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Abstract. Assessing argument strength is a key step in an argumentation pro-
cess, therefore a plethora of methods, called semantics, have been developed for
the purpose. Their comparison can be carried out using two complementary for-
mal tools: the formal properties they satisfy and the ranking they produce.

It has been shown that the two gradual semantics Mbs and EMbs are strongly
equivalent, i.e., they return the same ranking of arguments when applied to flat
argumentation graphs. This paper goes even further by characterizing the whole
equivalence class to which they belong. It shows that every instance of the class
is based on a numerical series and refines the ranking provided by the grounded
semantics. We discuss an instance, hence novel semantics, of the class.

Keywords: Argumentation - Semantics - Equivalence.

1 Introduction

Argumentation is a reasoning approach based on the justification of claims by argu-
ments (see [8,21,20] for more on its multiple applications). An argumentation system
is made of an argumentation graph and a semantics. The former is a graph whose nodes
are arguments and edges represents attacks, i.e., conflicts. The latter is a formal method,
called semantics, that is used to assess argument strength. Several methods have been
proposed in the literature; they can be classified into three families: extension seman-
tics that have been initiated in [15], gradual semantics introduced in [14] and ranking
semantics defined in [2] (see [1] for a discussion on their differences and applications).

Several efforts have been made in the last ten years to understand the theoretical
foundations of semantics and to compare the plethora of existing methods. For this
purpose, two complementary approaches have been investigated. The first consists in
defining formal properties and comparing methods based on these properties (see [3, 4,
7,9, 10, 12, 13] for more on properties). We have shown in [5] that satisfying the same
properties does not mean that semantics evaluate in a similar way arguments of a graph.
Hence, we proposed the second approach which compares the rankings of semantics.
We have shown that the two gradual semantics Mbs ([4]) and EMbs ([6]) are strongly
equivalent, i.e., they produce the same ranking when applied to flat graphs.

This paper contributes to the understanding of the mathematical foundations of
gradual semantics. It provides a characterization of the whole equivalence class to
which belong Mbs and EMbs. We show that every instance of the class is based on a
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certain type of numerical series, which are composed of two sub-series: an increasing
and a decreasing one. Every instance of the class refines the ranking provided by the
grounded semantics proposed in [15]. Indeed, it keeps its strict comparisons and breaks
some ties. We discuss an instance, hence novel semantics, of the class.

The paper is structured as follows: Section 2 is devoted to background, Section 3 in-
troduces the equivalence class whose instance is discussed in Section 4. The last section
is devoted to some concluding remarks and perspectives.

2 Background

Throughout the paper, we focus on flat argumentation graphs, i.e., graphs whose nodes
are arguments and edges represent attacks (i.e. conflicts) between arguments. We denote
by Args the universe of all arguments.

Definition 1 (AG). An argumentation graph (AG) is a tuple G = (A, R) where A is
a finite subset of Args and R C A x A. We denote by AG the set of all argumentation
graphs built from Args.

Argument strength is assessed using formal methods, called semantics. There are
three families of semantics in the literature: i) extension semantics that identify accept-
able sets of arguments [15], ii) gradual semantics that assign a value from a given or-
dered scale to each argument [14], and iii) ranking semantics that rank-order arguments
[2]. Below we focus on the second family and consider the unit interval as scale.

Definition 2 (Gradual Semantics). A gradual semantics is a function o assigning to
any G = (A, R) € AG a weighting Degg : A — [0,1]. For any a € A, Deg&(a)
represents the strength of a. We denote by Sem the set of all possible gradual semantics.

Examples of gradual semantics are Mbs and EMbs which were defined in [4] and
[6] respectively for weighted graphs, i.e., graphs where arguments have initial weights.
Their definitions in case of a flat graph G = (A, R) are as follows: For any a € A,

Mbs _ 1 _ max Deg®s (p
Degg (a) - 1+Ig17%,>chegG(b) Deg}g{bs(a) —e TR B (®)

Let us now recall some basic notions on an arbitrary binary relation > on a set X
of objects, which may be arguments, criteria, . . ..

— Foranyzx e X,z =z (Reflexivity)
— Forallz,y,z € X,ifx > yandy >~ 2, thenx > 2 (Transitivity)
— Forallz,ye X,z > yory =z (Total)

The notation x > y is a shortcut for z = y and y ¥ x, and x ~ y is a shortcut for
x >~ yand y > z. If a binary relation > is reflexive and transitive, then it is called a
preordering; the latter is fotal if > is total.

The values assigned by a gradual semantics to arguments of an argumentation graph
can be used to rank the arguments from strongest to weakest as follows.
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Definition 3 (Ranking). Let o € Sem and G = (A, R) € AG. A ranking induced from
o is a binary relation =g, on A such that for all a,b € A,

a=gb iff Degg(a) > Degg(b).
Property 1. Forall 0 € Semand G = (A, R) € AG, =g is a total preordering.

Example 1. Consider the argumentation graph G depicted in the figure below:

a b > d—>e—> f alb|lc|d|e | f|g
} y Mbs |1]0.50(0.50]0.66(0.60(0.62|0.61

EMbs|1]0.36{0.36]0.69|0.50|0.60/0.56
C e C g 2

For any = € {Mbs, EMbs }, we have the following ranking of the seven arguments:
a=Td=Tf-Tg-Tex=Tbr"c.

Example 2. Consider now the following argumentation graph Go.

Ca—+bp—>d—>e—> f a|b|lc|d|e|f|g
} } Mbs |0.61]0.61|0.61]0.61]0.61|0.61|0.61

EMbs|0.56]0.56]0.56]0.56|0.56|0.56|0.56
C ¢ g

For any « € {Mbs, EMbs}, we have the following ranking of the seven arguments:
a~" b e dxTex” frTYg.

We proposed in [5] a novel approach to understand /inks between semantics. It con-
sists of comparing the rankings induced by pairs of semantics. Two notions were par-
ticularly investigated: refinement and strong equivalence. A semantics refines another if
it agrees with its strict comparisons of arguments and may break some of its ties. Two
semantics are strongly equivalent if they produce the same ranking.

Definition 4. Let 01,05 € Sem.

- oy refines o iff VG € AG, ~& C >4
- oy and o are strongly equivalent iff VG € AG, =& = =7

Property 2 ([5]). The following properties hold:

— Let 01,092,053 € Sem. If 01, 09 are strongly equivalent and o4 refines o3, then oo
refines o3.
— Mbs and EMbs are strongly equivalent.

Below is a list of notations that are used in the rest of the paper.

Notations: Let G = (A, R) € AG and £ C A. We denote by £ the set {a € A |
db € Es.t.(b,a) € R} and £2 = A\ (£ UET). Let = be a preordering on a set
X and X7, Xo C X. We abuse notation and write X7 > X (resp. X; ~ Xo) iff
Ve € X1,Vy € Xo, x > y (resp. x = y).
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3 Equivalence Class of Semantics

The notion of strong equivalence structures the universe Sem of gradual semantics into
equivalence classes. In this section, we characterize the whole equivalence class which
contains Mbs and EMbs. Let us first introduce a family of numerical series that are
mainly made of two (increasing and decreasing) sub-sequences.

Definition 5 (S*). We define S* to be the set containing any numerical series S =
(S™)"21 which satisfies the following conditions:

- foranyn >1,8" € [0,1]

— S contains two sub-series Sy = (S)"Z! and Sy = (S§)"21 s.t. for any n > 1:
o Spis strictly decreasing and S% is strictly increasing
e lim &> lim &%

n—oQ n—oo

We present next a sequence that is based on the Fibonacci numbers and show that it
is a member of the set S*.

Proposition 1. Let {F"}"20 be the Fibonacci series where F* = 0, F' = 1, and
F* = F*=1 4 =2 forn > 1. The series {U"}"=" where U™ = Fﬂﬂ is in S*.
Consequently, S* # ().

Let us now recall the notion of defence between arguments as introduced in [15].
Definition 6 (Defence). Let G = (A, R) € AG, £ C Aand a € A. We say that £
defends a if Vb € A such that (b,a) € R, 3¢ € & such that (¢,b) € R, and define
F(E) ={a € A|E defends a}.?

Example 1 (Cont.) Consider again the flat graph G .

D--0--0-0-& - F(0) = {a}
} t iﬁiﬁ%»f—? d, f}
Cle C - F(F(F(F®)))) = F(F(FW®)))

In what follows, we define a family of gradual semantics that are based on series
of the set S*. Every instance (i.e., semantics) of the family partitions the set of argu-
ments into three groups. It assigns to arguments of the first group values taken from
the decreasing sub-sequence of the series on which it is based. The exact value of
an argument depends on the iteration at which it appears for the first time in the set

Gr = |J F"(0). The arguments of the second group are assigned values from the in-
n>1

creasing sub-sequence and the value of an argument depends on the first appearance

of its strongest attacker in Gr. Finally, the semantics ascribes the same value, which is

between the limits of the two sub-sequences, to all arguments of the third group.

3 F is the so-called characteristic function in [15].
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Definition 7 (Sem*). Ler G = (A, R) € AG. A gradual semantics ¢ € Sem based on a

series S € S* is a mapping from Ato S U {0}, with lim S} > 6 > lim S, such
n— oo n—oo

that for any a € A,

- DegZ(a) = Siifae Fi(D)anda ¢ iL_Jl FI(0).
j=1

. . i_l .
- DegZ(a) = S8 if F*(0) attacks a and | F’(0) does not attack a.
=1
- DegZ(a) = ¢ otherwise.

We denote by Sem* the set of all semantics that are based on a series from S*.

Example 1 (Cont.) Assume o € Sem* and o is based on S € S*. According to Defini-
tion 7, Degg (g) = d with lim Sf' > 6 > lim S3.
n—roo

- ac FY0) - Degl (a) =S} - DegZ (b) = S3
_ 2 1

de }—3(@) \]:2 ((D) - DegZ, (d) = SF - DegZ, (c) =S5
S TeFONUFO _ pegg, (1) =57 - DegZ, (¢) = &3

Example 2 (Cont.) In the argumentation graph G, for any i € N, F(()) = (). Hence,
for any o € Sem* such that o is based on § € S*, with lim S} > ¢ > lim SZ, the

n—oo n—oo

following holds: Vr € Az, Degg, x) = J (i.e., all arguments in G get the value 0).
We show next that the set Sem™ is non-empty as it contains Mbs and EMbs.
Proposition 2. It holds that {Mbs,EMbs} C Sem*.
We show below that all semantics in the set Sem* are pairwise strongly equivalent.
Theorem 1. For all 0,0’ € Sem*, o and o’ are strongly equivalent.

We go one step further by showing that Sem™* is the whole equivalence class as it
contains all semantics that are strongly equivalent to Mbs.

Theorem 2. For any o € Sen, if o and Mbs are strongly equivalent, then o € Sem*.

We show next that every semantics of the class Sem* refines the grounded semantics
from [15]. Indeed, it keeps all its strict rankings and breaks some ties. Before presenting
the formal result, let us first recall the grounded extension and the ranking it induces.
The latter considers arguments of the grounded extension as equally strong and strictly
stronger than all remaining arguments. Arguments that are attacked by the extension
are equally strong and strictly weaker than all remaining arguments.

o0
Definition 8 (=8). Ler A € AG. The grounded extension of G is the set Gr = |J F"(0).
n=1
It induces a total preordering =8 such that Gr =8 Gr° =8 Gr™T and for any x €
{Gr,Grt,Gr°}, forall a,b € z, a ~& b.
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Theorem 3. For any o € Sem*, o refines the grounded semantics.

From the definition of the ranking ># and the previous result, it follows that any
semantics 0 € Sem* preserves the strict ordering of >~8.

Theorem 4. For any o € Sem*, the strict relations Gr =° Gr® =° Gr™ hold.

Example 1 (Cont.) The grounded extension of the flat graph is Gr = {a,d, f}. Hence,
a ~% d~8& f >8 g >80~ c =B e However, for any ¢ € Sem*, we have the
following ranking: a >~ d =7 f =7 g =% e =7 b~ c.

Example 2 (Cont.) The grounded extension of the graph is empty (i.e., Gr = (). Hence,
a =8 b~B 8 d~Be~nB faB g Furthermore, for any o € Sem*, we have the
same ranking, ie., =7=>9.

4 Another Instance of the Equivalence Class

We have seen in the previous section that the equivalence class Sem* contains at least
two semantics: Mbs and EMbs. In what follows, we discuss another instance of the class.
It is based on the well-known Jacobsthal series [16] J = (J ”)"21 where:

0 ifn=20
Jn=<1 ifn=1 (1)
Tn-1+2Tp—2 ifn=>2
From 7, we define a novel series which belongs to the set S*.

Proposition 3. It holds that J = (£~ )"0 ¢ S*,

We now characterize the gradual semantics which is based on the above series J.
Like Mbs and EMbs, its only considers the strongest attacker of an argument when com-
puting its strength. Furthermore, it takes half of that attacker’s strength.

Theorem 5. Let G = (A, R) € AG, a € A and Jac a mapping from A to [0, 1] such

Jac

Jac lg%%z)l( Degg (b) .
that for any a € A, Deg®(a) = 1 — “=———. The following hold:

— Jac is based on the series J,
— Jac € Sem”,
— forany a € A Deg§&®(a) € [5,1].

Example 1 (Cont.) The values of the arguments are summarized in the table below.

al b | c | d e flg
Mbs [1]0.50]0.50(0.66| 0.60 |0.62|0.61
EMbs|1|0.36/0.36/0.69| 0.50 |0.60(0.56
Jac |1/ 0.5]0.5]0.75/0.625(0.69(0.66

In the example, Jac assigns higher values than Mbs, EMbs. The following result
confirms that this property is valid in general. It also shows that Mbs assigns higher
values than EMbs but only to arguments that are attacked by the grounded extension.

Theorem 6. Let G = (A, R) € AG and a € A. It holds that: Degi®(a) > Deghe®(a),
Degle®(a) > Degii®s(a), If a € Gr™, then Degll®(a) > Deger>®(a)
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5 Conclusion

The paper contributed to setting up the mathematical foundations of computational ar-
gumentation and more precisely of gradual semantics. It defined a mathematical coun-
terpart of a large class of semantics. In particular, it showed that a number of semantics
including Mbs, EMbs and Jac can be defined with numerical series having specific char-
acteristics. Furthermore, those semantics provide all the same ranking of arguments of
a flat graph while they may assign different values to the same argument. This shows
that a ranking is more expressive than the numbers assigned to arguments. Finally, the
semantics of the class refine the grounded extension and the value of an argument de-
pends on the iteration at which it appears for the first time in the grounded extension,
or is attacked by the latter. This characterization allowed us to define a very efficient
algorithm which computes strengths of arguments.

This work lends itself to several developments, in order to have a full understanding
of existing semantics. First, we plan to analyse the same set of semantic when applied to
weighted graphs (nodes and/or edges have basic weights). Second, we will investigate
the equivalence class to which belongs the well-known h-Categorizer [11].

Appendix: Proofs

Lemmal. Let S € S*. Forall x € S1, y € S, the following hold: v > y, x >
lim ST,y < hm S3.

n—oo

Proof Let § € S*. Let hm Sl = z and hm 83 = y. Since S is strictly decreasing,
then z < ST, Vn. Slnce 82 is strictly i 1ncreas1ng, then y > &%, Vn. Since hm St >
lim 8%, then we get forany n > 1, 87" > x > y > &%, s0 S > S&. [ |

n— oo

Lemma 2. Let o € Sem™ be based on a series S and takes its values from S U{d}. For

any G = (A, R) € AG, for any a € A, the following hold: i) If a € |J F™(0), then
n>1

DegZ (a) > 4. ii) If a is attacked by |J F"(0), then Degg (a) < .

n>1

Proof Let G = (A, R) € AG. Since A is finite, the authors in [18] proposed an al-
gorithm which runs in O(|A| + |R]) for computmg the grounded extension, i.e., the

set |J F7(0). Hence, Ji < |A| + |R] such that U Fi0) = U F7(0). From Defi-

j>1 j=1
nition 7 and Lemma 1, if a € |J F"(0), then DegZ (a) > 4, and if a is attacked by
n>1
e U F(0), then DegZ (a) < 4. |
n>1
Jifl

Lemma 3. Foranyi €N, J' =1 —

Proof . From [17], vn > 0, 7" = =" Then, 774! = 27 — 7. Since J" =

jn+1 n " _ 7. 1 J 27‘17721 gn—1
J— n — — 71 —_ — L —_ —
57, We get J = S = 5 = 1 5 [ |
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Lemma4. Let (A, R) € AG, a,b € Aandi € N.

- Ifa€ U FI(0)and b ¢ U FI (D), then Deg&®(a) > Degge(b).
— Ifthe set U (i) attacks a and does not attack b, then Dege®(a) < Deg&®(b).

ProofLet G = (A, R) € AGand a,b € A.
» Let us show the first property.

Let (P) be the following property: If a € |J F7(0) and b ¢ |J F7(0), then
j=1 j=1
Deg’@°(a) > Deg’>°(b). We show by induction that (P) holds for every i € N.

Casei =1 a € F(0), thus Deg&®(a) = 1. Since b ¢ F'((), then Attackers(b) # )
and so Deg&°(b) < 1.
Casei > 1 Assume that (P) holds at step 1 and let us show that it holds also for ¢ + 1.

Assume a € U FI(0) and b ¢ U FI(0).Ifa € U F7(0), then by assumption
j=1 i= j=1
Deg’®®(a) > Deg’@(b).

Assume now thata € F*1(0)\ ( LZJ Fi(0)).Sincea,b ¢ F*(0), then Att(a) # 0
=1

and Att(b) # (. There are two cases:

. U F7 () does not attack b. Thus, Yy € Attackers(b), Attackers(y) # 0.
Let D be the set of arguments defending b. Note that D = Dy U Dy Where D, C
U Fi(0) and Do ( U Fi(0)) = 0. Note also that Dy # () since b ¢ U FI (D).
=1 =1 =1

If D; € |J F7(0), then by assumption D; >™ Ds, hence
j=1

max Deg’¢(y) = max Deg’¢(y).
yRb (yRb) and Attackers(y)CDs

By assumption F¢ >"™ Dy, hence

max Deg’?®(x) < max Deg”¢(y).
zRa (yRb) and Attackers(y)C Do

Thus, Deg’@(a) > Deg’2¢(b).
il

Assume now that D; C |J F7(0). Hence, D; = D} U Dy such that D] C
j=1

FHLH@)\ (U Fi(0)) and DY C |J F(0). By assumption DY >™ D/ and

j=1 j=1
D] >™ Dy. So, maxDeg’®(y) = max Deg’**(y). Fur-
yRb (yRb) and Attackers(y)CDjUD2
thermore, F >™ D), Ds.

Then, maxDeg’@(z) < max Deg’@(y).
zRa (yRb) and Attackers(y) CD{UD2
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i+l ,
e |J F7(0) attacks b. Let j be the smallest integer such that 7 () attacks b. There
j=1
are two cases: _
e Case j < i. F/() contains the strongest attackers of b since by assumption

Fi(@) >™ Fitk (), Vk € N, and F7 () >™ Attackers(b) \ (101 Fi(0)).
j=1

‘ il i+l
Since a € F*1 (@) and |J F7(0) is conflict-free, then Attackers(a)N( J F7(0)) =
j=1 j=1

0 and thus 77 () >™ Attackers(a). Consequently, Deg’°(a) > Deg’(b).
e Case j = i+ 1. Let Attackers(b) = X U Y such that X C Fiti(()\

( O Fi(0)) and Y C Asuch thatYﬁ(iD1 Fi(0)) = 0.Sinceb ¢ iol FI(0),
j=1 =1 =1

i+l

then b is defended by arguments that do not belong to | J F7((). Let D be the
j=1

set of those defenders. By assumption, F*({)) >™ D, hence

max Deg’®(z) < max Deg”**(y).
zRa (yRb) and Attackers(y)CD

Furthermore, max Deg’¢(y) < max Deg’°(y). Thus, Deg’®*(a) >
(yRb) and Attackers(y)CD (yRb)

Deg?2¢(b).

» Let us show the second property. Assume that | J F*=*(f) attacks a and does not
attack b. Since a is attacked by | F*=1(0), then 3a’ € Attackers(a) N (|JF=1(0)).
Furthermore, Attackers(b)N(|J F*=1(0)) = 0. From the first property of this Lemma 4,
Deg’@°(a’) > Deg’¢(V'), V' € Attackers(b). Hence, max Deg’@(x) > max Deg’@¢(y).

Thus, Deg’@(b) > Deg’¢(a). ]

Proof of Proposition 1. Recall that the Fibonacci numbers, i.e. elements of the Fi-
bonacci sequence {F™},,>0, are defined as follows: F* =0 F'=1 F"=F""14
Fn=2forn > 1. We get the sequence of so-called Fibonacci numbers:

0,1,1,2,3,5,8,13,21, 34,55, ...). Consider now the sequence {{/"},,>1 defined as

follows: U™ = % It contains two sub-sequences: The decreasing sub-sequence

2 5 13 34 89 233
Uy =(1,%, 2,55, =, — » 0

made of the numbers that are at odd positions in S, and the increasing sub-sequence

13 8 21 55 144
Up = (5,573 37 30 ) 3)

which contains the numbers that are at even positions in U.
Clearly, for any n > 1, F™ € [0, 1]. From [19], the two sub-sequences converge,
furthermore they have the same limit. Indeed, lim U = lim Uy = L. where ¢ =
n—00 n—o0 ¥

1+v5 1
2

is the so-called golden ratio. Finally, it is also well-known that U3 < s <
uy, V¥n > 1. Hence, U € S*. Consequently, S* # (). ]



10 L. Amgoud and V. Beuselinck

Proof of Proposition 2. In [5], Theorem 6 shows that Mbs is based on the series (1)1
recalled in Lemma 1. Lemma 1 states that &/ € S*, then Mbs € Sem®. Theorem 7 in
[5] shows that EMbs is based on the well-known exponential series which is also in S*,
then EMbs € Sem*. [ ]

Proof of Proposition 3. From [17],Vn > 0, J" = w (called Binet formulae).

Since J = (L7)"20, it follows that J* = (2 + (=1)"). Let 3, = (J})"° and
Jo = (J3)"2Y be two sub-series of J such that for any n > 0: J7 = J?" and
Jn = 8?71 We show that Jy is strictly decreasing while Jo is strictly increasing.
Obviously, J7 — 37 = 2(2+ (3)"*1) — 2(24 (2)") = — % x 74+ Since 35+ > 0,
then J7™! — J7 < 0 and so J7 > J7H

In a similar way we have J5 1 — J3 = 2= - 22-(3)") =3 X g
Since 54 > 0, then J7™' — J7 > 0 and so J7 < J7 .

. 2n+1+1 2ntl g . . . .
Obviously, J¥ > J3 because —5— > ——. Since J7 is strictly decreasing
with J3 = 1 then Vn, J* < 1. From [16], Vn > 0, J™ > 0 and thus J" > 0.
Finally, it is easy to check that lim J? = lim J% = 2. Then, J € S*. [ ]
n—oQ n—oo

Proof of Theorem 1. Let 0,0’ € Sem* which are based on the series S and S’ respec-
tively. Let (A, R) € AG, a,b € Aand Gr = |J F7(0).
i>1
» Let us show the implication: (a >, b) = (a >,/ b). Assume that a >, b, thus
Deg?(a) > Deg”(b). From Lemma 2, there are four possibilities:

Case 1 a € Gr and b ¢ Gr. From Definition 7, Deg” (a) € S’ and Deg® (b) € S’ U
{6'}. From Lemma 1, Deg® (a) > Deg® (b).

Case 2 a € Gr® and b € Gr*. From Definition 7, Deg” (a) = ¢’ and Deg” (b) € S's.
From Lemma 1, Deg® (a) > Deg® (b).

Case 3 a,b € Gr. Since S is decreasing, then 3i, 7 € N such that i < j and a €
FHO\UiZL F* () and b € F7(0)\(UJZ} F*(0)). From Definition 7, Deg” (a) =
S’y and Deg” (b) = &' Since &' is also decreasing and i < j, then Deg? (a) >
Deg? (b).

Case 4 a,b € Gr™. From Definition 7, 3i, j € N such that ¢ > j and a is attacked by
F(0) and not attacked by |J;,_, F*(0), and b is attacked by F7 (()) and not attacked
by UL_L F¥(0). It follows that Deg® (a) = S’ and Deg” (b) = S"3. Since &' is
increasing and i > j, then Deg® (a) > Deg® (b).

» To show the implication: (a >, b) = (a =, b), itis sufficient to follows exactly
the same reasoning as for the above case. [ |

Proof of Theorem 2. Let ¢ € Sem and assume ¢ is strongly equivalent to Mbs, i.e., for
any G = (A, R) € AG, =85 =>Z.Let G = (A, R) € AG. We denote by Gr, Gr;, Gz,
the following sets: Gr = Gr! U ... U Gr™ where Gr’ = F*(0) \ (U )FZ(0)

j=1
Gry = Grl U...UGr" where Gr. = {a € A | Gr" attacks a},
Gr, = A\ (Gr UGr, ). From strong equivalence of o and Mbs, it follows that:
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- Va,b € Gr' (i € {1,...,n}),Deg&(a) = Deg& (b) = v; and Ve € Gr?, with j > i,
Degg (a) > Degg (c). Hence, the sequence V' = (v1, . .., v, ) is strictly decreasing.

- Va,b € Gr’, DegZ(a) = Deg&(b) = u; and Ve € Gr’, with j > i, DegZ(a) <
DegZ (c). Hence, the sequence U = (u1, ..., u,) is strictly increasing.

- 36 € [0,1] such that for any a € Gr,, Deg& (a) = 4.

From Theorem 8 in [5], Gr =" Gr° =& Gr*. From strong equivalence of o and
Mbs, we have Gr > Gr® =7 Gr™. Hence, Va, € Gr, Vb € Gr,, DegZ (a) > ¢. Hence,
the sequence (V")"2! is bounded (and strictly decreasing) and so it converges, i.e.,
lim V™ =1 > §. Similarly, Va, € Gr, Vb € Gr,, Deg&(a) < d. Thus, the sequence

n—oo

(U ”)”21 is thus bounded (and strictly increasing). So, it converges, i.e., lim U"” =
n—oo

I’ < 4. It follows that lim V™ > lim U". Finally, the sequence (S™)"Z! composed
n—oo n—oo
of (V™) and (U™) is an element of S*. Thus, o € Sem*. ]

Proof of Theorem 3. Let o € Sem*. From Proposition 2, Mbs € Sem*, thus it is strongly
equivalent to o. From Theorem 10 in [5], Mbs refines the grounded semantics. From
Property 2, o refines the grounded semantics. [ |

Proof of Theorem 5. Let (A, R) € AG,a € A, andi € N.
» Let: (P) Deg&(a) =J} if a€ FY(0)\ U F/(0),
=1

i1
(Q) Deg&®(a) = Jb if F'() attacks a and U F7(0) does not attack a.

j=1
We prove by induction that the property P A @ is true for any ¢ € N.

Casei= 1. F!()) = {x € A| Attackers(a) = ()}. Furthermore, Deg’®°(a) = 1 =
J1if Attackers(a) = (), and so (P) holds fori = 1.
By definition of Jac, for any a € A, Deg’*(a) = 3 iff 3b € Attackers(a) such
that Deg’°(b) = 1. Hence, Deg’®*(a) = 1 = J}. Thus, (Q) holds for i = 1.

Case 7 > 1. Assume that the property P&Q is true at step 7 and let us show that it holds
atstep ¢ + 1.

Assume a € FH(0)\ (U F7(0)). Hence, Attackers(a) # () and a is defended by
=1

Fi(0), i.e., Vb € Attackers(a), Ic € F'(()) such that ¢Rb. There are two sub-cases:

i—1

- |J F7(0) does not attack any b € Attackers(a). Thus, Vb € Attackers(a),
j=1
Deg’®(b) = J, (by assumption). Then, Deg’®(a) = 1 — 22 = JiT'. (from

5
2
Lemma 3).

i—1 .
- |J F7(0) attacks some b € Attackers(a). This means that 3j < ¢ such that
Jj=1

. Jj—1 .
F7(() attacks b and | J F*(0) does not attack b. By assumption, Deg’2°(b) = J3.
k=1
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But since a ¢ |J F*(0), then 30’ € Attackers(a) such that Fi(()) attacks &’
k=1

i—1 _
and |J F*(0) does not attack b’. Thus, by assumption, Deg’2(b’) = J%. Since the
k=1
subsequence {J}" is strictly increasing, then J4 > JJ and so max Deg’2¢(b) = J},
a

and Deg’*°(a) = 1 — %2 = Ji*! (from Lemma 3).

Assume now that 71 (()) attacks a and | J F7(0) does not attack a. Thus, Attackers(a) =
j=1

X1 U X5 such that: X; € FHH(0) \ ( O Fi(0)) and X5 N (lol Fi(0)) = 0. From
j=1 j=1

Property (P) above, ¥b € X, Deg’*(b) = J Ziﬂ. There are two possibilities:
i1
- i) X5 = (). Hence, Deg’®¢(a) = 1 — J12

- ii) X5 # (). From Lemma4, X; >™ X5. So, max Deg’°(h) = max Deg?2¢(b).
bRa (bRa) and be X,

_ 1i+l
=it

i1
I

So, Deg’®¢(a) =1 — = Jutt,

» Let now a € A such that a ¢ |J F*=1(0) and a is not attacked by |J F=1(0).
From Lemma 4, for all b € Gr, Deg’°(a) < Deg’°(b) and from the first property of
Theorem 5, Deg?2¢(a) < Ji foralli € N. From Lemma 4, for all ¢ € Gr™, Deg’®¢(a) >
Deg’°(c) and from the second property of Theorem 5, Deg’¢(a) > J} for all i € N.
Hence, for all i € N, J¢ > Deg’°(a) > J%. Deg’**(a) = nl;ngo Jp = nhﬁn;(} =2 m

Proof of Theorem 6. Let (A, R) € AG and @ € A. Let U and & be the series on which
Mbs and EMbs are based.

Case 1 a € Gr. If Att(a) = (), then Deg& (a) = 1 for any x € {Jac,Mbs,EMbs}.
Assume now Att(a) # 0. Then, for any n > 1, J* > % since J7 is decreasing and
lim J7 = 2. Itis also easy to check that J? > £ > U7 and J3 > £} > F}. Note

gl_sl())othat &< Jim J7 and since it is strictly decreasing then, for any i > 3, &l < 1.
Similarly, U < Jim_J7 and since it is strictly decreasing then, for any i > 3, Ui < 3¢,
Case 2 a € Gr™. From Proposition 2, both U/, and &, are decreasing and nh_}rgo &} =
2and lim U3 = %. Note that J3 = 0.625 > (2 and J3 > %. Since & and Us

n—oo
are increasing, then Vi > 2, £ < (2 and Ui < é. Then, Vi > 2, Deg®(a) >
Deg?™=(a) and Deg?®(a) > Deg>®(a). For specific case of i = 1, Deg{2®(a) = 0.5
and Degl®®(a) = 0.5 and Degr*®(a) ~ 0.36.
Case 3 a € Gr°. Then, Deggi®(a) = 3, Deg®(a) =  ~ 0.61 and Degg™(a) = 2 ~
0.571. Hence, é < % and (2 < % n
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