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CHEBYSHEV AND EQUILIBRIUM MEASURE VS
BERNSTEIN AND LEBESGUE MEASURE

JEAN B. LASSERRE

ABSTRACT. We show that Bernstein polynomials are related to the
Lebesgue measure on [0,1] in a manner similar as Chebyshev polyno-
mials are related to the equilibrium measure dz/mv1 —xz? of [—1,1].
We also show that Pell’s polynomial equation satisfied by Chebyshev
polynomials, provides a partition of unity of [—1, 1], the analogue of the
partition of unity of [0, 1] provided by Bernstein polynomials. Both par-
titions of unity are interpreted as a specific algebraic certificate that the
constant polynomial “1” is positive — on [—1, 1] via Putinar’s certificate
of positivity (for Chebyshev), and — on [0, 1] via Handeman’s certificate
of positivity (for Bernstein). Then in a second step, one combines this
partition of unity with an interpretation of a duality result of Nesterov
in convex conic optimization to obtain an explicit connection with the
equilibrium measure on [—1,1] (for Chebyshev) and Lebesgue measure
on [0, 1] (for Bernstein). Finally this connection is also partially estab-
lished for the simplex in R.

1. INTRODUCTION

In a recent contribution [6] we have considered some specific sets S C R?
like the unit box [~1,1]%, the Euclidean unit ball and the canonical simplex
of RY, and established (in the author’s opinion) surprising connections be-
tween the Christoffel function of their associated equilibrium measure, the
polynomial Pell’s equation, and a Putinar’s certificate of positivity on S for
the constant polynomial “1”.

The notion of equilibrium measure associated to a given set, originates
from logarithmic potential theory (working in C in the univariate case) to
minimize some energy functional. For instance, the equilibrium (Chebsy-
shev) measure d¢ := dx/7v/1 — 22 minimizes the Riesz s-energy functional

I/ ﬁdu@:) dpy)
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2 JEAN B. LASSERRE

with s = 2, among all measures p equivalent to ¢. Some generalizations
have been obtained in the multivariate case via pluripotential theory in C".
In particular, if S C R™ C C™ is compact then its equilibrium measure is
equivalent to Lebesgue measure on compact subsets of int(S); see e.g. [1].
For the interested reader, some examples of equilibrium measures can be
found in e.g. [3, 7].

For illustration and ease of exposition, consider the prototypal example
of the univariate unit box [—1,1] and its associated equilibrium measure
d¢ = dx/m\/1 — 22. Starting from the polynomial Pell’s equation®

(1.1) T.(2)?*+(1—-2>)U,_1(2)> =1, VzeR,

satisfied by the Chebyshev polynomials (T, ),en of the first kind and (Uy,)nen
of second kind, one easily obtains that

(1.2) 1:Zn:Tj(x)2/(n+1 (1— a2 Z_: 2/(n+1), VxecR.
j i=0

Interestmgly, (1.2) is a sum-of-squares (SOS)-based Putinar’s certificate
(1.3) 1 =oo(x)+ (1 —-2%)0y(z), VreR,

that the constant polynomial “1” is positive on [—1,1]. As shown in [5, 6],
among all such representations (1.3), the particular form (1.2) maximizes an
entropy related functional of the Gram matrices of the SOS weights g and
o1 in (1.3). On the other hand, (1.1) is nothing less that the Markov-Lukécs
representation of the constant polynomial “1” into a weighted sum of only
two squares, that is, a representation of the form (1.3) with single squares
instead of sum-of-squares.

Finally, with « — g(z) := 1 — 22, and after a rescaling of T} to T =

T;/V/2 (vesp. UJ = U;j/V/2) so as to obtaln a family of polynomials that are
orthonormal w.r.t. ¢ (resp w.r.t. g-¢ where g - ¢ is the measure gd¢),

n n—1
(1.4) m+1 = > T?P+g ) U}
§=0 i=0
(1.5) = Aj(@) " +g(@) Ay ()T, Yz ER,

where A% (resp. A% ) is the degree-n Christoffel function associated with
¢ (resp. g - @); see [6]. Notice that in (1.2), the polynomials

{(T3/(n+1)j<n s 9Uj/(n + 1)) j<n—1}
or in (1.4), the polynomials
{(TA]'/(?“ +1))jzn 9 U/ (2n + 1))j§n—1} :

1A multivariate polynomial F € Z[x] is called a multi-variable Fermat-Pell polynomial
if there exist polynomials C, H € Z[x] such that C?> — F H?> =1 or C*> — F H?> = —1 for
all x. Then the triple (C, H, F') is a multi-variable solution to Pell’s equation; see e.g. [8].
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form a partition of unity of the interval [—1, 1]. This partition of unity (1.2)
(or (1.4)) is related explicitly to the equilibrium measure ¢ of [—1,1] by the
interpretation (1.5) of (1.4) (and/or the orthogonality w.r.t. ¢).

Contribution. Inspired by the partition of unity (1.2), we now consider
another well-known partition of unity, namely:

(1.6) 1 :ZBn,j(x), VeeR, VneN,

of the interval [0, 1], provided by the Bernstein polynomials (B, ;)j<n, where
x = By j(x) = (?)x] (1 —z)" 7, for all j = 0,...,n. In particular, using

that fol By, j(x)dx =1/(n+1) for all j =0,...,n, and summing up, yields

t

(1.7) 1 = (n+1 ZZ _Bulw) , VzeR,

=0 j= ofoBt,de

2 4 :
(1.8) = — Z cia' (L—z), VreR,
=

with 1/c}; z-:;ﬁl fo (1—2)idz.

We want to convince the reader that (1.7) (or (1.8)) is the analogue for
Bernstein polynomials on S = [0, 1], of (1.4)-(1.5) for Chebyshev polynomi-
als on S = [—1,1]. Indeed :

e In (1.7), (n+ 1)(n + 2)/2 is the number of terms z*(1 — x)7, exactly as
2n + 1 is also the number of terms f}(m)Q and (1 — xQ)IA]j(x)Q in the right-
hand-side of (1.4). So in both cases, the polynomial “1” is expressed as an
average of a certain number of polynomials that are positive on S.

e The coefficient c¢j; associated with z'(1 — x)7 (equivalently to Bii;;)

is just 1/ fo (1— x)ﬂdx (integration w.r.t. Lebesgue measure on [0,1]),
exactly as 1 is the coefficient associated with Tj2 and (1—22)U j2, and satisfies

1 1 .
1= /_1@(x)2d¢; 1= /_1(1_x2)ﬁj(x)2d¢ _ /_16]’(11)2\/m(m/7T

(integration w.r.t. equilibrium measure ¢ on [—1,1]).
e The vector of coefficients ¢* = (cj;)(; j)enz is the unique optimal solution
of the “max-entropy” optimization problem:

2 . .
sup { Z log(cij) 1 1 = —————= Z cijz' (1—z), VzeR}.
20 (; enz (D +2) o
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Similarly, with v,,(z) := (27)j<n € R[z]"™! (and z — g(z) := 1 — 2?),

x fo(m) = vp(@)TM,(¢) tvp(z), Vz eR
j=0

n—1
x Z sz(x) = vp_1(2)TM,(g- @) tva_i(z), Vz €R,
§=0

the couple of Gram matrices (A*, B*) := (M, (¢)"},M,_1(g - ¢)7!) is the
unique optimal solution of the max-entropy optimization problem:

sup  {logdet(A) + logdet(B) :
B>0

st. 1= ﬁ [vp(2)T A v, (z)
—_—— —

)

oo(x)

+(1 -2 vp_1(2)'Bv,_1(z)], Vz e R}

o1(x)

So the partition of unity (1.2) associated with Chebyshev polynomials is
associated with Putinar’s certificate of positivity (1.3) on [—1,1], based on
SOS polynomials, and applied to the constant polynomial “1”, whereas the
partition of unity (1.7) associated with Bernstein polynomials is associated
with Handelman’s certificate of positivity on [0, 1], based on nonnegative
coefficients ¢;; of 2'(1 — 2)7. But both share the same variational property,
namely their coefficients in their respective certificate maximize a similar
entropy criterion.

2. NOTATION DEFINITIONS AND A DUALITY RESULT

2.1. Notation and definitions. Let R[z] be the ring of univariate poly-
nomials, R[z]; C R[z] be the space of polynomials of degree at most t,
and X[x]; C R[x]o; be the convex cone of univariate sum-of-squares (SOS)
polynomials of degree at most 2¢t. An element p € R[x]; is written as
z — p(z) = pTvi(z) where vi(z) = (29)p<j<; is the usual monomial ba-
sis of R[z];, and p € R is the vector of coefficients of p in that basis.
An element ¢ € R[z]} is represented by a vector ¢ = (¢;)o<j<¢, that is,
é(p) = ¢ p.

Given a polynomial ¢ € R[z] and a linear functional ¢ € Rz|; with
associated sequence ¢ € R'™!, define the new linear functional g - ¢ € R[x];
(with associated sequence g - ¢) defined by:

p—g-9(p) = ¢(gp) = (9-¢,p), VpeR[z];.

)
Given a sequence ¢ € R[z|; denote by My(¢p) (or My(¢)), the moment
matrix associated with ¢. It is the (¢ + 1) x (¢ + 1) real symmetric Hankel
matrix with entries

My ()i, j] = d(a™72) = divjo, V1<i,j<t+1.
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Similarly, the matrix My(g- ¢) (or Mi(g- ¢)), i.e., the moment matrix asso-
ciated with the sequence g - ¢, is also called the localizing matrix associated
with ¢ and g.

With z + g(x) := (1 — 2?), introduce the convex cone Q,(g) C R[z]2,
defined by

Qn(g) == {oo+019 : 00 € Ex]p, 01 € E[x]p_1}.
Its dual @, (g9)* C R[z]5,, is the convex cone defined by
Qu(9)* = {@ R My() = 0; Myy—1(g-¢) = 0}

In the terminology of real algebraic geometry, @Q,,(g) is the quadratic module
associated with the polynomial g.
2.2. Two certificates of positivity. We next introduce two (celebrated)
certificates of positivity on [1, 1] and [0, 1] respectively.
Theorem 2.1 (Markov-Lukécs & Putinar). If p € R[z]a, is nonnegative on
(~1,1] then p € Qu(g), i-c.,
(2.1) p=o00+to1g,
for some SOS polynomials o¢ € X[z], and o1 € X[z]p—1. In fact, we even
have
(22) P =Pty
for some polynomials py € R[z],, and p; € R[x],—1

So the refinement (2.2) of (2.1) is Markov-Lukdacs’ theorem which states
that one may even decompose p as a (weighted) sum of only two single
squares. Putinar’s Positivstellensatz [10] is a multivariate generalization of

Theorem 3.2 for polynomials that are strictly positive on a compact basic
semi-algebraic set (whose generators satisfy an Archimedean property).

Theorem 2.2 (Bernstein [2]). If p € Rlz], is (strictly) positive on [0,1]
then there exists m >n and 0 < c = (cl-j)l-ﬂ-:m such that

(2.3) Z ‘1-=z), VreR.

Theorem 2.3 (Handelman (univariate)). If p € Rz, is (strictly) positive
on [0,1] then there exists 0 < ¢ = (cij)i+j<n such that

(2.4) Z cijr' (1—z), VreR.
i+j<n
Theorem 2.3 is a specialization to the univariate case and S = [0, 1],

of the more general Handeman’s Positivstellensatz [4] valid on a convex
polytope S C R? with nonempty interior, while in (the older) Theorem 2.2
of Bernstein, all terms z° (1 — z)/ have same degree i + j = m. Note that
the two certificates of positivity (2.1) (or (2.2)) and (2.4) are quite different
in nature. The first one (2.1) which is the univariate version of Putinar’s
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theorem, uses SOS polynomials (0, 01) and is valid for polynomials that are
nonnegative on [—1,1], whereas (2.4) which uses a vector ¢ of nonnegative
scalars, is valid for polynomials that are strictly positive on [0, 1].
Moreover, testing whether a given p € R|x]y satisfies (2.1), reduces to
solving a semidefinite program (or an eigenvalue problem). On the other
hand, testing whether p satisfies (2.3) reduces to solving a linear program.

3. MAIN RESULT

In this section we show how Chebyshev (resp. Bernstein) polynomials
are related in a similar manner to the equilibrium measure of [—1, 1] (resp.
Lebesgue measure on [0, 1]).

3.1. Chebyshev polynomials and equilibrium measure of [—1,1].
Polynomial Pell’s equation. Let (T)jen (resp. (Uj)jen) be the Chebyshev
polynomials of the first (resp. second) kind. After normlization T] =
Tj/\/i, j=1,...,n,and Uj := Uj/\/i, j=0,...,n, (Tj)jen (resp. (Uj)jen
) form a family of polynomials orthonormal w.r.t. d¢ = dz/mv/1 — 22 (resp.
(1 —2?)d¢ = /1 — 22dz/m). Tt turns out that the Chebyshev polynomials
satisfy the so-called polynomial Pell’s equation (1.1), that is,

To(x)? +(1 -2 U, 1(z)*> =1, VreR, Vn>1.

As already mentioned in introduction, observe that (1.1) is a nice illustration
of Markov-Lukdcs’s theorem (2.2) for the constant polynomial “1” which is
indeed positive on [—1,1]. In other words, the Chebyshev polynomials of first
and second kind provide the Markov-Lukacs decomposition of the constant
polynomial “1”.

In [8] this result was given an interpretation in terms of Christoffel func-
tions of the equilibrium measure ¢ of [—1, 1], namely:

Theorem 3.1 ([8]). Let x + g(x) := 1 — 2. For every n € N:

1 noo_ n—l/\
(31) 1 = 2n+1[§Tf+g§)U§]
1 —
(3.2) T o1 [Vn(x)TMn((b) 1Vn($)
(3.3) +9(x) Vo1 ()M, _1(g- @) tvai(z)], VreR
(3.4) = AP2)"' +g(x) Al (2)7', VzeR.

So Theorem 3.1 states that the constant polynomial “1” has a distin-
guished certificate of positivity on S = [—1,1]. Among all of its possible
Putinar’s representations (2.1), the one in (3.1)-(3.4) is directly related to
the equilibrium measure d¢ = dx /71 — 22 of the interval [—1,1]. In ad-
dition, as we next show, this distinguished certificate satisfies an extremal
property.
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Lemma 3.1 ([5]). The couple of Gram matrices (A*,B*) with A* =
M,,(¢)~! and B* :== M,,_1((1 — 22) - ¢)~ !, is the unique optimal solution of
the convex optimization problem:
sup  {logdet(A) + logdet(B) :
AB>0
st 2n4+1=v,(2)TAv,(z) +9(x) vo_1(@)TBv,_1(z) Ve R} -
—_———

/

ao(w) o1(z)

The proof of Lemma 3.1 in [5] combines (1) a duality result of Nesterov
[9] which establishes a one-to-one correspondence between the interiors of
the convex cone of polynomials @, (g) and its dual Q,(g)*, and (ii) the
generalized Pell’s equation (3.1)-(3.2) which allows to identify the element
® = (¢j)j<an+1 in Qn(g)* associated with 1 € Q,,(g), to be moments of the
equilibium measure d¢ = dx/mv/1 — 22 of the interval [—1,1].

Partition of unity. Observe that the polynomials {(T})i<n/n+1, (¢ U;/n+
1)j<n—1} or {(ﬁ)lgn/Qn +1,(g ﬁj/Qn +1)j<n—1}, form a partition of unity
of the interval [—1,1]. Lemma 3.1 establishes that it maximizes an entropy
criterion among all possible polynomial partitions of unity in the form oy +
go1 (a certificate of positivity on S = [—1, 1] for the polynomial “1”).

3.2. Bernstein polynomials and Lebesgue measure on [0,1]. Let S =
[0,1] and s(n) := (2';") The family of Bernstein polynomials B, ; C R|x]
is defined by:

£ By () = (j) 2 (1), Wj<n,neN.

Among their numerous properties, they form a basis of Rz],, they are
nonnegative on [0, 1], bounded by 1, and in addition:

n
(3.5) 1= Bn(x), VzeR, VneN,
§=0
so that they form a partition of unity of the interval [0, 1]. Moreover,
1
1 .
(3.6) /OBn’j(m)dx:n—H’ Vj=0,...,n, VnéeN.

Interestingly, the envelope f,, of the Bernstein polynomials B,, ; is the Cheby-
shev density

[
n(x) = - —————.
no\/2rx(l —x)
Next, for n € N fixed and S = [0, 1], consider the convex cones %, and its

dual €} defined by:
6 = { Z cijr'(1—x) : ¢>0} CRx],
(4,5)ENZ
Gy = {PER], : o' (1-2)f) >0, V(i,j)eN, } CR[x],.
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Remark 3.1. In view of Bernstein’s Theorem 2.2, we could also consider
the smaller convexr cone

{chxj(l—x)"_j cc>0} CR[x],

where all terms 27 (1 — 2)" 7 have same degree n. But since in Theorem
2.8, Handelman’s Positivstellensatz requires to consider all positive linear
combinations of powers x*(1 — )7 with i+ j < n, we will rather consider €,
as defined above.

Proposition 3.1. p € int(%,,) if and only if there exists 0 < ¢ = (¢ij)itj<n
such that
p = Z cijr'(l—z), VreR.
(4,)€NG

Proof. Only if part: If p € int(%),) then p — e € 6, for ¢ > 0 sufficiently
small, that is,

p—e = Z cijr'(1—z), VreR.
(,5)ENG,

for some ¢ > 0. Next, using (3.5) yields

n+1 —ZZ( )xj 1—z)7 %, veeR,

7=0 k=0

and therefore we obtain

p o= Y, cyri(l—z)+

n

i( >mﬂl—m) & vzeR

(i,j)ENZ J 0 k=0
= Y (gj+ey)a(l-a), VzeR,
(i,j)ENZ ;>0

for some ¢ > 0. ' '
If part: Let p = 37 ienz ¢ij 2'(1 — 2) with ¢ > 0, and let € > 0 and
q € Riz],, be such that ||p —¢|| < e. As (B, ;)j<n form a basis of R[z],,
p—q = Z it (1 —a),
i+j=n
for some 7 € R"*! with sup;,;_, 7| < ke (for some £ > 0). Defining
7;; := 0 whenever (i, j) € N2 with i 4+ j < n, one obtains

g=p— Y mr(l—zy = > (c—mya' (1-z),

i+j=n (4,5)ENZ 5;7-
where ¢ = (¢;;) > 0 provided that € > 0 is small enough. Therefore we
conclude that g € ), whenever ¢ is small enough, and so p € int(%,,). O



EQUILIBRIUM VS LEBESGUE MEASURE 9

Lemma 3.2. Let p € int(%),) be fired. Then the optimization problem

P: p,=sup { Z log c;j :

c>0

(3.7) (i+5)ens ‘ ,
s.t. plx) = Z cijr'(1—x), VoeR} '’
(1.5)ENZ
1§ a convexr optimization problem whose unique optimal solution c* > 0
satisfies

(3.8) /¢ = ¢p(a’ (L —=)), V(i,j) €Ny,

for some element ¢, € 6}, and therefore

(3.9) Z 1—_9”)] Vz eR.

(4,9) 6N2 1—1‘)])7

Proof. We first prove the p;, is finite. As p € int(%,,), by Lemma 3.1 there
exists € > 0 such that p =} ; yenz Gij @ 2%(1 — )7, and so Slater condition?
holds for P and p, > Z(L J)enz log ¢;; > —o00. Therefore we may and will
consider only the (nonempty) subset of feasible solutions

={c>0: Z logc;j > Z IOgéij}-

(4,)ENZ (4,9)ENZ

Moreover, for any such feasible solution ¢ € A of P, with xg € (0,1) fixed,

S egrh-m) = ey < PPy ens,
(i.5)eNG, ooy

and therefore the set A is compact, which in turn implies that P has an
optimal solution ¢* € A (hence with ¢* > 0). Next, the necessary Karush-
Kuhn-Tucker (KKT)-optimality conditions impose that there exists ¢, € €,
such that (3.8) holds, which in turn yields (3.9). Then uniqueness of ¢
follows from the fact that the objective function is strictly concave. O

Lemma 3.2 is the analogue for the cones %, and %, of Nesterov’s one-to-
one correspondence between the cones Q,(g) and @, (g)*. Of course (3.9)
raises a natural question: What is the element ¢, € 6, associated with
p € int(%,)? We answer this question for the constant polynomial “1”.

Theorem 3.2. Let s(n) = (n+1)(n+2)/2 and let p € R[z],, be the constant
polynomial  — p(z) = s(n) for all x € R. Then for every n € N, the vector
c* € R with

1
Ve, = di(at(1 - 2)i) = /0 d(1—afde, Wij)eN,

2Slater condition holds for the convex optimization problem min{ f(x) : g;(x) < 0, j €
J} if there exists xo such that g;(x0) < 0, for all j € J.
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is the unique optimal solution of (3.7), and:

(3.10) I 3 v (1)

1 . .
s(n) o Jo @1 —2)ide

_ 1 Biyji(z) vz e R
= E e _
s(n) (is)eN2 Jo Bitji(z)dx

That is, ¢y, is the Lebesgue measure on [0, 1], and the polynomials ((lz(ﬁ)Bk,j)
form a partition of unity of [0, 1].

Proof. From the proof of Lemma 3.2 we have seen that P in (3.7) is a
convex optimization problem with a unique optimal solution which satisfies
the KKT-optimality conditions (3.8). Next, since

n k
n+1= ZZ Byj(x) = Z éijr'(l—a)7,
k=0 j=0 (i,5)EN2
with ¢ > 0, Slater condition holds for P. This in turn implies that the first-
order KKT optimality condition are not only necessary but also sufficient.
So let ¢* be the Lebesgue mesure on [0, 1]. We next prove that ¢* = (cj;)
with 1/¢}; == ¢*(z*(1 — x)7), for all (i,7) € N2 is feasible for P and hence is
the unique optimal solution of P. Indeed

. (o iy _ @ (Bitji) _ 1
e = 91 =a)) = © ((J)J - (i+5+1) ()

and therefore:

Yo ocia'l—a)y = Y (i+j+1)Bijlx)

(4,j)ENZ (4,5)ENZ

n
= Z Z (i4+7+1)Bigji(x)
k=0 (i,§) N2 :i+j—=k

n

k
= Y (k+1)>_ Bijx)
j=0

k=0
B n _(n+1)(n+2) B
= kzo(k—{—l) =0 — = s(n).

O

Remark 3.2. Theorem 3.2 reveals that the linear functional ¢, of Lemma
3.2 associated with the constant polynomial p = s(n), is the Lebesque mea-
sure on [0,1]. So (3.10) is indeed the analogue for Bernstein polynomials
and Lebesque measure on S = [0,1], of (3.1) for Chebyshev polynomials
and the equilibrium measure dz/mv/1 —x? on S = [—1,1]. Both resulting
partitions of unity maximize an entropy criterion of a very similar flavor.
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4. EXTENSION TO THE CANONICAL SIMPLEX

In [6] we have proved a similar (but only partial) result for the 2-dimensional
canonical simplex S := {(z,y) : x +y < 1; xz,y > 0} whose equilibrium
measure is do(z,y) = dedy/m\/zy (1 —x —y).

Namely let s(n) := (22") and introduce the quadratic polynomials (z,y) —
g(r,y) =y, (2,9) = g2(z,y) =z(1 -z —y), and (z,y) = ga(z,y) =
y(1—z—y). For n=1,2,3, in [6] we have obtained

(4.1) s(n) +s(n—1) = Aj(z,y)” +Zgzwy (z,y)7",

for all (z,y) € R?, and indeed, (4.1) is a perfect analogue for the simplex,
of (3.4) for the interval [—1,1].

We next prove the analogue of (3.10) for the d-dimensional simplex, and
n =1,2. We will use the following known (intermediate) result.

Proposition 4.1. Let ¢* be the uniform probability measure on S = {x €
R > 2 < 1}, with moments ¢* = (¢%,)aene- Then

d'aq!---ag! d

4.2 v=o0(x%) = — Vae N,
Next, for each n € N, let §(n) := (d+;+"), i.e., §(n) is the dimension of
R[z1,...,2441]n as a vector space. Let x — gj(x) :=xj, j = 1,...,d, and

X = ggr(x) =1 —zj (Tj, sothat S = {x € R : g;(x) >0, j=
.,d+1}. Next, for every a € N1, define the polynomial g® € R[x]
by:
x = g(x)* = g1(x)™ - ga(x)*2 -+ gaya ()M
Similarly define the convex cone %, C R[x], by:
Goi=1{ Y ca8(X)*: c=(Ca)geyitr >0}
aeN‘fﬁl

Its dual €} is the convex cone defined by:
G = {peR™M: 9(g%) 20, VYaeN}.

Theorem 4.1. Let ¢* be probability with uniform distribution on the simplex
S. With n = 1,2, the optimization problem.:

(4.3) P: sup{ Z logeq @ 8(n) = Z ca g(x)*, VxeR?},

aeNdt! acNit+!

has a unique optimal solution 0 < c* € R*™ which satisfies 1/ct, = ¢*(g*)
for all ac € Nda+1, and

g(x

( , VxeR?.

(4.4) 1=

aEN‘Hl
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Therefore the §(n) polynomials Tln) {%;‘)}aeNdJﬁl provide the simplex S
with a partition of unity that mazimizes an entropy criterion and is strongly
related to the uniform distribution ¢* on S.

Proof. We will show that c¢* and ¢* satisfy the KKT-optimality conditions
associated with P, and as Slater condition holds for the convex optimization
problem P, it implies that c* is an optimal solution of P. Uniqueness follows
from the fact that the objective function ¢ — ) logcq is strictly concave.

If ¢* > 0 is an optimal solution, the KKT-optimality conditions state that

1

1 = — Z ¢l g(x)*, VvxeR?
5(n) <
aeNy
(4.5) /et = ¢(g%), YaeNg,

for some element ¢ € R[x]* such that ¢(g®) > 0 for all @ € N¢+1. Con-
versely under Slater condition, if (4.5) holds then c¢* is an optimal solution of
P. So let ¢* be the probability measure uniformly supported on the simplex
S (i.e. Lebesgue measure on S, scaled to a probability measure).

e With n =1 and invoking Proposition 4.1, one obtains

(DD o 1-27 2
1+¢*( _221 )+;¢*(m,~) = 1+ 1/(d+1) +Zl/d+1

= 14+d+1=d+2=3(),

which shows that P has a feasible solution with ¢ > 0 (i.e., Slater condition
holds for P), and (4.5) holds with ¢ = ¢*, the desired result.
e Similarly, with n = 2,

(1-¢ @) <1—z?:1xi>2 SN
RS ZW% il "2

_Tixy i (1_2]‘ xj)
2 ) P A, 1)

1<j gb* xlm]
d+2)(d+1 d d+1)(d+2) &
_ gy @TDETD )2( - )(1—;xi)2+( Ll Chy ;x
Hd+ DA +2)Y mizj+ (d+1)(d+2) > @ (1= z))
1<J i J
_ d+2+(d+2)2(d+1) _ (d+3)2(d+2) _ ).

O

So again, and exactly as for the interval [0,1], (4.4) provides the d-
dimensional simplex S with a polynomial partition of unity (of degree n =1
et n = 2) simply expressed in terms of the generators {g®} of the cone %,
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scaled by 1/¢*(g®), where ¢* is the Lebesgue measure on S (scaled to a
probability measure).

5. CONCLUSION

We have shown that Chebyshev polynomials and Bernstein polynomials
are strongly related to respectively the equilibrium measure of S = [—1,1]
and the Lebesgue measure on S = [0,1]. Both provide a specific partition
of unity interpreted in terms of Putinar’s certificate of positivity for the
former and Handelman’s certificate of positivity for the latter, applied to
the constant polynomial “1”. In both cases the resulting specific partition
of unity maximizes an entropy criterion over all possible certificates of pos-
itivity for “1”. We have partially extended this result (and comparison) to
the d-dimensional canonical simplex for degrees n = 1,2, and extension to
higher degrees remains to be proved. Finally, extension to arbitrary convex
polytopes in also a topic of further investigation.
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