢ = n% for all k € &; and y7* = 0 for all
J € S,

e for A > A\"¢ in the decentralized routing strategy all links receive a positive amount of traffic (that
is y;*¢ > 0 for all 1), and

1 [Ko (i) +yi® ¢ (yi)] = 2 [K o (y7°) + 97 ¢ (y7°) ]
Vk € S1, Vj € Ss. (10)

Note that, as in the centralized setting, links of the same type always receive the same amount of
traffic. As a direct consequence, the social cost at the NE is F(y"¢) = n1 Fy ( ’\1) for A < A€, whereas

n
it can be written as F(y™®) = ny Fy (y7°) + naFs (yRF) for A > Ame.

It directly follows from (7) and (9) that A\* < A" for K > 1. It means that when there are more
than one user, the decentralized routing strategy uses only the ”cheap” links longer than what would be
optimal. Of course, when there is only one user, that is for K = 1, we have A\ = \* and conditions (10)
and (8) are equivalent in this case. In other words, the centralized routing strategy and the decentralized
one coincide when there is only one user.

4 Worst-case total traffic

As discussed in Section 3.1, for a fixed total traffic A > 0, the worst inefficiency is obtained when all users
control the same amount of traffic %, that is, for the symmetric game. Section 3.2 and Section 3.3 provide
a characterization of the centralized and decentralized routing strategies obtained in this case, respec-

tively. We now study the worst-case total traffic A for the ratio of social costs D (% 1, p) /D1 (A, p).

As Dk (% Lp) = F(y™) and Di(\,p) = F(y*), we first establish some results pertaining to the

comparison of link flows under the centralized and decentralized routing strategies in Section 4.1. In
particular, we show that for any ”"cheap” link £ the ratio y;!°/yj; reaches its maximum for A = A\"¢. We
then study in Section 4.2 the ratio of social costs as a function of A and prove that it also achieves its

maximum for A = A"€.



4.1 Link flows under the centralized and decentralized routing strategies

Note that for A > A* the link flows y; obtained under the centralized routing strategy are implicitly
defined by equation (8). Similarly, for A > A", the links flows 3¢ under the decentralized routing
strategy are implicitly defined by equation (10). We first prove in Lemma 1 below that under both
routing schemes these link flows are continuous functions of .

ne

Lemma 1. The vectors y* and y™® are continuous in X over [0,00).

Proof. See Appendix B.1. O

We now compare the flows on cheap and expensive links. Proposition 1 prove some inequalities
satisfied by the flows on cheap and expensive links, which are valid under both strategies. It is worthwhile
noticing that the proof of this proposition exploits only the strict monotonicity and the convexity of the
latency function ¢.

Proposition 1. For K > 1, it holds that

(a) The flow on the expensive links is strictly lower than that on the cheap links, that is, yj¢ < yp© for
all j € S3 and k € S,

(b) For any cheap link k € S1 and any expensive link j € Sa, it holds that c1¢ (y°) < c2¢ (y;w) and
e’ () > eaj ' (4.

(c) For A\ > \"¢, the marginal cost of the cheap links is greater than or equal to that of the expensive
links, that is

Fi(yp®) > Fy(y;©), forallk € Sy and j € Sy, (11)

and the inequality is strict for K > 1.

Proof. See Appendix B.2. O

We emphasize that the properties stated in Proposition 1 also hold for K = 1, that is, for the
centralized routing strategy. Hence, the centralized routing strategy forwards more traffic on the cheap
links than on the expensive links, exactly as does the decentralized one. However, for A > A", the
marginal costs of cheap and expensive links are always equal under the centralized routing strategy,
whereas the marginal costs of cheap links are strictly greater than those of expensive links under the
decentralized routing strategy.

We now turn our attention to the comparison of the link flows obtained under both routing strategies
when \ varies. When ) is in the interval (0, \*], both strategies coincide: they both forward all the traffic
only on the cheap links. In the interval (A*, \¢], the centralized strategy deviates a fraction of the traffic
onto the expensive links, whereas the decentralized one keeps using only the cheap links. Finally, in the
interval (A€, 00), both the centralized and decentralized strategies use both type of links. Proposition
2 below establishes some inequalities between the link flows obtained under both strategies in the latter
interval.

Proposition 2. For A > \"¢, it holds that

(a) The decentralized routing strategy forwards more (resp. less) traffic on cheap (resp. expensive)
links than the centralized one does, that is

yr© > yy, for allk € Sy and yi© < y; for all j € Ss. (12)

b) For any cheap link k € S1, the difference yi¢ — yi between the amount of flow forwarded on this
k k a
link by the decentralized routing strategy and the centralized one decreases as \ increases, that is,

i _ v

k L 13
dX dX (13)
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Figure 2: Evolution of the link flow ratios y7¢/y7 (for the cheap link) and y3°/y; (for the expensive
links) as a function of A for the latency function is ¢(x) = e*. In this example, there are K = 5 users,
one cheap link with ¢; = 1 and nine expensive links with co = 10.

(c) For any expensive link j € S, the difference yi© —yj between the amount of flow forwarded on this
link by the decentralized routing strategy and the centralized one increases as X\ increases, that is,

dy; _ dy;
=— > —=.
dA dA

(14)

Proof. See Appendix B.3. O

Using Proposition 1 and Proposition 2, Proposition 3 below characterizes the behaviour of the ratios
y7°/y; of link flows obtained under both settings when the total traffic A varies.

Proposition 3. Let k € 81 be an arbitrary cheap link and j € Sz be an arbitrary expensive link and
consider the ratios yp¢/yy and y?e/y;‘ as functions of the total traffic \. It holds that

o the ratio yp°/y; is strictly increasing in X\ over the interval (5\*, /_\”e], and strictly decreasing over
the interval (5\”6, oo),

e The ratio y]”e/y;‘ is 0 over the interval (5\*,5\”6], and strictly increasing in A over the interval
(S\"e,oo).
Proof. See Appendix B.4. O

It directly follows from Proposition 3 and Lemma 1 that for any cheap link & the maximum value of
the ratio y;°/y; is obtained when A = A\"°, as formally stated in Corollary 1.

Corollary 1. For all cheap links k € Sy, the ratio y;°/y; achieves its mazimum for A = \"¢. At this
point, the ratio y;° / y; is minimum for all expensive links j € Ss.

To summarize, in the interval (0, A*], the ratio y2/y; is constant and equal to 1 for any cheap link
k. In the interval (A\*, A\"¢], the ratio y}®/y; increases as A increases and it reaches its maximum for
A = A"°. From this point onwards, the ratio y;°/y; decreases with A . Similarly, for any expensive link



j, the ratio y'¢/y¥ is 0 over the interval (A\*, A"¢] (it is undefined for A < A*) and it increases with X over
X

(A", 00). Figure 2 illustrates this behaviour of the link flow ratios y7¢/y; and y;/y; for ¢(z) = e”,
K =5 users and N = 10 parallel links. In this example, there is only one cheap link of cost ¢; = 1 and
there are nine expensive links of cost co = 10.

4.2 Worst-case total traffic for the ratio of social costs

We now study the ratio of social costs for the latency functions ¢(z) = e and ¢(z) = (1 + x)™. It
directly follows from Lemma 1 that this ratio is continuous in .

Lemma 2. As a function of X, the ratio D (% 1,p) /D1(\, p) is continuous over (0,00).

Proof. See Appendix C.1. O

Proposition 4 below characterizes the behaviour of the ratio of social costs as A varies over (0,00).

Proposition 4. For K > 1, as a function of )\, the ratio Dy (% 1,p> /Di(\,p) of the social costs
obtained under the decentralized routing strategy and the centralized one is

(a) constant and equal to 1 in the interval (0, \*],

(b) strictly increasing with X\ in the interval (5\*, 5\"6], and,

(c) strictly decreasing with X in the interval (A"¢,00).

Proof. See Appendix D. O

We have shown in Section 4.1 that for any cheap link & € Sy, the ratio y}¢/y; of the flows on this
link obtained under the decentralized routing strategy and the optimal one achieves its maximum for
A = A\"¢. As stated in Corollary 2, the same is true for the ratio of social costs.

Corollary 2. The ratio Dg (% 1, p) /D1(\, p) achieves its mazimum when X\ = \"¢, implying that

I n1 (5;:1) )
_ 7 15
x(p) n1 B (y7) +naFa (yy) (

where yi and yy, are the links flows over cheap and expensive links, respectively, obtained under the
centralized routing strategy for A = \"°.

Proof. The proof directly follows from Lemma 2 and Proposition 4. O

Figure 3 illustrates the evolution of the ratio of social costs as the total traffic X in the system varies
for the latency functions ¢(z) = €*, ¢(z) = (1 + x)% and ¢(x) = (1 + x)*. The setting is the same as
in Figure 2, that is, there are K = 5 users, one cheap link with ¢; = 1 and nine expensive links with
cz = 10. For ¢(x) = €%, the ratio is constant before \* = 1.42, it increases from \* up to A"¢ = 1.97
where it reaches a maximum value of 1.21, and then decreases with A. Similarly, for ¢(x) = (1+z)?, the
ratio of social costs is constant before A\* = 0.45. From this point onwards it increases up to \*¢ = 0.66
where it reaches a maximum value of 1.18, and then decreases with .

In summary, we have shown that, given a fixed network configuration p, the worst inefficiency of the
decentralized routing scheme is obtained when all users control the same amount of traffic and when
the total traffic in the system is A = \"¢. This corresponds to the value of the total traffic for which
the decentralized routing scheme starts using the expensive links. When K > 1, this value is strictly
greater than A\*, which means that selfish users send all their traffic demands on the cheap links longer
than what would be globally optimal. Indeed, for A € [\*, \"¢], the flow on the expensive links is zero
under the decentralized routing scheme, although these links have a minimum marginal cost. Although
this result is proven here only for ¢(z) = e* and ¢(r) = (1 + z)™, we note that a similar result was
proven in [16] for the M/M/1 latency function, that is, for ¢(x) = 1/(1 — ). As discussed in Section
6, numerical experiments suggest that Corollary 2 probably holds for a much broader class of latency
functions.

Another direct consequence of Corollary 2 is that, given a fixed network configuration, the worst
inefficiency of the decentralized routing scheme is obtained neither for A — 0 nor for A — oo, as could be

10
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Figure 3: Evolution of the ratio D (% 1, p) /D1 (), p) as A increases for the latency functions ¢(z) = e,
é(x) = (1 + )% and ¢(x) = (1 + 2)*. The setting is the same as in Figure 2.

expected. Interestingly, this result is consistent with the work of [8] where the authors show that the PoA
of nonatomic routing games is not achieved when the traffic is very small or very large. Nevertheless,
for ¢(x) = (1 4+ x)™, the value of A" can be made arbitrarily small, as shown in Lemma 3 below.

Lemma 3. For ¢(z) = (1+z)™, X' decreases with m and A" — 0 as m — oo.

Proof. See Appendix C.2. O

5 From Inefficiency to Price of Anarchy

In Section 4, we have characterized the worst traffic conditions for the inefficiency Ik (p) of the decen-
tralized routing scheme, assuming a fixed network configuration p. In this section, we assume that the
worst traffic conditions are met and investigate the worst network configuration for the inefficiency of
the decentralized routing scheme. In other words, we study the PoA for the routing game over parallel
links, where in (3), the PoA was defined as the supremum over all the network configurations p of I (p).
We first show that the Inefficiency depends only on the ratios ny/ny and ¢;/cs.

Proposition 5. The Inefficiency Ix(p) depends on the parameters p = (n,c) only through the ratios

a=2 gndy=%=.
na Cc2

Proof. See Appendix E. O

Note in particular that the Inefficiency depends on the total number of links only through the values
that the ratio a = Z—; can take. As a consequence of Proposition 5, we shall write Ik (a, ) instead of
Ik (n,c) to denote the Inefficiency in the following. We study below how the Inefficiency varies with «
and 7.

We first study how Ik (a,7) varies with « for a fixed value of . Figure 4 illustrates the values
obtained for the inefficiency Ik (c,v) as we vary ni/N in a scenario with K = 5 users and N = 100
parallel links. In Figure 4a (resp. Figure 4b), we plot Ik (o, ) as a function of ny /N for v = 0.5, v = 0.2
and v = 0.1 when ¢(z) = €% (resp. ¢(z) = (1 + x)3). We observe that in both cases the inefficiency
of the decentralized routing scheme seems to decrease as the proportion of cheap links increases. As
n1/N = a/(1 + «) is an increasing function of «, this suggests that the inefficiency decreases with the
ratio « of the numbers of cheap and expensive links. This is formally proven in Proposition 6 below.

11
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Proposition 6. The Inefficiency Ix(a,7) is strictly decreasing with o.
Proof. See Appendix E. O
An immediate consequence is the following corollary.

Corollary 3. The PoA is obtained when there are ny = 1 “cheap” link and ny = N — 1 "expensive”
links, that is,

1
PoA =sup Ix(o,v) =sup I (1\[177) . (16)

a,y v

In the following, we shall therefore assume that o = 1/(N — 1) and study how the Inefficiency varies
as a function of 7. Assuming that ¢(z) = e®, Figure 5a shows the values obtained for I (ﬁ, 'y) as

~ varies from 0 to 1 in scenarios with K = 2, K = 3 and K = 5 users and N = 10 parallel links. We
observe that for all values of K the Inefficiency is strictly decreasing with +, which, according to (16),
implies that the PoA is obtained when v tends to zero. As a result, we conjecture that for ¢(x) = e*,

1
PoA =lim I | —— .
oa=tiy i (77)

Besides, we get the following bounds on the performance degradation.

Lemma 4. For N > 2, it holds that

K~ N-1 < lim I ! <K
NA+logK)—1 —am0 “\N=17) ="

from which it follows that K/(1 4+ log(K)) < PoA.
Proof. See Appendix E. O

In words, we conjecture that for ¢(z) = e* the worst inefficiency is achieved when there is only one
”cheap” link and N — 1 ”expensive” links, and when their cost cs is infinitely larger than the cost ¢; of
the "cheap” link. Whether this conjecture is true or not, the performance degradation is then at least
K%(N —1)/[N(1+1logK) —1]. For N = 10 and K = 5, it yields 1.499, which is to be compared
to the value 1.7 obtained in Figure 5a. Surprisingly, this intuitive result does not seem to hold for
#(z) = (1 +x)™. As illustrated for ¢(z) = (1 + x)? in Figure 5b, in which we also assume that N = 10,
the inefficiency I (++5,7) obtained for different values of K is not monotone as a function of 7. A
similar behaviour was observed for other values of m. Unfortunately, we were not able to characterize
the value of 7 yielding the worst inefficiency. Therefore, the precise value of ~ for which the PoA is
achieved when ¢(z) = (1 + 2)™ remains an open question.

6 Extensions of this work

Our main result, which is stated in Corollary 2, is that the worst inefficiency of the decentralized routing
strategy is obtained when the traffic demands of all users are A"¢/K. The key ingredient to prove this
result is the analysis of the ratio of social costs obtained under the decentralized and centralized settings.
As proven in Proposition 4, the ratio of social costs is constant and equal to 1 when X increases as long
as the centralized routing strategy does not use the ”expensive” links. This ratio then increases from
\* onwards up to A"¢, which is the point at which the ”expensive” links are marginally used by the
decentralized routing strategy. After this point, the ratio of social costs decreases, implying that the
worst traffic conditions for the efficiency of the decentralized setting occur when all users ¢ = 1,2,..., K
have the same traffic demand \; = \"¢/K.

Proposition 4 has been established for the latency functions ¢(x) = e® and ¢(z) = (1 4+ z)™ with
m > 2, assuming that there are only two types of links. We discuss below the generalization to other
latency functions as well as the possible extension to more than two types of links.
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6.1 Generalization to other latency functions

As already mentioned, it was proven in [16] that for ¢(z) = 1/(1 — x) the ratio of social costs varies
with X\ exactly as stated in Proposition 4 for ¢(x) = e® and ¢(x) = (1 +x)™ . Our numeric experiments
suggest however that Proposition 4 holds for a much broader class of latency functions.

For instance, in Figure 6a we plot the evolution of the ratio of social costs as A increases when
¢(x) =1+ a™ for different values of m. In this example, we assume K = 5 users and N = 10 parallel
links, of which only the first one is a ”cheap” link with ¢; = 1 whereas the other ones are ”expensive”
links with co = 10. Assuming the same setting, Figure 6b shows the evolution of the ratio os social
costs as A increases when ¢(z) = 1/(1 — x)™. Note that for the latter function one needs to satisfy the
additional stability condition y; < 1 for all links [ € S, so that the system can accommodate at most 10
units of traffic. For both types of latency function, we observe that the ratio of social costs varies with
X as stated in Proposition 4, and that the worst inefficiency is always obtained when A = A\"¢.

Unfortunately, the arguments used to prove Proposition 4 for ¢(z) = €* and ¢(z) = (1 + x)™ do not
readily apply to these latency functions, as we now briefly explain:

e For ¢(x) =1+ 2™, with m > 1, it is straightforward to show that Lemma 17 holds, and thus that
the ratio of social costs is strictly decreasing with A over the interval (A"¢,+o0c). However, the
argument used to prove that this ratio is strictly increasing with A over (5\*, 5\"6), which is mainly
based on the strict concavity of the function g(y) = yo(y)/(é(y) + y¢'(y)), dot not apply as the
latter function is not concave for ¢(z) = 1 + ™. Therefore, a different argument should be used
to prove that the ratio of social costs increases over (5\*, 5\”5).

o For ¢ = ¢ with m > 2, the same approach as for ¢(z) = e” and ¢(x) = (1 + )™ can be used

1
[¢=mED v ={
to show that the ratio of social costs is strictly increasing with A over ()\*, )\"e). Unfortunately,
our numerical experiments suggest that Lemma 17 does not hold for ¢(z) = 1/(1 — )™, implying
that a different approach should be used to prove that the ratio of social costs is strictly decreasing

with X for X > \"e.

6.2 Extension to more than two types of links

Our results on the inefficiency of selfish routing have been established assuming that there are only two
types of links which differ by their cost parameters ¢; and co > ¢1. Numeric experiments suggest however
that similar results hold for more than two types of links.

In Figure 7 we plot the ratio of social costs obtained in the symmetric game for ¢(z) = e* and
#(z) = (1 + )2 as a function of the total traffic demand A when there are 4 links, each of a different
type. It can be observed that as A increases the ratio goes through peaks and valleys, and finally converges
towards 1 as A\ — oo. The peaks correspond to values of the total traffic demand at which one link is
marginally used by the Nash equilibrium strategy (these values are shown with dotted lines in Figure
7). We also noticed that the ratio is strictly decreasing when the centralized and decentralized routing
strategies use the same links, but that it can also be decreasing when the centralized scheme uses one
more link than the decentralized one. A similar behavior of the ratio of social costs was observed in [16]
for the latency function ¢(x) = 1/(1 — z), and in nonatomic routing games with affine costs [11].

The analysis is nevertheless much more complex for more than two types of links as one needs to
compare multiple local maxima to determine the Inefficiency. The extension of our results to more than
two types of links is therefore left for future work.

7 Conclusions and future work

We have considered an atomic routing game over parallel links in which there are two types of links. The
latency function of ”cheap” links is of the form c¢;¢(x), whereas the latency function of ”expensive” links
is of the form cop(x), where ¢ > ¢;. It was shown that for ¢(z) = e” and ¢(z) = (1+2)™ the worst traffic
conditions occur when all users have the same traffic demand and the total traffic demand is such that
”expensive links” are marginally used by selfish routing. Moreover, if these worst traffic conditions are
met, the worst inefficiency of the selfish routing scheme is obtained when the number of ”expensive links”
is infinitely larger than the number of ”cheap” links and under a very specific condition on the ratio ¢1/co
(which we conjecture to be ¢1/ca — 0 for ¢(z) = e”). The worst-case scenarios for the inefficiency of
selfish routing therefore corresponds to very specific traffic conditions and to highly asymmetric network
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17



configurations, which explain why the PoA is probably an overly pessimistic performance measure, as
advocated in many recent works on nonatomic routing games.

As future work, we plan, as discussed in Section 6, to investigate the extension of our results to other

latency functions and to more than two types of links.
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A Some Properties of Latency Functions

As mentioned before, in this work we consider the following latency functions: ¢(x) = e* and ¢(x) =
(14x)™ for m > 2. We note that both latency functions are continuously differentiable, strictly increasing
and convex function over the interval [0, +00) and verify that ¢(0) = 1 and lim,_, 4o ¢(x) = +00. In
addition, the second derivative ¢ () exists at all points in the interval [0, +o00). As discussed in [6],
from the aforementioned properties, the conditions given in [23] for the existence of a unique NE for the
routing game are satisfied.

We establish below some technical lemmata which are valid for both the latency functions ¢(x) = e®
and ¢(x) = (1 + x)™ and that will be required in the proofs of our main results. Let us first define

oly) = Ry _ By yoy)
Fiy)  Fy)  oy)+yd'(y)

for all y > 0. Lemma 5 below proves that the function g(y) is concave, a property that we use to prove
assertion (b) of Proposition 4.

(17)

Lemma 5. For ¢(z) = e® and ¢(x) = (1 + x)™, g(y) is strictly increasing and strictly concave on
[0, 4+00).

Proof. Tt is enough to check that in both cases we have ¢'(y) > 0 and ¢”(y) < 0 for all y € [0, 0).

For ¢(x) = e®, we have g(y) = ﬁ, and therefore ¢'(y) = ﬁ >0 and ¢"(y) = —(1+2y)3 < 0 for all
y € [0,00). For ¢(z) = (1+2)™, we obtain g(y) = %, which yields ¢'(y) = % > 0 and
g”(y):fwi% < 0 for all y € [0, 00). O
Consider now the function
H'(y F(y 2¢'(y) + yo" (y

= Yy = Yy

Fi(y)”  Fy) o(y) +yo'(y)
for all y > 0. Lemma 6 below proves that f(y) is strictly increasing over [0, +00), a property that we
use in the proof of Lemma 16.

Lemma 6. For ¢(z) = e* and ¢p(x) = (1 +x)™, f(y) is strictly increasing over [0, +00).
Proof. For ¢(x) = e®, we have f(y) =y + ﬁ from which it follows that f'(y) = 1+ ﬁ > 0. For
o) = (1 +2)™, f(y) = ™Y (1 + m) from which we obtain

1+y
o 2m m(m+ 1)
) = g T [ Do P o
O
Finally, let us define the function
H(o) =0'(a) — olo) (1405 ). (19)

for all  and y in the interval [0,400). Lemma 7 below proves some technical results that are used to

dzg\e < (%% for A > A"¢ and any cheap link k € S; (see Proposition 2).

prove that
Lemma 7. For ¢(z) = e* and ¢(x) = (1 + x)™,
e the function A(x,y) = [cr H(z,y) — coH (y,y)] /¢’ () is strictly decreasing in x over [y, (i)*l(%qﬁ(y)))
fory fized, and strictly increasing in y over {qﬁ‘%%qb(x))w) for x fized;

e the function B(x,y) = [c1H(z,z) — coH(y, )] /&' (y) is strictly increasing in x over [y, ¢*1(%¢(y)))

for y fized, and strictly decreasing in y over [¢_1(c—¢(x))7x> for x fized.

1
ca
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Proof. We first give the proof for ¢(x) = e®. Define a1 = e*, ag = e¥ and b = Z—; We have

H(z,y) = ailog(ar) —ai(l +log(az)) = ai(log(b) — 1), (20)
H(y,y) = azlog(az) — ax(1+log(az)) = —az, (21)
and by symmetry, it follows that H(z,z) = —a; and H(y,z) = —az(log(b) + 1). We thus obtain

A(z,y) = c1(log(b) — 1) + c2/b, which is strictly decreasing in b over the interval [1, £2). As ¢() is a
strictly increasing function, this implies that A(x,y) is strictly decreasing in x over [y, log (%ey)) for

y fixed, and strictly increasing in y over [log (%ez) ,z) for x fixed. Hence, the statement of Lemma 7
pertaining to A(z,y) is satisfied for ¢(z) = e*. Similarly, we obtain B(z,y) = —c1b+ca(log(b)+1), which
is clearly strictly increasing in b over the interval [1, ). It follows that B(z,y) is strictly increasing in =
over [y, log (Z—fey)) for y fixed, and strictly decreasing in y over [log (%e”) ,w) for z fixed, as claimed.

The proof for ¢(x) = (1 + x)™ is similar. In this case, we have

1
A($7y) = _E [Cl(m — (m - 1)b1/m) — CQb_(l_l/m)} ,

B(x,y) = —% [clblfl/m —co(m—(m — l)bfl/m)] ,

where b = ¢(x)/p(y). It is easy to check that A(x,y) (resp. B(zx,y)) is strictly decreasing (resp.
increasing) in b over the interval [1, £2), from which the result follows. O

B Proof of Results in Section 4.1
B.1 Proof of Lemma 1

Proof of Lemma 1. We only give the proof for the centralized routing scheme as the proof for y™ follows
similar arguments. As y; = yi for all cheap links k € 1 and yj = yj for all expensive links j € S, it
is enough to show the continuity of y; and y%. Moreover, as y& = (A — n1y;)/na, it is enough to show
that y; is continuous in \.

For A < \*, we know that y; = A, from which the continuity of y; over [0, \*) follows.

For A > \*, y is defined in (8) as the solution of J(,y;) = 0, where

-, . X —niyt
J()\,%) :F{ (y1) *FQI (n;l>

As J is of class C! and gny (A, y¥) > 0 at all points (), y}) such that J(X,yi) = 0, it follows from the

Implicit Function Theorem that yj is a continuously differentiable function of X in the neighborhood of
all such points. Hence, y; is a continuous function of A over (\*, c0).
5\*

It remains to show that yi is a continuous function of A at point A = \*, that is, that y; — oo as

A — \*. As the result is obvious when A — \* from below, we focus on the case when A — \* from
b

above. We want to show that for any € > 0, there exists § > 0 such that i‘l—l > yr > n—l — ¢ for all
A€ (A", A* 4+ 6). Assume on the contrary that there exists € > 0 such that for all § > 0 we can find A
in the interval (\*, \* 4 6) such that the solution y; of J(\,y}) = 0 satisfies y; < 7’3—1 — €. Note that
it also implies that y3 > Tle. As the functions F{(y) and Fj(y) are strictly increasing in y, we then
have F|(y7) < F{(A\*/n1) and Fj(y%) > ca, from which we obtain J(X,y}) < J(A*,A\*/n1) = 0, where
the last equality follows from the definition of \* in (7). As this is a contradiction with our assumption
J(A,y7) = 0, we conclude that, as a function of A, y7 is continuous at point A = A\*, and therefore over

[0, 00). O

B.2 Proof of Proposition 1

Since all cheap links receive the same amount of traffic, as do all expensive links, we just need to prove
Proposition 1 for an arbitrary cheap link, say link 1, and an arbitrary expensive link, say link N. We
prove a series of technical lemmata, from which the proof of Proposition 1 directly follows.

Lemma 8. It holds that y3° < y7°.
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Proof. With (10), co > ¢; implies that K¢(y7e) + y7¢’ (y7¢) > Ko(yre) + yed' (yre). As the functions
¢() and ¢'() are increasing, this implies that yR¢ < yi. O

Lemma 9. It holds that

a1 (Y1) < e2d (Yy) == ¢ (Ui) >y ¢’ (Un°) (22)

Proof. Tt follows from (10) that

ne ne ne

1
c2d (ypn7) — 16 (y1'°) = It {ery?®e’ (y1°) — ey (W)}
from which the result follows. O
Lemma 10. [t holds that c1¢ (y7°) < ca¢p (YRF).

Proof. Assume on the contrary that ¢3¢ (y7¢) > ca¢ (y37). With Lemma 9, it yields c1yP¢’ (y7°¢) <

cayRfd’ (yf). We therefore have
ne® W1°) _ ne® (YR)
Y ney =Y ey 23
Po) TN o (k) 29)
For ¢(z) = €” and ¢(z) = (1 + )™, m > 2, the function w — w d;:((z:)) is strictly increasing on

[0, 00) (this result holds more generally for any strictly increasing and convex latency function ¢(z), see
Lemma 11 in [6]). As a consequence, (23) implies that y%¢ > y7¢. As ¢() is increasing, we thus have
c2d (YRF) < 19 (y7e) < e16 (yRF), from which we conclude that co < ¢1. As it is assumed that c2 > ¢1,
this is a contradiction. O

Lemma 11. It holds that F{(y}¢) > Fi(yr®), and the inequality is strict for K > 1.

Proof. From (10), we obtain F}(y7¢) — F5(yne) = (K — 1) [ea¢p (Y%F) — c1¢ (y7¢)], and the result follows
from Lemma 10. O

We are now in position to prove Proposition 1.

Proof of Proposition 1. The proof of property (a) directly follows from Lemma 8. The proof of property
(b) follows from Lemma 10 and Lemma 9. The inequality on the marginal costs stated in property (c)
is proven in Lemma 11. O

B.3 Proof of Proposition 2

We assume throughout this section that A > A\"¢. As in Appendix B.2, it is enough to prove the results
for an arbitrary cheap link and an arbitrary expensive links. We choose links 1 and N. We first establish
some technical results which are required to prove Proposition 2. We first prove in Lemma 12 below
that for K > 1, the decentralized routing strategy forwards more (resp. less) traffic on cheap (resp. low)
links than the centralized one does.

Lemma 12. For K > 1, it holds that y7° > yi and y3° < yy-

Proof. Assume that y¢ < yi. As the function F7() is increasing, this implies that Fj(yi¢) < Fj(y7).
Besides, Y% = (A — n1yf€)/ne > (A —n1yi)/na = yj implies that Fj(yRe) > Fi(yk). As we know that
Fi(yy) = Fi(y}), it yields Fy(y}°) < F5(yR?), which is a contradiction with statement (c) of Proposition

11 for K > 1. It follows that y}¢ > y;, and thus that yR¢ = (A — n1y7¢)/ne < (A —n1yi)/na =yy. O

¢ yre

Lemma 13 below establishes the expression of =5i—, which is required to prove statements (b) and

(c) of Proposition 2.

Lemma 13. For K > 1 and all X > \"¢, we have

oy _ e [(K + )¢/ () + u3¢ ¢ (u3e)]
ON ot [(K + D) (5F) + 91 0" (u7)] + mrca (K + 1)/ (93) + i 0 (03]

(24)
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Proof. Taking the derivative of (10) with respect to ), we obtain

K+ 1 (4n¢ ne 1 ¢ mey OUTC K+ 1 ("¢ ne 1 ¢ mev QYN 9

e [(K +1)¢" (y1) + 91 0" (41°)] —5- = 2 [(K + 1o (V) +yx ¢" (vi)] -5~ (25)
The equality n1y7¢ + noyR¢ = A implies that Bg—;ff = (1 —ny ag?)' Combining the latter result

with (25), the desired result follows after some algebra. O

We prove in Lemma 14 a property that we will use in Lemma 15.
Lemma 14. For K > 1 and all X > 5\”6, it holds that

1y (Y1) — 2y &' (YR°)

K =
cad(yR7) — c19(y1°)

Proof. From (10), we obtain

K [cap(yn°) — c10(y1°)] = 1970’ (y1') — coyn &' (Yn°)-

From statement (b) of Proposition 11 we know that cad(yR?) — c1é(y7¢) > 0, from which (26)
follows. O

We now prove in Lemma 15 below that as X increases in the interval (5\”6, oo), the difference y7¢ —y7
between the amount of flow forwarded on cheap link 1 by the decentralized routing strategy and the
centralized one decreases.

< tme Ayt dyt Qe dy
Lemma 15. For K > 1 and all A > \"¢, =5%= < 3 and =5 > —3%.

Proof. Let ¥(K,y) = (K +1)¢'(y) + y¢”(y). With Lemma 13, the condition dfﬁe < % can be written
as

02¢(K7 y]T\L/'e) < C2¢(1ayz*v)
nac1Y (K, y7¢) + nicop (K, y5¢) ~ nacip(1,y5) + nico(1,yy)’

which is equivalent to

(K, yR°) <1/’(172/7v)
V(K yre) (1l yp)’

that is,
(K +1)¢'(yx°) + yrr o (vy) - 2¢/(yx) + ynd" (yn)
(K +1)¢'(ype) +yred” (yie) — 2¢'(y7) + yid" (1)

Let y™ = (y7¢,yn) and y* = (yi,yn)- With Lemma 14, (27) can equivalently be written as
R(y™®) < R(y*), where the function R(y) is defined as follows

(27)

(c1y10'(y1) — c2ynd'(yn)) ¢'(yn) + (@' (yn) + ynd” (yn)) (c20(yn") — c1(yi®))
(1@’ (y1) — cayn @’ (yn)) @' (y1) + (¢ (y1) + 110" (y1)) (c2d(yrF) — c10(y7€))

Consider now the vector-valued function y(t) = (y1(t),yn(t)) defined by yi(t) = (1 + t)y; and
yn(t) = yn — t2y} over the interval {O nzyN] Observe that nyy; (t) + nayn(t) = A for all ¢ in this

R(y) = (28)

’ niyy
* ne
n2(Yyn —yN°)
nlyf

and "¢ < Zﬁfﬁ , and we obtain that y(¢"¢) = y™¢. We also note that as y; (t) increases with ¢ and yy (t)
1

decreases with ¢, y1(0) = y7 > yy = yn(0) implies that y; (t) > yn(¢) for all ¢ < ¢™¢. Similarly, we know

that for ¢ < "¢ we have y1(¢) < y7® and yn () > yRe. Since ¢ is strictly increasing, it follows from

statement (b) of Proposition 1 that

interval and that y(0) = y*. Moreover, defining "¢ = , we note from Lemma 12 that t"¢ > 0

c1(y1(t)) < c1op(y1®) < c2d(yn’) < c29(yn (1)),
so that it holds that
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w0 <n® <o (Zow®) ad o (Loa)) < <m, @

for all ¢ in the interval [0,¢"€].
In order to show that R(y"¢) < R(y*), and hence that inequality (27) holds, we just need to show
that R(y(t)) is a decreasing function of ¢. To this end, observe that R(y) can be written as follows

R(y) =

F ) @ 19 w) — 0) (1+un 57 )| —ea [ywd' (o) = olow) (1 +ux i’l((gfvv;)}/SO)
\
1)

P ¢ [y1¢'<y1> o) (1+ &) =e2 [yne/(un) = dlow) (1+ 1 52 )|
[ec1H (y1,yn) — coH (yn, yn)] /¢ (y1)

B ]

= H () — e Huy ) J5 ) (3
_ Al)

= Bly) (32)

where the function H(z,y) is defined in (19), whereas the functions A(y) and B(y) have been introduced
in Lemma 7. We shall prove that A(y(¢)) is a strictly positive and decreasing function of ¢ over [0, "],
and that B(y(t)) is a strictly positive and increasing function of ¢ over [0,¢"¢], implying that R(y(¢))
decreases with ¢ over [0, ¢"¢].

We first prove that A(y(t)) > 0 and B(y(¢t)) > 0 for all ¢ < ¢t"¢. To this end, we first consider (28)
and show that both the numerator and the denominator are strictly positive over [0,¢"¢]. Indeed, the
function cod(yn (t)) —c10(y1(t)) is strictly decreasing with ¢, which implies that co¢(yn (t)) —c10(y1(t)) >
cad(yre) — c1d(yye) for all ¢ < ™. With statement (b) of Proposition 11 we can thus conclude that
cad(yn(t)) — c19(y1(t)) > 0 for all ¢t < ¢™°. Similarly, c1y1(t)d' (y1(t)) — cayn (t)¢' (yn(t)) is a strictly
increasing function of ¢, and thus c1y1(¢)¢' (y1(t)) — coyn (t)¢' (yn (t)) > c1yi ¢’ (y7) — coyn @’ (yx) for all
t < t". With statement (b) of Proposition 11, it yields ciy1 ()¢’ (y1(t)) — coyn(t)@'(yn(t)) > 0 for
all t < ¢"¢. As all the other terms in the numerator and the denominator of (28) are strictly positive,
this shows that both the numerator and the denominator of (28) are strictly positive. Considering the
rewriting of R(p) in (30)-(32), this clearly implies that A(y(¢)) > 0 and B(y(t)) > 0 over [0,¢"€].

We now show that A(y(¢)) is strictly decreasing with t over [0, t™¢]. We have

d 0A ny 0A )>] . (33)

A ) =5t |2 - 2 22 vt

ng YN

It follows from (29) and Lemma 7 that g—ﬁ(y(t)) < 0 and E?y—‘j‘v(y(t)) > 0. With (33), it yields
4 A(y(t)) <0, as claimed. Similarly, we have

GBEO) =i |5 r0) - 2

Since it follows from (29) and Lemma 7 that g—?ﬁ(y(t)) > 0 and %—i(y(t)) < 0, this proves that
B(y(t)) is strictly increasing with ¢ over [0,¢"¢]. To conclude, we just use (32) to obtain

d 1 d d
— t) = ——— < —Aly(t))B(y(t)) — A(y(t))—B(y(t
RO = e { FABE)BEO) - Aly(O) B} <o (35)
for all ¢ < ¢"¢, from which it follows that R(y™¢) = R(y(t"¢)) < R(y(0)) = R(y*). This implies that
inequality (27) holds, and thus that dyl < (Zy/\l as clalmed

d d ne .
We now show that zg > 5)1\V Frorn ny - Y C N o = L L o, BN N ,We obtain

dyn’ dny _ dy1 dy?e
n(dA )= oy " )70 (36)

which shows that % > ﬁ’—)f\v. O

Proof of Proposition 2. The proof of property (a) directly follows from Lemma 12, whereas properties
(b) and (c) follow from Lemma 15. O

24



B.4 Proof of Proposition 3

We first consider the behaviour of the link flow ratios when \ varies over the interval (;\*, 5\”5]. Lemma
16 below proves that the ratio is increasing for cheap links, and equal to 0 for expensive links. It is
worthwhile noticing that the proof is valid for all latency functions ¢ such that the function f(y) defined
in (18) is strictly increasing.

Lemma 16. For \ € (5\*7 5\"6], the ratio y;w/y;k is 0 for all expensive links j € Sy. In this interval, the
ratio yp°/yy increases as X increases for all cheap links k € S;.

Proof. In the interval (5\*, 5\”5]7 the decentralized strategy forwards all the traffic on the cheap links,
from which it follows that yj' = 0 for all j € S in this interval, which proves the first statement of the
lemma. Consider now an arbitrary cheap link, say link 1, and an arbitrary expensive link, say link N.
Under the centralized routing strategy, the flows on these links are such that F{(y;) = Fj(y%) for all A

n [A*,A"¢). Hence, Fl”(yl)dy1 = F”(yfv)dgj\v, and we obtain

F'(yi) dyi _ F5'(yn) dyn (37)
Fi(yy) dx  Fy(yy) dA

Note that it implies that both dy—l and dyl" are positive. The flow conservation constraint implies
that niyl + noyy = miyl® = =\ D1V1d1ng by y1 and taking the derivative with respect to A and using

(37), we obtain
d y1 _n2 d (yy
d\ ny d\ \y; )’

om { L y’f}
n1(y7)? N

__ N F3(yn) {
i B |

ny  F(yn) (o
=— oy fr) = f
i B () 0D
where the function f(y) is defined in (18). With Lemma 6 and statement (a) in Proposition 1, we have
f(yt) — f(yx) > 0, which proves that - (y;’;) > 0. O

We now prove Proposition 3.

Proof of Proposition 3. For \ varying over the interval (5\*, 5\”8], the proof directly follows from Lemma
16. For A varying over the interval (5\”6, oo), Proposition 2 implies that the ratio y;°/y; decreases as A
increases for all cheap links k € S1. Indeed, we have

d (ype 1 [dype it dy; 1 dyr*©
— — __,ne T [ak _ . me k , 38
dA( > (){ 2 Wi — vl (38)

= | <
ax kRN S
where the first (resp. second) inequality results from assertion (b) (resp. (a)) of Proposition 2. A similar
argument shows that the ratio y;' / y; increases as A increases for all expensive links k € Ss. O

C Proof of Results in Section 4.2

In this appendix, we prove only Lemma 2 and Lemma 3, whereas Appendix D is devoted to the proof of
Proposition 4.

C.1 Proof of Lemma 2

Proof of Lemma 2. Note that D;(X\, p) > 0 for all A > 0. As the ratio of two continuous functions is
continuous at all points where the denominator does not vanishes, it is enough to show that Dy (% 1, p)

and D;(),p) are continuous functions of A over (0,00). As Di(A\,p) = F(y*) and F is a continuous
function of the vector y* of link flows obtained under the centralized routing scheme, the continuity of
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D1 (), p) follows from the continuity of y* as a function of A over (0, 00), which is proven in Lemma 1.
Similarly, the continuity of Dg (% 1, p) = F(y™®) follows from the continuity of y™® as a function of A
over (0,00), which is also proven in Lemma 1. O

C.2 Proof of Lemma 3
Proof of Lemma 3. For ¢(x) = (14 x)™, (9) yields

Ane\ ™ m A" /ny cy
1 1+ ————-~F~F———| =—=. 39
( + n1> { +K1—|—)\”e/n1] 1 (39)

Differentiating on both sides with respect to m, we obtain after some algebra

O (XN m [y LmA/m )
om \ n1 ) 1+An¢/ny K(1+Ame/ng) |

Ane m A" /ny 1 A" /ng
“log (1 IR ARN/AL0 S (. A A= S T
Og( * TL1> |: +K1—|—/\”"/n1] Kl—l—/\"e/nl ( )

As the RHS of the above expression is negative and % (%) is multiplied by a positive term, we

conclude that A\"¢/n; decreases with m. Since ny is a constant, this implies that "¢ decreases with
m. Assuming that there exists e > 0 such that A"¢ /n1 > € for some m as large as we want, we get a
contradiction with (39). We thus conclude that A" — 0 as m — occ. O

D Proof of Proposition 4

In order to prove Proposition 4, we first need to establish some results. Let us define the vector-valued
function y(A) = (y’f +Ayy — 2 ) for A € [0, Z—fy}‘\,}7 and
 niFi(y1) +naFa(yn)
Q(y) - (SF/ _ 5 F, 9
1(y1) + (1= 0)F5(yn)
where § = nl%. With a slight abuse of notation, we write Q(A) for Q(y(A)). We note that y(0) = y*

and that there exists A™¢ € (O7 %y}) such that y(A™) = y™¢. We will need the following result in the
proof of Proposition 4.

(41)

Lemma 17. For ¢(z) = €® and ¢(z) = (1 + )™, Q(A) > Q(0) for all A € (O, Z—’;‘y}‘v]

Proof. See Appendix D.1 for the proof for ¢(z) = e*, and Appendix D.2 for the proof for ¢(x) =
(I+ax)™. O

Lemma 17 implies in particular that Q(0) < Q(A™). The latter inequality is used in the proof of
Proposition 4, which can be found in Appendix D.3.

D.1 Proof of Lemma 17 for ¢(z) = e*

Define ay, = 1/(1+y;) for I € Si and k = 1,2. Note that as y; =y, for any links [,m € Sy, the value of
ay does not depend on the link [ € Sy, considered. Moreover, it follows from property (a) in Proposition
1 that 1 > as > a3 > 0. We first establish the expressions of 6 and Q(A) in terms of a; and ay in Lemma
18.

Lemma 18. It holds that

7’L1(1—|—(12) n2(1—|—a1)
5= d1—6— , 12
na(l+a1) +n1(l+ az) an na(1 4+ a1) +ni (1l + az) (42)
and
nleA (C_Ll —+ alA) —+ 7’L267wA ((_12 — (IQ(UA)
Q(A) = (43)

§eA (1 + a1A) + de=wA (1 — awA)
where @y =1 —ay, fork=1,2 and 6 =1—9.
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Proof. We have

Fi(y) = cx [¢(y) +yo' (y)] = (L + y)e? (44)
for k£ = 1,2. Similarly, for any link [ € S, we have

cr 20/ () + i 0" (7)) = e (2 + ),
24y
1+
),

= cp(1+y})e

9

= Fr(y)(1+ a (45)

where ap = 1/(1 + y/). Note that the value of a; does not depend on the link [ € S; considered.
Moreover, it follows from property (a) in Proposition 1 that as > a1. We first use (45) to establish the
expression of §. We have from (24)

8y7f

(S:
nlaAa

nica [2¢" (yn) +yn 9" (yx)]
nac 297 (y7) + i ¢ (yi)] +nie2 207 (yy) + yn ¢ (Yn)]
n1F(yn) (1 + a2)
noF (y1) (1 + a1) + ni Fy(ya) (1 + a2)’

9

and with the optimality condition F(y}) = F3(yx), it yields (42).
We now derive an expression for the function
Q(A) = niFi(yi + A1) + neFa(yy + As)
OFY(yi + A1) + (L= 0)F3(yy + Aa)’
where A; = A, Ay = —wA and w = ny/ny. For the terms in the numerator of Q(A), it follows from
(44) that for k= 1,2 and | € Sk

Fr(y; +Ap) = ey + Ak)eyl*""Ak,
Y+ Ag
1+yr
= A (yr) 1 — ap + apAy] . (46)

)

= e Fi(yr)

Similarly, for the terms in the denominator of Q(A), we obtain

Fi(yr + Ap) = ci(1+yf + Ag)eVi 725,

N A
= eAkFé(yl)#y
l
= A FL(y)) [1 4 apAr] . (47)

Combining (46) and (47) and using the optimality condition FY(y7) = F3(y% ), we obtain (43). O
Interestingly, we note from (42) that ag > a; implies that § = ny >1-6= ng%’—j\’.
We shall use Lemma 18 to derive a sufficient condition for Q(A) > Q(0) to hold true for all A €

(0, %y}‘v} . To this end, we will need the following result.

oy

Lemma 19. Letw = Z—; For any strictly positive numbers my, ma and p such that ma—my = (14+w)p,
it holds that

e [miA +p] > €72 [maA + ], (48)
for any A > 0.
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Proof. The proof is based on the well-known inequality e* > z + 1. Tt yields e+« > (1 4 w) A + 1,
and it is therefore enough to show that

A — A 1 A
(1+W)A>w_1:(m2 m)A _ (L +wp , (49)
miA+p miA+p miA+p
which is equivalent to m1A > 0. As m; > 0, the latter inequality clearly holds true. O

We are now in position to prove Lemma 17 for ¢(z) = €*.

Proof of Lemma 17 for ¢(x) = e*. With Lemma 18, we have

Q0) < Q(A) «— ¢ [n1a; — Q(0)0 + (n1 — Q(0)d)a1 A] > e WA [Q(O)S —ngds + (ng — Q(O)S)agwA] ,
Let p = nyd; — Q(0)d. Note from (43) that Q(0) = n1a; + naas. It follows that
Q(O)S — Nolg = Q(O) — Q(0)5 — Nolg = N1a7] — Q(O)5 =p.

Letting m; = (n1 — Q(0)d)a; and mg = (ny — Q(0)0)asw, it yields

Q0) < Q(A) = e® [miA +p] > e 92 [maA +p)]. (50)
With Q(0) = n1a; + nqag and (42), we obtain after some algebra
a3 — af
na(l+a1) +n1(1+ az)

p=mninz > 0.

Similarly, we have

CL2<n1a1 + ’ngag) + al(nl + ’ng)
Tlg(l + al) + 711(1 + CLQ)
al(nlal + TLQCLQ) + ag(nl + TLQ)
na(1l+a1) +n1(1l+ az)

mp = mniay

ma = niaz

from which we conclude that m; > 0, mg > 0 and ma — m; = (1 + w)p. The assumptions of Lemma
19 are met and we can thus conclude that inequality (50) is satisfied for all A > 0. We thus get that
Q(0) < Q(A) for all A € (0, éy}‘v], as claimed.

O

D.2 Proof of Lemma 17 for ¢(z) = (14 x)™

We proceed as in the case ¢(x) = e®. Define ap = ﬁ and by = m for k=1,2and [ € S.
L l

Note that the values of a;, and by do not depend on the chosen link [ € S;,. Moreover, note that y7 >y

implies that a; < ag and by < bs.

We first establish the expressions of § and Q(A) in terms of aj, as, by and by in Lemma 20.

Lemma 20. It holds that

waz (1 + by)
5= , 51
a1(1—|—b1)—|—wa2(1+b2) ( )
a1(1+b1)
1-6= , 52
a1(1+bl)+wa2(1+b2) ( )

n1

where w = oasin Appendiz D.1, and

T2 a%[l*bl+(m+1)b1A](1+a1A)m+a%[lfb27(m+1)b2wA] (1 - aswA)™ .
M1 (11 (mt Db (L5 @A)+ (1= 0) [1— (m + Dbawd] (1 — agwA)™ 1 (53)

Q(A) =
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Proof. For ¢(z) = (1+2)™, we have ¢'(z) = m(1+2)™ ! and ¢" (x) = m(m —1)(1+z)™ 2, from which
we obtain

Fe(y) =crlow) +yd' )] =@l +y)™ " [1+ (m+1)y], k=12 (54)

Besides, we also have

20/ (y) +y¢" (y) = m(1+y)" 2+ (m +1)y],

m 1
= (+y™ A+ (m+ )y |1+ ——— |,
1+y( y)" [+ (m+ 1)y T+ (m+1)y
which yields with (54)
e 20" (u) + vy ¢ (yi)] = man Fy(y/ ) (1 + bi), 1€ Sk, k=1,2, (55)

We now use (55) to establish the expression of 6. We have from (24)

ayj‘
N’

5:711

nice [2¢' (yn) + yx ¢” (yn)]
nacy [2¢ (y7) + i ¢ (y7)] + nic2 207 (yx) + yn ¢ (Yn)]
nimazF;(yx) (1 + b2)
namay FY(y7)(1 + br) + nimaz F3 (y3) (1 + ba2)’

)

and with the optimality condition Fj(y7) = F3(y&), it yields (51) and (52).
We now derive an expression for the function

Q(A) = niFy(y7 + A1) + neFa(yy + Ao)
01F (g1 + A1) + 02 F(yy + A2)

where 61 = 0, 02 =1 -0, A; = A, Ay = —wA. Regarding the terms in the numerator of Q(A), we
observe that

¢ Ar \"
B+ ) =~ [ (e 2+ m o+ 18— 1 1) (14 122
l
1 . m
:mFé(yl)[1—bk+(m+1)bkAk}(1+akAk) : (56)

For the terms in the denominator of Q(A), we have

Fi(yp +Ar) = a1 +y)" (1 4+ apAp)™ [+ (m+ D)y [1+ (m+ 1)br Ay
= F(yi) [1+ (m + Dbple] (1+ apdg)™ " (57)
Combining (56) and (57), and using F(y;) = F3(yx), we obtain

Q(A) _ 1 Zzzl Zf: [1 — bk + (m + l)bkAk] (1 + akAf)lm7 (58)
m+1 Zkzl 5k [1 + (m + 1)bkAk} (1 + akAk)m

which corresponds to (53).
We now exploit the expression of Q(A) given in Lemma 20 to obtain an equivalent condition for
Q(0) < Q(A) to be true for all A > 0. Note from (53) that

1—b1+1—b2}’
a1 an

n2

o=

m—+1

(59)

and define Qo (0) = ™HLQ(0) = w% + %. We also define the following quantities:

n2
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o p1=0Qo(0) — LU= py = by(m +1)6Q0(0) — w(l — by) — L and py = —w(m + 1)by,

a

o 1 = Qo(0)(1-0)—1=52, ¢y = —QO(0)(1—6)(m+1)b2w+(1—b2)w+m and gz = —(m+1)bw?.
The equivalent condition is stated in Lemma 21 below.

Lemma 21. The condition Q(0) < Q(A) is equivalent to

L+a A\
(HL;UA) (p1 + p2AA +p3A2) + (1 + @A + QSAQ) <0 (60)

Proof. With (53) and (59), the condition Q(0) < Q(A) is equivalent to

(1+a )™t {QO(O)é[l + (m+1)bA] — ai[l — b+ (m+ 1)b1AJ(1 + alA)} +
(1 — agwA)™™ {QO( Y1 =381 = (m+1)bwA] — i[1 — by — (m+ 1)bawA](1 — agwA)} < 0
Observe that

Qo(0)8[L + (m + 1)b1A] — ai[l — by + (m+ DbiAl(1+ a1A) = p1 + p2A + psA?,
1

and

Qo(0)(1 = 0)[1 — (m+ 1)bawA] — a%[l — by — (m + D)bawA](1 — aawA) = q1 + g A + gz A?,

which yields the equivalent condition (60).
O

We shall use the equivalent condition provided in Lemma 21 to derive a sufficient condition for
Q(0) < Q(A) to be true for all A > 0. To this end, we will need the following technical result.

Lemma 22. Let p1, po and gz be as defined above. It holds that

(m —1)(a1 + asw) p1 + p2 + g2 = 0. (61)

Proof. First, we note from (51) and (59) that

w(l—2>
pr = 6Qo(0) — L0
ay
_ wa2(1+b2) <w(1b1) + 1b2) w(lfbl)
~ay(1+by) +waz(1+ by) a1 as ay
_ w(bi — b3)
o a1(1 + b1> + wa2(1 + bg
Thus, we aim to show that
w(b} —b3)(m — 1)(a1 + asw) + (p2 + g2) (a1 (1 + b1) + was (1 + b2)) = 0. (62)

From the definition of py, and exploiting again (51) and (59), we obtain
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pg(al(l + b1> + wag(l + bg)) = (b1(m + 1)6@0(0) — w(l — bl) - w(Tn;—ll)bl> (CL1<1 + bl) + wa2(1 + bg))

. bl(m+1)wa2(1+b2) w(l—bl) 1— by w(m+1)b1

a (a1(1+b1)+wa2(1—|—b2) ( al + ag al >
(a1(1 + bl) + wa2(1 + b2))

1-b) 1-b
:bl(m+1)wa2(1+b2)<w(a Dy - 2)
1 2

) -wt-n)-

—w(l =b1)(ar1(1 4 b1) +waz(l +bs))

fﬁ@%?@ﬁmﬂ1+m)+w@u+wg)
_ blag(m + l)w(l + bg)w(l - bl)

+by(m + Dw(l —b3) — ajw(l — b?)
ai

asw?(m + 1)b1 (1 + bg)

— asw?(1 = by)(1 + ba) — w(m+ )by (1 +by) —

aj
Similarly, we have
1)b
@Mﬂl+h%ﬂmﬂ1+®»:(—Qd@ﬂ—émn+D®w+UfWﬁw+Onz)2w>
2

(a1(1 + bl) + wa2(1 + bg))

1-0 1-0
:—(w( 1) —+ 2>a1(1—|—b1)(m—|—1)bgw
aq as

m+ 1)bow
az

+ (1 — bg)w(al(l + bl) + wag(l + bg))

+ ( (a1(1+bl)+wa2(1+b2))

_ albg(m + 1)(1 — bg)(l + bl)w
+ (1 — bg)wal(l + bl) + (1 — bg)w2a2(1 + bg)

n (m + l)bgwal(l + bl)
a2

= —w(l =03 (m + 1)byw

+ (m + 1)bow?(1 + by)

We also note that
w(b% — b%)(m —1D(a1 + asw) =w(l — b%)(m —1)(a1 + agw) —w(1 — b%)(m —1)(a1 + asw)

Hence, replacing the above expressions in (62) and moving all the negative terms to the other side, we
derive the following equivalent equality:
(a1 + agw)w(l —b2)(m — 1) + arw(1 — b?) + agw?(1 — by) (1 + by) + wbi (1 +by)(m + 1)
ang(m + 1)b1(1 + bg) n albg(m + 1)(1 — bg)(l + bl)w
aq az
=(a1 + asw)w(1 — b3)(m — 1) + aow?(1 — b3) + arw(1 + b1)(1 — by) + w?ba (1 + by)(m + 1)
T alew(m + 1)(1 + bl) + agbl(m + 1)(1 + bg)(l — bl)w2
as a1

+w?bo(1 = b (m+1) +

+wbi (1 —b3)(m+ 1)

Dividing by w, we obtain

(a1 + agw)(1 — b3)(m — 1) + ay (1 — b3) + agw(1 — by) (1 + by) + by (1 +by)(m + 1)

agwbl(m + 1)(1 + bg) n albg(m + 1)(1 + bl)(l — b2)

:(a1 + agw)(l — b%)(m - 1) + agw(l — b%) + a1(1 + bl)(l - bQ) + U.}bg(l + bg)(m + 1)
albg(m+1)(1—|—b1) agwbl(m+1)(1+b2)(1—b1)

1—b2 1
+o1(1=b3)(m+1) + o + o ,

+wbo(1 = b)) (m +1) +
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which yields

(a1 + aow)(1 = b2)(m — 1) + a1 (1 — b?) + asw(1 — by)(1 4 ba) + by (1 +b1)(m + 1) + why (1 — b?)(m + 1)
B albg(l + bl)(m—l— 1)

=(a1 + agw)(1 — b2)(m — 1) + asw(1 — b2) + a1 (1 +b1)(1 — by) + wha (1 + bo)(m + 1) 4+ by (1 — b3)(m + 1)
B aswb? (1 +by)(m + 1)

)

ai

or equivalently

(a1 + asw)(1 = b2)(m — 1) + a1 (1 = b?) + agw(1 — by)(1 4 bo) + by (1 +by)(m + 1) + wha(1 — b?)(m + 1)
aswb? (1 +by)(m + 1)
+ ”
=(a1 + asw)(1 — b2)(m — 1) + agw(1 — b2) + a1 (1 + b1)(1 — by) + wha(1 + bo)(m + 1) 4+ by (1 — b3)(m + 1)

n albg(l + bl)(m + 1)
a2

Multiplying on both sides of the above equality by ajas, we obtain

aras(ar + aw)(1 —02)(m — 1) + a?az(1 — b?) + ara3w(l — by)(1 + by) + arasby (14 by)(m + 1)
+ ayagwby (1 — b3)(m + 1) + a3wb? (1 + by)(m + 1)

=ayas(ay + aw)(1 —b2)(m — 1) + a1aiw(l — b2) + aZas(1 4 by)(1 — by) + ayaswbs (1 + by)(m + 1)
+araghi (1 —b2)(m +1) 4+ a2bi(1 +by)(m + 1),

that is

aras(a; + aw)(1 —02)(m — 1) + a2as(1 — b?) + ara3w(l — by)(1 + by) + arash?(m + 1)
— ajagwbiby(m 4 1) 4 a3wb? (1 4 by)(m + 1)

=ajas(ay + aw)(1 —b3)(m — 1) + ajaiw(l — b3) + aZas(1 4 by)(1 — by) + ayaswbi(m + 1)
— ayasbibi(m 4+ 1) + a?ba(1 4 by)(m + 1).

We move the negative terms on the LHS to the RHS and the negative terms of the RHS to the LHS
to obtain

araz(ar + azw)(1 = b7)(m — 1) + afaz(1 — b}) + ara3w(l — by)(1 + ba) + arazbi(m + 1)
+ ayasbib3(m + 1) + aZwb? (1 4 by)(m + 1)

=ayas(ay + aw)(1 —b3)(m — 1) + ayaiw(l — b3) + afas(1 4 by)(1 — by) + ayaswbi(m + 1)
+ a1aowb?by(m + 1) + a2b2(1 + by)(m + 1),

which after simplification yields

aras(ay + agw)bg(m — 1) +a?az(1 4 by)bo + alagw(l + b2)ba + arasb?(m + 1)
+ ayasbib3(m + 1) + adwb?(1 + by)(m + 1)
=ayaz(a; + aw)b?(m — 1) + ataz(1 + by)by + a1a3w(1 + by)by + ajaswbi(m + 1)
+ a1a9wb?by(m + 1) + atb2(1 + by)(m + 1). (63)

We prove below that the terms in factor of w in (63) are equal and the other terms are equal as well.
For the terms in factor of w, we prove that

alagbg(m -1)+ alag(l + ba)bay + a%b%(l +b)(m+1) = alagb%(m -1+ alag(l + b2)by
+ arazbi(m + 1) + ajasb3bo(m + 1), (64)
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whereas for the other terms we prove that

a%agbg(m -1+ a%ag(l +b1)bs + alagbf(m +1)+ alagblbg(m +1) = a%aﬂ)f(m -1

+ a2as(1+ b1)by + a2b3(1 + by)(m + 1),
(65)

We first focus on (64). Dividing by as, we obtain

a1a9b3(m—1)+aias(14+be)ba+asb? (14bs)(m+1) = ajagb?(m—1)4ayas(14+bo)by+a1bs(m+1)+a1b3by(m+1),
which yields after some algebra
alag(bz — bl)(mbg + (m — 1)()1 + 1) + (m + 1)(@2[)? — G,lb% + b%bg(dg — al)) =0.

Let ¢, = m + 1 — may, for k = 1,2. Hence, by = ay/ci and the previous equality can be written as
follows

2 2 2
az a a a a a a a
ayas (2 - 1) (m2 +(m—1)=+ 1>—|—(m—|—1) <a2 <1> —a <2> + <1> = (ay — a1)> =0.
C2 C1 Co C1 C1 C2 C1 Co

Dividing by ajas, it yields

2
(”-‘”) <ma2+(m—1)al+1>+(m+1) (ai—aiwtam al):o.

2. 2
Co C1 C2 C1 1 (659 CiC2 CiC2

We note that ¢ — & = (mtlaz=a1) 414 thus

C1 ci1C2

2
as —a a a a a a1a a
C <m2+(m—1)1+1>+(m+1)<;—§+ ;2—21>=0 —
Cl 62 0162 CICQ

C1C2 C2 C1
as(az — ay) ai(az —a1)  as—a; a1 az  aia a?
2(a2 1+(m—1)1 2 1 2 1, a1 az 142 41 _
2 2 2 2 2 7=V =
C1C5 C1C2 C1C2 1 (&5 C1C2 C1C2
612(612—(11) +ma1(a2—a1) a2 — a1 ﬂ—%:() (66)
c163 ey €16y 2

Multiplying (66) by c3cq, we obtain
merag(ag — ar) + megar(ag — ay) + ciea(ag — ar)+ = c2ag — caa; <=
m(as — a1)(cras + caa1) = c%ag — C%al —cea(ar —ar) =
m(ag — a1)(cras + c2a1) = (1 — c2)(cra2 + c2a1) <~
m(ag — a1) = (¢1 — ¢a),

and since the last expression holds, we have shown that (64) holds. We now focus on (65). Dividing by
a1, we obtain

alagbg(m—1)+a1a2(1+b1)bg—l—agb%(m—i—l)—i—agblbg(m—&—l) = Cblagb%(m—l)-i-alag<1+b1>b1+a1b%(1+b1)(m+1).
After some algebra, it yields
alag(bz — bl)((m — 1)b2 + mby + 1) + (m + 1)((12[)? — G,lbg + blb%(ag — al)) =0.

Using that ¢, = m+1—may and by = ay/ck for k = 1,2, the previous equality can be written as follows

2 2 2
as a a a a a a (a
aas (2 - 1) ((m D2+ mt 4 1>—|—(m—|—1) <a2 <1> —a (2> +2 <2> (ag — a1)> =0,
Co C1 Co C1 C1 C2 C1 Co

which upon division by a;as yields

<“2_‘“> ((m—l)@—kmm—l—l)—k(m—kl) (‘;%—“;+“22(a2—a1)) —0.

Co C1 (659 C1C5
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Using that ¢2 — ¢ = (miaz=a1) ,nd simplifying, we get

c1 c1cC2

az — a1 a3z a1 ai a2
— [ m—=+m—4+1|+ - — =0,
C1C2 C2 C1 (&1 (659

which coincides with (66). As the latter equality has been shown to hold above, (65) also holds true,
which concludes the proof. O

We are now in position to prove Lemma 17 for ¢(x) = (1 4 x)™.

Proof of Lemma 17 for ¢(z) = (1 + x)™. We use (60) to obtain a sufficient condition for Q(0) < Q(A)
to be true, and then prove that this condition is satisfied. We first show that p; < 0 as follows

— 1-b 1-0b 1-0b
6Qo(0)*7w(1a o e 6(w( - Dy - 2) _ - D g
1 1 2 1

w(l—bl) —|—61_b2 _w(l—bl) <0

a1 as aq

W(l—bl) +51—b
a1 ag

—a1(1 + bl)w(l — bl) n wag(l + bg)(l — bg)

al a2

—(1 + b1>(1 — bl) + (1 + b2)(1 — b2) <0

— b2 -2 <0,

4]

220

<0

=
— (6—-1)
=
=

and since by < by the last expression is true and we have shown that p; < 0. Likewise, we can show that
p2 is negative. In fact, after some algebra, we get that

h@n+1ﬁ@dm—%dl_h)_won+1WI:(aﬂ w(—b1 — b3)  bidw

b 1)—w(l-0
14 b1) + waz(1 + b2) al ) 1(m 1) = 1)

ai

and the RHS of the above expression is clearly negative.
Since ps < 0 and from the above reasoning, we know that that p; + Apy + p3AZ < 0. As a result,
using that (14 x)™ > 1+ xm for z > 0, it follows that a sufficient condition for (60) to hold is

+
1+ A(m — 1)) (00A% 1 oA+ py] + gsA% + @A + g1 < 0. (67)
1 — aswA
Let us note that
w(l—10 - 1-b w(l—> 1-b
pr+ a1 = 0Q0(0) — L) 50 - B2 gy - o) (12b)
aq as ai a2
that is, g1 = —p1. Thus, we need to show that
L4+ A(m— 1) 029N ) A2 LAl 4 s A + oA + prA(m — 1) 22529
1 — aswA 3 2 3 2 ! 1 — aswA ’
for all A > 0. Dividing by A, we get
1+ A(m— 1) 2929 ) 1A+ o]+ g5A + g+ pr(m— 1)L 8E g (68)
1— aywA b3 D2 q3 q2 — P1 1= aywA .

Since p3 < 0 and ps < 0, we know that



Therefore, a sufficient condition for (68) to be true is
P3A +p2 4+ @3A + g2 + pr(m — 1) (a1 + azw) <0

that is

(s +@3)A + (p2 + g2 + (m — 1)(a1 + aw)p1) <O,

for all A > 0. With Lemma 22, we know that ps + g2 + (m — 1)(a1 + asw)p1 = 0, and the above sufficient
condition reduces to (p3 + ¢3)A < 0. Note from their definitions that p3 < 0 and ¢3 < 0. The sufficient
condition is therefore satisfied for all A > 0, which proves that Q(0) < Q(A) for all A > 0. O

D.3 Proof of Proposition 4

Proof of Proposition 4. We first prove assertion (a). It readily follows from A\* < A\™® that for A < \*

De(310) _ry)_ mAiGh

Di(Ap)  FO)  mR()
We now consider assertion (b) and assume that A € (A*,A"¢]. Since for A < A"¢ we have y"¢ =
(%, e %70, e 70)7 the ratio Dg (% 1,p) /D1(\, p) is strictly increasing in A if and only if
A dyy dyi A
Fy F(y* Fi(y &) B (). 69
() P> (mrn B+ mrjti) 22 ) mA () (69

The constraint ni1y; + noyy = A 1mphes that n1 i dyy + no dg){\’ = 1. Moreover, A > \* implies that

Fl(y7) = Fi(yx)- It yields ni F| (yl) +n2F2(yN) dyN = F{(y7). Therefore, the ratio D (? 1, p) /Dl(j\, p)

is strictly increasing in A if and only 1f

/_\ * * * 5‘
Fl/(nT) [n1F1(y7) + naFa(yn)] > na F{(yl)Fl(;l)v

which can equivalently be written as

where we have used the equality F(yj) = F3(yy). Observing that ?,Eyig =g (y7) and Fyf ZZ% =g(yy),

where the function g() is defined by (17) in Appendix A, it is therefore enough to show that

nag (4}) + nag (k) > nag (j) | (70)

To this end, let us consider the function h(t) = ni1g ( ) + nag <( ) We have

o= o (2) - (159))

which implies that h'(t) < 0 for ¢t € | L,
(I +2)™ (see Lemma 5 in Appendix A). We know from Proposition 1 that yj > y%. Together with
. Taking ¢ = % < 1, we hence obtain that h(1) < h(t),
which proves (70). We thus conclude that the ratio Dy (% 1,p) /D1(\,p) is strictly increasing in A
over the interval (5\*, 5\”6].

Finally, we focus on assertion (c) assuming that A > \"¢. The ratio D (% 1, p) /D1 (A, p) is strictly

—

1} because g is strictly concave for ¢(z) = e® and ¢(x) =

iy} + nayly = A, it implies that 7*

decreasing in X if and only if

dyrf
d\

{an{< VA |, )

t E1Pe) < {mAOD % + B S | F5™). ()

d\
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From Proposition 2, we know that dyr® dyl . Let 6 = n1— dyl . We have

2N
1 duymne
+n2F2( ) (1—n1y1>
n2

ne dyne dy dy
)= ey (yR) = = nF{(y*)—+ 0

d\

= (R - BR)) Y 4 R)
< SRR ~ AR + FLR)

= 0F/(y1°) + (1 = 0)Fy(yx),

where we have used the inequality F](y]¢) > Fj(y%¢) which is proven in Proposition 1. As a consequence,
a sufficient condition for (71) to hold is that

{0F[(1) + (1 = ) F3(yn)} F(y™) < {6F{(y1) + (1 = 6)F3(yn)} F(y™), (72)
which can equivalently be written as follows
OFY(y1) + (1= 0)F3(yy) — oF{(y7e) + (1 = ) F3(yyf)’
that is Q(0) < Q(A™). Lemma 17 completes the proof. O

E Proof of Results in Section 5

We give below the proofs of Proposition 5, Proposition 6 and Lemma 4.

Proof of Proposition 5. Assume that A = A"¢. It follows from (15) that

niciyi“¢ (yi°)

IK (p) = * * * * 0\ (74)

nicyi ¢ (yy) + nacayy ¢ (i)
R * 1, % * 0\ ( )

yio (i) + a5un® (Un)
Note that the constraint niy; + nays = A"¢ implies that y; + yg = y7°. It yields
yne¢ yne

I (p) = o) (76)

yio (y1) + 3 (v — yi)é (alyr® —vi))

As a consequence, to show that the inefficiency Ix(p) depends only on the ratios «, 8 and =, it is
enough to show that y7"¢ and yj depend only on these ratios. From (9), we get that

ne =, ne l
¢ (y1°) + y1 ¢’ (y1¢) = > (77)

is a function of 7 only. Similarly, (8) yields

ne

which shows that

* * * 1 * * *
S +yrd (vi) = o) +un ¢ (yn)] (78)
1 ne * ne * ne *
= § [ ((y1® = y1)) +ay?® —y7) & ((yi® — y1))], (79)
which shows that y; is a function of the ratios o and . The desired result follows. O

It follows from Proposition 5 that the Inefficiency depends only on the ratios a and . As a con-
sequence, in the proof of Proposition 6 which is given below, we shall write Ix(c,v) to denote the
Inefficiency.
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Proof of Proposition 6. We first note from (77) that y}*¢ does not depend on «, which implies that the
numerator of Ix(«,v) in (75) is constant when « varies. As a consequence, it is enough to prove that
the denominator of Ik («,7) is increasing with «, that is, that

1
D =yi¢(y7)+ ;(y?e —y1)¢ (a(yr® —v1)),

increases when « increases. Taking the derivative with respect to o and using the identity y3& = a(y]° —
y7) to simplify notations, we obtain

oD dyy 1 oy
G = [l i P+ T |—o (i o) G
8 *
(v1“ = y1)¢' (ayi” —ui)) <(y?e —yi)—a ayal )] ,
1
= S - h) +
(@00 +01 6/ 1)~ 26 30+ o )| S

—_

= ;(y?e —y1)% (yn)

where the last equality follows from (78). Since ¢ is strictly increasing, it follows that g—g > 0, implying
that I («, ) is strictly decreasing with «, as claimed. O

Proof of Lemma 4. Assume that n; = 1 and ng = N — 1. For ¢(z) = e*, we know that A* is defined by
(1 + X*)er” = 1. This implies that A* — oo as v — 0. As a consequence,

I _ . 5\* 5\*
lim yA* et = i 1+ %)t — =1 _
’ylg%ﬂ c 'YILI}J’Y( +A%)e 14+ A* 'yli% 14 A*

It implies that for any € > 0 and for v sufficiently close to 0, we have (1 —¢€)/y < Mer < (14+¢€)/v,
that is, Wy ((1 —€)/v) < A* < Wy ((1+¢€)/v), where Wy is the principal branch of the Lambert W
function. As it is known that Wy (z) = log(x) — log(log(z)) + o(1) for large values of =, we obtain that

g (1) = tog (10w (1) ) o) < 4 <tog (1)~ 10g (10w (55 ) o)

for any € > 0 and for v sufficiently close to 0. - - N
Similarly, it follows from A€ > A* that A"® — oo as v — 0. Since A"¢ is defined by v(1+ )‘K yer =1,
we have

) S\ne e j\ne e S\ne/K L S\ne
iy gee” =+ 20 ek = M e

v—0
and we can show with a similar reasoning that

log (Kl_e> — log <log (Kl_e>> +o(1) < A" < log (Klﬂ) — log <log <K1+6)> +o(1),
Y Y v v

for any € > 0 and for v sufficiently close to 0. With the above bounds on \* and \"¢, we get

log [ 1=¢

_ _ 1 g

)\”e—)\*<logK+10g<1+€>+log ( Rl )
—€

log K + log (1;“) ’

and

37



3 3k 1—e¢ 10g(1+6)
A" —X* >log K + log [ —— | + log
l+e logK—&-log(l;

for any € > 0 and for v sufficiently close to 0. We thus conclude that

lim (A" — X\*) = log(K). (80)

v—0

Consider now the ratio of social costs at A = A, which is by definition

() -
K ? * = * * * 0
N-1 Fi(yp) + (N =1DF2(y3)  yyiedt + (N = 1)yze?s

where yi and y3 are such that y7 + (N —1)y5 = A" and (1 + yi)edt = (1+y5)e¥2. Tt then follows from
lim, yAmeer" = K that

(81)

1 K
lim [ e = = . 82
y5o K <N - 1’7> lim, o {yyievi + (N — 1)ysevz} (82)
Note that
yyier (N = Dyzevs = y(1+yi)edi Lo 4 (N — L)ysets,
1497
= (L4 3)e © il (N = 1)ye¥s,

and as y§ > \* implies that y; — oo as v — 0, we deduce that

hm {’yyleyl + (N - 1)y’2"ey;} = hm {(1 + Ny; )eyg}.

With (82), it yields

lim 1 ! K (83)
YA\ N 1Y) T lim, 0 {(1+ Ny3)e¥z}’
We know that y3 > 0 and that y; > X*. With y3 = (A"® —y}) /(N — 1), it implies that
. S\ne _ 5\*
A
for any value of v < 1, and therefore that
y . j\ne _ ;\n(’ _ X*
With (80) it yields
- log K
1< lim (1 + Nybe¥s < K¥T |14+ N2 (85)
y—0 N -1
Combining (85) and (83), we get
N-2 N — ]_ 1
K~—1 lim I (| —— < K.
NIN(1+1ogK)—1—w13%K<N—1”Y>— (86)
For N — oo, it yields K/(1 +log(K)) < PoA < K. O
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