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The studied architecture is a single-disperser prism-based 85 CASSI (SD-CASSI), originally proposed in [START_REF] Wagadarikar | Single disperser 693 design for coded aperture snapshot spectral imaging[END_REF] and depicted in We focus throughout the paper on a prism-based SD-CASSI 96 system, but a similar approach can be trivially applied to a 97 grating-based SD-CASSI. Also, the proposed model can de-98 scribe a dual-disperser CASSI sytem (DD-CASSI), by using it 99 twice: once for each of the two arms of the DD-CASSI. 107

For the sake of simplicity, we assume the optical elements 108 and detector to be 100 % efficient: spectral filtering only occurs 109 in the mask plane. In the models proposed by [START_REF] Diaz | Adaptive multisensor 702 acquisition via spatial contextual information for compressive spec-703 tral image classification[END_REF][START_REF] Arguello | Higher-order computational 706 model for coded aperture spectral imaging[END_REF][START_REF] Gehm | Single-shot compressive 730 spectral imaging with a dual-disperser architecture[END_REF][START_REF] Dunlop-Gray | Experimental demon-733 stration of an adaptive architecture for direct spectral imaging classifi-734 cation[END_REF], H is 110 written as: 122 assumption H2: Whatever the wavelength, the magnifica-123 tion G x between the detector plane and the mask plane is 124 constant in the dispersion direction x.

125 assumption H3: Whatever the wavelength, the magnifica-126 tion G y between the detector plane and the mask plane is 127 constant in the direction perpendicular to the dispersion y.

128

The assumption H1 is contained in the function Ω(λ) that This assumption is well verified in practice when using 158 achromatic lenses and working with a small aperture system.

159

This position-to-angle relation is:

l p,a : α = -arctan (x/F) β = -arctan (y/F) ( 3 
)
where F is the focal length, (x, y) the horizontal and vertical 161 incoming positions in the object plane and (α, β) the horizontal 162 and vertical outgoing angles after the lens.

163

In terms of normalized wave-vector v = k × λ 2π , after the 164 lens, the model l p,a gives:

165      v x v y v z      = 1 1 + tan 2 (α) + tan 2 (β)      tan(α) tan(β) 1      (4) 
Lens model l a,p (Fourier plane to image plane) 166

Conversely, when propagating from a Fourier plane to an im-167 age plane, a perfect thin lens performs an angle-to-position con-168 version as depicted in figure 3.

Fig. 3.

Angle-to-position conversion l a,p induced by a perfect thin lens between Fourier and image planes.

169

This position-to-angle relation is:

170 l a,p : x = F tan(α) y = F tan(β) (5) 
where F is the focal length, (α, β) the horizontal and vertical incoming angles and (x, y) the horizontal and vertical positions 172 in the image plane after the lens.

173

Note that using these definitions of l p,a and l a,p ensures that cation ratio of G x = G y = -1.

176

Prism model p a,a (spectral deviation)

Prisms perform an angle-to-angle conversion that depends on the wavelength. We describe the incident wavevector k i as:

k i = 2π λ × v i
where the normalized vector v i can be written as:

     v i,x v i,y v i,z      = 1 1 + tan 2 (α i ) + tan 2 (β i )      tan(α i ) tan(β i ) 1      (6) 
with α and β corresponding to incident angles on the input in- 

     v ox v oy v oz      =      cos(A)v ix -sin(A) [n(λ)] 2 -v 2 ix -v 2 iy v iy v o 2 -v 2 ox -v 2 oy      (7) 
where A is the apex angle of the prism, v o = 

208

The latter is a design choice made with respect to the spectral 209 range of the instrument.

210

The full model M p is defined by the composition of the ele-211 mentary transformations l p,a , p a,a and l a,p : 

212 M p : (x d , y d , λ) → (x m , y m , λ) M p = l a,p • R P o →L 1 • p a,a • R L 2 →P i • l p,a (9) 

244

An alternative is the Amici prism [START_REF] Hagen | Compound prism design principles, i[END_REF], a composite of three 245 prisms arranged to combine the benefits of both grating and 246 prism. It achieves linear dispersion over an extensive spectral 247 range, akin to gratings, while retaining the wide-range appli-248 cability of prisms [START_REF] Wu | Development of a 743 digital-micromirror-device-based multishot snapshot spectral imaging 744 system[END_REF]. Despite its merits, the Amici prism is 249 not without drawbacks, as it still manifests smile and stretch-250 ing distortions.

251

In this article, we chose to focus on the prism as it induces 252 various optical distortions that need to be addressed, and is also 253 the basic building block of the Amici prisms. Note that a grat-

254
ing model is also included in our associated simulator [START_REF] Rouxel | Simca[END_REF]. The simulated system is an SD-CASSI as depicted in figure 5.

262

We first assume that there is no misalignment (δα c = δβ c = 0) rect application of the Snell-Descartes law [START_REF] Longhurst | Geometrical and physical optics[END_REF]:

274 D m = 2 arcsin(n(λ c ) sin(A/2)) -A (10) 
where n(λ c ) is the refractive index of the prism at the central 275 wavelength and A the apex angle of the prism. We finally get 276 the angle of incidence on the prism α c :

277 α c = A + D m 2 (11) 
In our case, α c = 49.44°. Since the misalignments cannot be 

EXPERIMENTAL VALIDATION

386

We present in this section a validation of the proposed model nique. This is more straightforward than building an experi-397 mental LUT for each individual pixel, which is reckoned as a 398 laborious process in the literature [START_REF] Wagadarikar | Video rate 723 spectral imaging using a coded aperture snapshot spectral imager[END_REF][START_REF] Poon | Practical considerations in experimental computational 726 sensing[END_REF][START_REF] Deng | Snapshot hyperspectral imaging via 748 spectral basis multiplexing in fourier domain[END_REF], even though effi-399 cient approaches have been proposed [START_REF] Ma | An efficient calibration method 751 for multi-spectral imaging[END_REF]. Also, while buidling Our SD-CASSI prototype is composed of two lenses, two 418 folding mirrors, one prism, a matrix of micro-mirrors acting as 419 a programmable mask, and a CMOS camera (figure 15). The BK7 material, equilateral, apex angle A = 60°D MD Texas Instruments DLP3010, 720 × 1280 square 5.4 µm micro-mirrors, defining a 3.9 × 6.9 mm 2 mask Detector

The Imaging Source, 33UP2000, 1920 × 1200 4.8 µm pixels

Table 1. Characteristics of the prototype components

We experimentally estimated the system point spread func- ).

An alternate way to assess the quality of the calibration is 

SPECTRAL SUPER-RESOLUTION

572

In most papers [START_REF] Arguello | Higher-order computational 706 model for coded aperture spectral imaging[END_REF][START_REF] Gehm | Single-shot compressive 730 spectral imaging with a dual-disperser architecture[END_REF][START_REF] Dunlop-Gray | Experimental demon-733 stration of an adaptive architecture for direct spectral imaging classifi-734 cation[END_REF] authors assume that the data 

601

The raw data-cube is then interpreted to retrieve the spectrum 602 at every point in the mask plane.

603

The figure 21 shows the spectral sampling ((a) and (c)) and 

Fig. 1 .

 1 Fig. 1. Single-disperser CASSI architecture.

86 figure 1 .

 1 figure 1. Imaging optics are used to image the scene in the mask 87

  95

100A.

  Classical propagation model 101 The acquisition model widely used in the literature for an SD-102 CASSI describes the intensity collected on the detector at the 103 (x d , y d ) position as: 104 I(x d , y d ) = H(x d , y d )S 0 (x d , y d , λ) dλ (1) where H is the filtering function, (x d , y d ) the coordinates in the 105 detector plane, λ the wavelength of interest and S o the spectro-106 spatial power density of the scene.

111H 2 )

 2 (x d , y d , λ) = T(x m , y m ) with M c : x m = -x d + Ω(λ) y m = -y d (where the "classical" model M c is the backward propagation 112 model mapping positions (x d , y d ) in the detector plane to posi-113 tions (x m , y m ) in the mask plane, T(x m , y m ) is the transmission 114 efficiency of the mask at position (x m , y m ), independent of the 115 wavelength λ, and the spectral spread function Ω(λ) models 116 the spatial shift due to the spectral dispersion of the prism. 117 The underlying assumptions of the propagation model M c 118 are the following: 119 assumption H1: The spectral dispersion induced by the 120 prism is the same for all positions (x d , y d ) in the detector 121 plane.

129145

  figure 2.

Fig. 2 .

 2 Fig.2. Position-to-angle conversion l p,a induced by a perfect thin lens between object and Fourier planes.

202B. 2 .lustrated in figure 5 .

 25 M p : combination of elementary models 203 The model M p describes the propagation from a position 204 (x d , y d ) at wavelength λ through two lenses and a prism as il-205 The optical layout is such that the optical 206 axis of the lenses L 1 and L 2 corresponds to the minimum de-207 flection of the prism for the central wavelength of the system.

Fig. 5 .

 5 Fig. 5. The backward propagation model M p is the combination of the elementary transformations l p,a , p a,a and l a,p and the rotation operators R L 2 →P i and R P o →L 1 .

Fig. 6 .of the prism. 230 C. Discussions on dispersive elements 231

 6230231 Fig. 6. Prism alignment parameters. The angle α c is the angle of incidence corresponding to the minimum deflection of the prism at the central wavelength. The angles δα c and δβ c describe small errors of alignment respectively with respect to the minimum deflection and with respect to the verticality of the prism.

256

  To quantify the advantages of the model M p over the classical 257 model M c , both were compared to simulations performed by 258 the optical design software Zemax. Zemax was chosen as the 259 reference for the evaluation because it is widely used in the op-260 tical systems industry.261

Fig. 7 .

 7 Fig. 7. Typical comparison: a regular grid of 19 × 19 points in the detector plane (top) is propagated to the mask plane (bottom) with both the M c model (black dots) and Zemax (green dots).

  278 taken into account by the classical model we first assume that 279 they are non-existent. In the last validation step, we perform 280 a comparison between our model and the Zemax simulations 281 with increasing misalignments. A. Evaluation of the classical model M c 283 Preliminary methodological note: The M c model assumes iden-284 tical spectral dispersion for all positions in the field of view 285 (assumption H1, section A). The Ω function related to the disof evaluating this dispersion have been proposed in the litera-288 ture [7, 11, 14]. To avoid any bias due to the use of an inade-289 quate model for Ω, we extrapolate this function from the Zemax 290 reference simulation with a polynomial of degree 10. We obtain 291 a dispersion function for the point at the centre of the detector 292 (x d , y d ) = (0, 0). This function faithfully reproduces the spatial 293 shifts observed at the mask for the different wavelengths.

Fig. 8 .

 8 Fig. 8. Comparison between Zemax and M c propagation models for the central wavelength λ = 532 nm: (a) points in the mask plane (x m , y m ) predicted by M c (black) and by Zemax (green); (b) zoom on the stretching distortion along the horizontal axis x; (c) zoom on the smile distortion along the vertical axis y; (d) geometric distortions mapped on detector points: Euclidean distance D between points predicted by Zemax and M c .

Figure 8 (Fig. 9 .Fig. 10 .

 8910 Figure 8 (a) shows the points propagated by Zemax (black dots) and by the M c model (green dots) for the wavelength λ = 296

Fig. 11 .

 11 Fig. 11. Distance maps comparing the proposed M p model to Zemax for (left) upper, (centre) central and (right) lower wavelengths.

Figure 11 presentsFig. 12 .

 1112 Figure 11 presents the distortion maps obtained with the M p

Fig. 13 .

 13 Fig. 13. Histograms of Euclidean distances D between the Zemax simulations and the M p model, with increasing misalignment, for three wavelengths. In dotted line, the 95 th percentile of D.

387Mp

  with a prototype SD-CASSI system. The model parameters 388 are first determined with a calibration process, and the spec-389 tral sampling defined by the model is validated by observing a 390 known spectrum. 391 A. Geometric spatio-spectral calibration of an SD-CASSI sys-392 tem 393 One of the benefits of a parametric model of the image forma-394 tion is that it allows a quick calibration, using only a few im-395 ages of a known geometric pattern and an optimisation tech-396

400experimental

  LUTs is tractable for low spectral and/or spatial 401 resolution, the process becomes more difficult and time con-402 suming for high resolution imagers. 403 The proposed model-based calibration approach pertains to 404 the geometry of an SD-CASSI system, as expressed by the model 405 M p : we do not consider purely photometric phenomena (quan-406 tum efficiency and vignetting).

407Fig. 14 .

 14 Fig. 14. Calibration pattern on the DMD at the scene (a), and extracted corners in the detector plane (b).

Fig. 15 .

 15 Fig. 15. 3D model of the prototype.

FTable 2 .

 2 426 tion (PSF): it slightly changes with the position in the field of 427 view and wavelength, and its diameter is bounded by 15 µm. 428 The calibration chequerboard pattern is made up by 17 × 17 429 square regions of 30 × 30 mirrors, which defines 289 corners. 430 Three lasers are used to illuminate the chequerboard pattern, 431 with respective wavelengths 450, 532 and 780 nm. In total, 432 3 × 289 = 867 (x d , y d , x m , y m , λ) quintuplets are provided to 433 the non-linear least-square regression process to estimate the 434 parameters that define the M p model. As a reminder, these pa-435 rameters are the focal length F, the apex angle A, the angle of 436 incidence on the prism α c ensuring minimum deflection at λ c , 437 and the two angles δα c and δβ c that define the alignment errors 438 of the prism. 439 The estimated parameters are given in Table 2 with the as-440 sociated 95 % confidence interval obtained with a jackknife re-441 sampling. According to the components' specifications, the fo-442 cal lengths F and apex angle A may respectively vary by 1 % 443 and 0.1 % around their specified values of 165 mm and 60°: the 444 estimated values are within these bounds. The minimum of de-445 viation is also extremely close to the expected value. As for δα c 446 and δβ c , the estimated values are coherent with the precision of 447 the experimental alignment. In particular, as verticality of the 448 prism is easier to assess than its orientation with respect to the 449 minimum of deviation, it is not surprising that |δβ c | is smaller 450 than |δα c |. 451 [µm] A [°] α c [°] δα c [°] δβ c Calibration results: value estimated for the parameters and associated 95 % confidence interval (C.I.

452Fig.

  Fig. Experimental reprojection error D for the 3 reference wavelengths.

Fig. 17 .

 17 Fig. 17. Histogram of the reprojection error D for the 3 reference wavelengths. For each wavelength, the color dashed line corresponds to the distance of the 95 th percentile.

Fig. 18 .

 18 Fig. 18. The spectral sampling at each pixel in the detector plane depends on the back-propagation to the mask micromirror centres.
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  close up on the main peak at 611.5 nm of the spectrum is 563 shown in figure 20 (b): it reveals that although the measured 564 spectra are perfectly consistent and correspond to the same 565 spectral shape (give or take the acquisition noise), are 566 based on different spectral samples. 567 In this simple example of a single slit DMD pattern, recom-568 bining accurately the different lines of the detector in one single 569 spectrum with higher signal to noise ratio requires to take this 570 change of the spectral sampling into account.

Fig. 20 .

 20 Fig. 20. Spectral calibration validation across the field of view: (a) spectra measured from three different lines of the detector (y d = [310, 600, 890]) give consistent results; (b) close inspection of the spectra reveal the local spectral sampling that changes across the detector.

573

  collected by CASSI systems can be interpreted with a uni-574 form spectral sampling, thus neglecting the change observed 575 in figure 20 (b). This assumption can simplify hyperspec-576 tral cube reconstruction, as uniform spectral sampling implies 577 that acquired raw data conveniently consists of well-defined 578 monochromatic planes or images. But it leads to various issues, 579 like moiré patterns, that are particularly detrimental for high 580 resolution CASSI imagers [7]. There has been some discussion 581 regarding these issues [7-10, 12], but even the most effective 582 methods, i.e correction of the filtering function H [16], result in 583 a loss of spectral resolution by a factor of 2. Conversely, model-584 based calibration gives an easy access to the spectral local sam-585 pling, with no resolution losses and can be harnessed to achieve 586 super-resolution. 587 Indeed, considering local spectral sampling gives the abil-588 ity to achieve spectral super-resolution when several adjacent 589 pixels share the same spectrum. Such groups of pixels, dubbed 590 spectrally homogeneous spatial regions are fairly common and 591 can be harnessed to speed-up hyperspectral imaging [7, 25]. To 592 demonstrate spectral super-resolution we compare the hyper-593 spectral measurements achieved with our SD-CASSI prototype 594 with either a uniform or local spectral sampling, on a spectrally 595 homogeneous scene. 596 The acquisition scheme is a simple moving-slit sequence: we 597 successively open the columns of micro-mirrors on the DMD 598 mask and record the corresponding image on the detector. The 599 mask plane is illuminated with a large single-mode He-Ne laser 600 beam ensuring an homogeneous spectrum across many pixels.

604Fig. 21 .

 21 Fig. 21. Spectral super resolution of a He-Ne laser spectrum: the uniform spectral sampling ((a) & (b)) implies that adjacent pixels provide several intensity values for a single wavelength whereas the proposed approach ((c) & (d)) properly describes the minute changes in sampling and adjacent pixels provide spectral super-resolution. With a uniform spectral sampling (see figure 21 (a)), each of

  }, as illustrated in figure 4. Note that α i and α o belong to 180 the xOz plane and β i and β o belong to the yOz plane of the re-

	178	
	179	terface of the prism P expressed in the corresponding frame
	{R P i 181
		spective frames.
		Fig. 4. Propagation of a wavevector through a prism. k i is an
		incident wavevector on the input interface of the prism in the
		{R P i } frame; k o is the corresponding output vector in frame
		{R P o }.
	182	
	183	The refraction law ensures that the component of the
	184	wavevector lying in the air/glass interface (i.e. component
	185	within the z = 0 plane in {R P i }) is conserved. The same applies
	186	to its normalized vector v i . Combining this conservation of in-
	187	plane components at both input and output interfaces with the
	188	fact that the normalized wavevector norm is 1 out of the prism
	189	and n(λ) inside the prism, one can express the components of
	190	the output vector v o in the {R P o } frame as:

a 4F telescope, described by l p,a • l a,p has the expected magnifi-

To evaluate the spectral sampling of an SD-CASSI or a DD-476 CASSI system, one usually resort to a an experimental LUT-477 based calibration [START_REF] Arguello | Higher-order computational 706 model for coded aperture spectral imaging[END_REF][START_REF] Wagadarikar | Video rate 723 spectral imaging using a coded aperture snapshot spectral imager[END_REF][START_REF] Poon | Practical considerations in experimental computational 726 sensing[END_REF][START_REF] Arce | Compressive coded aper-753 ture spectral imaging: An introduction[END_REF][START_REF] Goldstein | DMD-based adap-756 tive spectral imagers for hyperspectral imagery and direct detection[END_REF]. The proposed method relies