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Abstract

Thispaperaddressetheproblemof staticoutputfeedbaclsyn-
thesisandfocusenH , optimisation.Thebilinearproblemof

finding a controlfeedbaclgain K anda Lyapunw matrix P is
shavn to be equivalentto a BMI problemthat involvesslack
variablesand a statefeedbackgain. This BMI conditionis a
promisingtheoreticakesultthatlinks the two stateandoutput
feedbaclquestionsn a unifiedformulation.Basedon thisnew

expressionan efficient numericalprocedurés derived. Some
telling examplesshaw thatit is quite competitve comparedo

otheralgorithmsproposedn the literature. Extensiongo ro-

bust# - optimal synthesisarederived. They show thatunlike
otherBMI approachegshemethodis of thesamecompleity if

thesystemis certainor uncertain.

1 Introduction

The static or reducedfixed-orderdynamic output feedback
problemis alwaysan active researctareain the controllitera-
ture. Givena Linear Time-Invariant, (LTI), system the prob-
lem of finding a stabilisingstaticoutputfeedbacks still open,
[19]. In therecentyears,mary attemptshave beenmadeto
give efficient numericalprocedureso solve relatedproblems,
[1, 5,8, 9,10, 11]. In [16], a numericalcomparisoris per
formedandsomeclassificatioris proposed.

In this paper the problemof # , staticoutputfeedbackstabili-
sationis revisited. This problemwhich hasbeendealtwith for
thefirst time in [14], cannotbe transformedn a cornvex prob-
lem on the contraryof the statefeedbackcase [3]. We there-
fore proposeanew parameterisatioaf all stabilisingstaticout-
putfeedbaclgainsbasedntheintroductionof additionalvari-
ables. Even though,this parameterisatiois noncowe, it is
however possibleto proposean efficient numericalprocedure
basedon cross-decompositionMoreover, not only precisely
known systemsnay betackledwith suchanalgorithmbut also
uncertainrmodelswith the samecompleity.

The outline of the paperis the following. First, the problem
is statedandwell-known conditionsfrom the literaturearere-
called. In the third part, all the resultsare presented.First,
anav necessanandsuficient conditionof staticoutputfeed-
backstabilisabilityis presentedTheassociatechumericalpro-
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cedureis thendeveloped.Thefinal sectionis devotedto some
telling numericalexamplesfrom theliterature.

Notationsin someequationsfor concisenesgeasonsthefol-
lowing notationsareused

o sym{A} = A+ A
e ¥A=A'A and wBA = A’BA

A x| | A B
*IlBc|7|B C
For symmetric matrices, > (>) is the Loéner partial or-
der i.e., A > (>)B iff A — B is positive (semi) definite.
CO{A' ... AN} isthecorvex hull of thegivenvertex matri-
ces.

2 Problem statement

ConsidemanLTI systemdefinedas:

z(t) = Az(t) +Bsw(t) +Bu(t)
{ z(t) = Caz(t) +Dqu(t) (1)
y(t) = Cax(t)

wherex € R” is thestatevector u € R™ is the controlvector
y € R" is theoutputvector w € R? is the disturbancevector
andz € RP is the controlledoutputvector All matricesare
assumedo be of appropriatedimensionsandwe assumehat
rank(B) = m andrank(C) = r.

By definition, the systemis stabilisableby static outputfeed-
backif thereexists a gain matrix K suchthatthe closedloop
systemz(t) = (A + BKC)z(t) is stable.Moreover, the sys-
temis stabilisabléy statefeedbackf thereexistsagainmatrix
K, suchthatz(t) = (A + BKg)z(¢) is stable.This lastprop-
ertyis aspecialcaseof theformerandcorrespondso full state
informationoutputfeedbackC = 1). Let X andK ; berespec-
tively thesetsof all staticoutputfeedbackstabilisinggainsand
all statefeedbaclstabilisinggains.

For K € K andK; € K; considethefollowingtransferfunc-
tions:

(5 A) (Cy+ D2 KC) (sl — (A+ BKC))™ !B, 2)
Ts(s, Ks) = (Ca+ D2K;)(s1 — (A + BK,))™'Bs
Let||T(s, K) (K) bethe# s normof thetransfematrix

T(s, K). Theproblemto beaddressed statedasfollows:



Find K°P* € K sud thatT'(K) is minimumi.e.

sopt __ :
K =arg { guin 76,501, | )

Notethatthe problemof staticoutputfeedbacks of majorim-

portancesinceit encompasséate problemof fixed ordercon-
troller design,[18]. Moreover, we have choserto addressH ;

optimal synthesisout other questionssuchas# ., control or
poleassignmentanbe consideredvith thesamemethodqsee
[2, 17] for unifiedformulationsof theseproblems).

In [16], a numericalcomparisorof severalrecentoutputfeed-
backdesigntechniquess provided andthe available methods
areclassified.The methodproposedn our papemrmay beclas-
sified asa parametricoptimisationmethod. For this classof

techniquestheoptimisatiornproblem(3) is recaststhefollow-

ing minimisationover Bilinear Matrix Inequality (BMI) con-

straints:

min trace(ByP Bs) s.t.
P,K /

P>0
{ sym {P(A+ BKC)} + %(C2 + D:KC) < 0
(4)
In[9, 18], theideais thento applytheeliminationlemmaon (4)
to getanequivalentoptimisationprobleminvolving two Linear
Matrix Inequality(LMI) constraintselatedby anoncorvex al-
gebraicconstraint

min trace(B,PBs) s.t.

P,X
P=X"1>0 (A)
AP+PA ¢y ]t
Rl | I B I
AX +XA X0, 1T B 1*
*[ X —11HD2] <0 (©)

Then threedifferentapproachemaybeproposedo handlethe
non corvex constraint(A), [16]. Looselyspeakingijt always
consistdn performinganiterative procedureeomposeaf two
stepsthatis expectedo cornvergeto asolutionsuchthat(A) is
verified.

In this paperwe alsoproposeatwo stepiterative algorithmbut
the constraintaarehandleddifferently. The maindifferenceis
thatwhile in [9, 18] the eliminationlemmais usedto getrid
off the feedbackgain, it is usedhereto introduceslack vari-
ablesthataddsomedegreeof freedomandleadto anefficient
numericalprocedure.

3 Optimal H, synthesis

This sectionis devotedto the mainresultof the paperandto
the associatechumericalprocedures.A necessaryand suffi-
cient condition of static output feedbackstabilisability based
on a new parameterisatiors given. Evenif a bilinear matrix
inequalityis involved,anefficient numericalalgorithmmaybe
putforward.

3.1 A new parameterisation
Let M (P) bethefollowing linearmatrix function:

A'P + PA+ CLCy
B'P + D4C,

_ PB+ C4D,
M(P)= [ DD,
Theorem 1
Theoptimisationproblem(3) is equivalento:

min trace(B,PB3) s.t.
P,K,,F,R

P>0
R
)

At the optimum,the static output feedbak gain is given by:
K"t =F 'R

][RC —F]}<®

Proof Startingfrom theformulation(4), first notethat:

sym {P(A+ BKC)} + % (Cs + D-KC) =

[1 C'K |M(P) [ K]lC ]
Applying the eliminationlemma[18], theinequality(4) is sat-
isfiedif andonly if thereexists a symmetricpositive definite
matrix P andamatrix E suchthat:

M(P)+sym{E[ KC -1]}<0 (6)

Choosing the following block decompositionfor E/ =
[ F —F’ ], notethatthe bottomright block of inequality
(6)is:

DDy +F+F <0

Therefore,F is necessarilynon singular ChoosingKs =
(FsF~1) and R = FK leadsto (5). At the optimum,
the stabilisingstatic outputfeedbackgain is reconstructecs
K" = F~IR. [

On the basisof theorem1 a numericalprocedureor solving

the optimal # 5 synthesids derivedin the sequel.Beforethat,

let us statesomeimportantfactsthat highlight the properties
of theinequality(5) andclarify thelinks betweerthe different
variables.

Remark 1
From the proof of theoem 1 it comesthat the two following
conditionsare equivalent:

i) TheeexistP andK sud that(4).
i) TheeexistsP, Kg, F andR. sud that (5).

Moreovertheinequalitiesare relatedby the invertible change
of variables:
FK=R

det(F) # 0 @)



This remarkpointsout thatinequality (5) is equivalentto the
usualLyapuna inequality The main differenceis that addi-
tive variablesare introduced. The following lemmaclarifies
the propertieof K4 thatappeardo bea stabilisingstatefeed-
backgain.

Lemmal

Thevariable K ; of inequality(5) is a stabilisingstatefeedbak
gain sud that the LyapunovfunctionV (z) = z'Pz proves
simultaneouslyhestability of bothclosedoop systemslefined
by A+ BKC and A + BK,;. Moreover the inequality (5)
impliesthat:

T (s, K)||3 < trace(B4PBs)
|Ts(s, Ks)||2 < trace( B4 PBs)

Proof  Multiplying the inequality in (5) on the left by
[ 1 K. ] andontherightby its transposepnegets:

sym{P(A+ BK;)} + % (Cs+ D2 K;) < 0 (8)

Hence,V(z) = «'Pz is a Lyapunw function that proves
the stability of z(t) = (A4 + BK,)z(t) andP > W,(K,)
whereW. (K) is the controllability grammianof the transfer
T, (s, Ky).

Fromremarkl, onehasthat(4) is satisfiedsimultaneouslyjor
thesameP with theinvertible changeof variables(7). There-
fore,V(z) = 2’ Pz is alsoa Lyapuna functionthatprovesthe
stability of z(¢t) = (A + BKC)z(t) andP > W,(K) where
W.(K) is thecontrollabilitygrammiarof thetransferT'(s, K).
Remindingthat:

thelemmais proved. |

Thislemmais of majorimportancesinceit relateghe stateand
outputfeedbacksynthesigproblems.Onthis basis the method
proposedn this papertakesthe adwantageof the existing re-
sultson statefeedbacksynthesighatareknown to be convex,

[4].

Remark 2
Theoptimisatio problemin theoem1 doesnothavea unique
solution(P°Pt, KoPt, Fort  RePt). In fact, the setof all ad-
missiblesolutionsis corvex and parametrisedy the following
linear equations:

| T(s, K°P%)||2 = trace( B4 P By)

P>0

] [ KPtC -1 ]} <0

wheke the solutionsto (5) are givenby the invertible changeof
variables: K, = (FsF~ '), R = FK°P*,

M(P) +sym{[ b

This remarkbringsto the fore thatequation(5) involvesaddi-
tiveslackvariablesF andF; leadingto anew parameterisation
of the problemwith extra degreesof freedom.

3.2 A coordinate descent-typealgorithm

The optimisationproblemin theorem1 involvesthe solution
of a bilinearmatrix inequality Our aim is to derive a numer
ically tractableiterative procedureébasedon LMI optimisation
subproblemshat corvergesto alocal optimal solution. Here,
thechoserprocedurdakesadwantageof theslackvariablesn-
troducedn (5). Our algorithmis relatedto the onespresented
in [7, 20] andmay be lookedon asa coordinatedescent-type
algorithm,[15]. A solutionto (5) is obtainedby splitting in
two thesetof variables At eachiteration,anLMI optimisation
problemover a setof variabless solved while the othersetof
variableds frozen.

Considerthe following algorithm decomposedh four opera-
tions:
Algorithm 1
1. (Initiali sationstep- k=1), choosea stabilisingstatefeed-
bad gain K;.

2. (Stepk - first part), for this choiceof K, solvethefollow-
ing LMI minimisationproblem:

min S.t.

) )

Fi@ = trace(ByP By) (5)

AttheoptimumfreezeR and F'.

3. (Stepk - secondpart), for this choiceof R and F', solve
thefollowing LMI minimisationproblem:

min trace(B,PBs) S.t.

' P, K,

()

Attheoptimum/freezeK;.

4. (Terminationstep),if Ty 1 — Tx 2 < ¢, thenstop, K =
F~1R, otherwisek « k + 1 andgoto step2.

Dueto theoreml andremarkl, the abore algorithmprovides
asequencef feasiblesolutionsanda nonincreasingriteria

Theorem 2 :
Thealgorithm 1 geneatesa sequencef feasiblesolutionsand
noninceasingcriteria sud that vk > 0 :

Frp110 <Tg2< Tk

Only corvegencetowardsa local minimumfor which I, 5 is
the #, norm of the closed-loopsystemis ensuredby suchan
algorithm.NotethattheLyapune matrix P is partof theopti-
misationvariablesateachsubstepf theprocedureandis never
frozen. The initialisation stepis crucial for the procedureto
succeedThis pointis now carefullystudied.



3.3 Initialisation of thealgorithm

In the algorithm 1, we are supposedo choosean initial sta-
bilising statefeedbackgain K;. This point is now clarified .
Differentpossibleinitialisations,basedn LMI conditions are
exposed. Even though,no theoreticalresulthasbeenproved,
theproposednitialisationhave provedto bevery successfuin
practiceasit is illustratedby statisticalexamplespresentect
the end of this section. First, definethree LMI-basedcondi-
tionsfor finding a statefeedbackgain, K, thatmay initialise
thealgorithm1, [3]:

(17) Let X andS beasolutionto:

X >0 AX+XA' + BS+S'B'<0 (9)
thenK, = SX ! is astabilisingstatefeedback.
(12) Let X andS beasolutionto:
X>0
AX+ XA +BS+S'B « ] _ o (10)
CyX 4+ D5S -1

then K, = SX~! is a stabilising state feedbackand
|IT% (s, K:)||3 = trace(B5X ! By)

(13) Let X, S andT betheoptimalsolutionto:

-T B,

min B2 -X

) )

trace(T) s.t. (10) , [ ] <0
thenK, = SX~! istheoptimal?#, stabilisingstatefeed-
backgainand||T; (s, K,)||3 = trace(T).

ThesethreeLMI conditionsaretestedon numericalexamples
in thesequehsinitialisationsfor algorithml. We wantto point
outthattheinitialisationmayfail in somecasesiueto thefact
thattheinequality(5) in notfeasiblefor all statefeedbaclgains
K, € K;. Fortunatelyit appearsghattheinitialisationis never-

thelesfficientin mostcasesConsidethefollowingcorollary
derivedfrom theoreml.:

Corollary 1

Thesysten(1) is stabilisableby staticoutputfeedbak iff there
existsa symmetrigpositivedefinitematrix P, a statefeedbak
gain K andtwo matricesF andR. suc that:

K /

]+Sym{[ 1 ] [ RC -F ]}<®
(11)

A stabilising static outputfeedbak gain is then obtainedby:

K=F"'R

Basedbnthis corollary, aprocedurdo testtheefficiengy of the

initialisation is proposed. This procedure(Proc. 1) is com-

posedof two LMI feasibility tests:

AP+PA «
B'P 0

1. SolveLMI problem(9) andgetK, = SX~! € K.
2. Solve LMI problem(11) for this matrix K.

When the proceduresucceedshis implies that the gain K
makesthe outputfeedbacksynthesigoroblem(5) feasiblefor
someP, R andF'. Theinitialisationstepis thenadmissible.

In orderto evaluatetheinitialisation, a large numberof stabil-
isablesystemdasbeenrandomlygeneratedndthe resultsof
our procedurewere comparedwith the resultsobtainedwith
analternatingprojectionalgorithmgivenin [10]. Thesystems
weregeneratedn the sameway asin this lastreference.The
testedcasescorrespondo differentchoicesof the systemdi-
mensions:, m, r. Thefollowingtablesummarisetheresults.
Therateis the percentagef systemdor whichthe procedures
succeecandthetime is the averagecomputationtime. Note
that sincethe experimentswere performedon differentcom-
putersthe averagetime is producedasa clue on the computa-
tional compleity of bothmethods.

Proc. 1 [10]

time rate | time rate
Casea | 1.32s 95| 18.71s 975
Caseéb | 1.67s 99.5| 15.93s 100
Casec | 3.26s 99.5| 26.15s 99.5
Cased | 1.44s 100 | 1.17s 100
Casee | 243s 100| 3.19s 100
Casef | 5.65s 100 | 11.18s 100

Theseestsclearlyshaw thatthe efficiengy of this methodmay
becomparedvith theexisting ones.

4 Optimal H, robust synthesis

An extensionof theoreml to robustsynthesiss now provided.
The aim is to computea static outputfeedbackgain that sta-
bilises uncertainsystemsand guarantees boundon the #,
normof thetransferfunctionover all admissibleuncertainties.
Theresultsaregivenin the quadraticstability framevork [12],
i.e., asingleLyapunw function assessethe stability over all
theuncertaintyset. ConsidetheuncertainLT| modelsuchthat
(1) wherethe matricesbelongto a polytopedefinedasthecon-
vex hull of N vertices:

A(C)  B2(¢)  B(C)
Ca(¢) 0 Du(¢) | €
cE)y 0 0
A' Bl B! AN BN BN
Co. cl 0 D} cN o DY
cl o 0 cN oo 0

The constant parametric uncertainty ¢ is defined as the
barycentriccoordinate:

E:{CZ[cl,..., L G>0, Zcz_l}

andall the admissiblemodelsof the polytopeare exactly de-
scribedby ¢ € =,

AC)  Ba(Q) B(C) ] A" By B ]
CQ(C) 0 Z Cz 02 0 DZZ
ce) 0 00




For a givenvalueof the uncertainties, € = andagivensta-
bilising gain K € K let T'(s,(, K) be the closed-looptrans-
fer function. The optimal # , robuststabilisabilityproblemby
staticoutputfeedbackwritesas:

KTopt — arg { min max ||T(8,C,K) ||2 }

KeKk (e=
and correspondgo the minimisation of the worst-case?
norm,Ty, . (K).

Let M, (P) bethefollowing parametedependeniinearmatrix
function:

M (P)
[ AP +PA(() + C5(¢)C2(C) * ]
B'(()P + D5(¢)C2(¢) D5(¢)D2(¢)

andlet M (P) bethe particularcasef this functionfor each
verte of the polytope(: = 1..N):

wimy = [T A e e oty

il il ~i il i
B'P + Di'Ci D' D

Theorem 3
Considerthe following optimisationproblem

min st. Vi=1.N

P, K,, F R 7

trace(ByPB) < 5 P>0

] [ RC'" —F ]} <0
Atthe optimumK¢°P* = F~1R is a quadatically stabilising

staticoutputfeedbak gain and /~°Pt is a robust, guaran-
teedcostfor the closed-loopsystem.

/

M (P) 4 sym { [ Ifi (12)

Proof Theinequality(12)is corvex with respecto the sys-
tem matrices.This canbe seenwhenapplyingSchurcomple-
mentarguments.For conciseneseeasonghis partis removed
here.The corvexity of (12) impliesthatif the conditionis sat-
isfiedfor all verticesof the polytope,it is alsosatisfiedfor all
elementsof the corvex hull. Therefore,one getsthat for all
ez

trace(BL(C)PB2(¢)) <%

[ re© -F 1} <o

P>0

/

Me(B) +sym { | 5

This correspondso condition(5) in theoreml whereunique

matricesP, K, andF asseshestability of theclosed-loosys-

temsover all uncertaintiesind, /4 is aboundonthe?, norms

of all transferfunctions. Therefore,K¢-°P* is a quadratically
stabilisinggain and y/~°r? is an optimisedrobustguaranteed
costfor the closed-loop. |

As theoreml andtheoren® arequitesimilarin their structure,
the sameremarksJemmaandalgorithmcanbewritten for the

guadraticstabilisationproblem. The fact that the methodsex-
tenddirectly to quadraticstabilisabilityis animportantfeature
of this paper As in the statefeedbackguadraticstabilisability
casejt sufficesto testthe staticoutputstabilisabilityconditions
ontheverticesof the polytope.

5 Numerical examples

Examplel: Algorithm 1 is first evaluatedon a very classical
exampleborrovedfrom [14]. Theresultis comparedvith the
theoreticaloptimal solution andwith the suboptimalsolution
givenin [9], (examplel). Thedatamaybefoundin thesetwo
lastreferences.

In [9], the min/maxalgorithmcorvergesin oneiterationto a
suboptimalsolutionT(K)? = 2.4525. The exact optimal so-
lution of the#, staticoutputfeedbackproblemgivenin [14],
is suchthat K°?* = —0.8165 andT'?(K°P*) = 2.4495. Our
algorithmconvemgesexactly to this optimumfor all testedini-
tialisations. The numberof iterationsis onefor (11) and(l 3),
13iterationsareneededn thelastcase(12). At the optimum
theLyapuna functionis the samefor all initialisations:

1.4287 0.5

opt __
P = 0.5 1.0207

andasexpectedby remark2 K is notunique.Here,thethree
initialisationscorvergeto differentgains:

(I1) K, =] —0.3125 —0.9441 ]
(I2) Ky =] —0.7488 —1.1227 ]
(I3) K, =] —0.4141 —0.9856 ]

Example2 : Thealgorithml hasalsobeentestedon anexam-
ple borrovedfrom [13] andfor which the min/maxalgorithm
in [9] (example3) corvemgesto a suboptimakolutionsuchthat
I'?(K) = 15.3191. For theinitialisation (12), we getin 10 it-
erationsK = [ —1.6277 6.5099 | andl'?(K) = 13.3115.
Notethatthis pointis not the globaloptimumbut givesa good
suboptimalolution. Defining a grid on staticoutputfeedback
entries,K € [—-10, 10] x [—10, 10], theminimum# 5 normis
foundto be? (K oPt) = 12.2747.

Fromthesewo examplesjt appearshattheoreml is apromis-
ing resultin view of outputstabilisabilityandcorollary1 is a
goodassociatetiumericalsolution.

Example3 : An exampleborronvedfrom [6] is now considered
for robust %, static outputfeedbackstabilisation. The result

of the optimal #, robust stabilisationalgorithmis compared
with theresultsin [8], (example2). Theuncertairmodelis not

remindecdhere,(seethereferencesor details).

In [8] a suboptimalsolutionis found suchthat T2 _ (K) <

110.8312. Applying the methodexposedin this papey for all

threeinitialisations, the sameoptimum is achieved suchthat
K = [ 1.5004 1.6336 | andT'% (K) = 75.6821. The
convergenceof the algorithmis illustratedon figure 1 for the
threedifferentinitialisations.Notethelow numberof iterations
neededo reachthis suboptimakolution.
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Figurel: Corvergenceof thealgorithm

6 Conclusions

This paperstudiesoutputfeedbackstabilisationand puts for-
warda new inequalityconditionthatcanbe solvedby efficient
LMI-basedalgorithm. Both stabilisationand#» optimal syn-
thesisareperformedor certaincontinuous-timé&Tl modelsas
well asfor polytopic uncertainmodels. The resultshavs up
to be of comparableeompleity for all theseproblems.Alike
mostbilinear inequality problems the algorithmhasno proof
of global corvergence neverthelesst shavs to be quite com-
petitive.

Prospectie work will focus on the extensionsof thesere-
sultsto othertypesof uncertainsystems. A remarkablefea-
ture of the proposedparameterisatiofis that it may be eas-
ily extendedto considerthe problemof robust synthesisvia
parametedependentyapune functions. From a numerical
point of view, the algorithmicsolutionsmay beimproved and
moreelaboratedlgorithmsthancoordinatelescent-typeneth-
odsmaybetested.
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