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Abstract

For continuous-time linear stochastic dynamical systems driven by Wiener pro-
cesses, we consider the problem of designing ensemble filters when the obser-
vation process is randomly time-sampled. We propose a continuous-discrete
McKean–Vlasov type diffusion process with additive Gaussian noise in observa-
tion model, which is used to describe the evolution of the individual particles
in the ensemble. These particles are coupled through the empirical covariance
and require less computations for implementation than the optimal ones based
on solving Riccati differential equations. Using appropriate analysis tools, we
show that the empirical mean and the sample covariance of the ensemble filter
converges to the mean and covariance of the optimal filter if the mean sampling
rate of the observation process satisfies certain bounds and as the number of
particles tends to infinity.

Keywords: Sub-optimal filtering; McKean-Vlasov type equation; Ensemble
filters; Stochastic analysis; Random observations.

1. Introduction

A fundamental problem of interest in modern engineering systems is to de-
velop techniques for extracting information about the unknown elements of the
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system from the data measurements. Looking at such problems from the view-
point of dynamical systems, we can naturally study them using filtering al-
gorithms. The early developments in the area of filtering can be traced back
to (Kalman and Bucy, 1961), where the authors provided an elegant recur-
sive closed form solution for optimal state estimation in linear stochastic sys-
tems. Since this pioneering work, the field has evolved enormously to develop
algorithms for nonlinear dynamical systems, address different information struc-
tures, and provide computationally efficient methods for large-scale systems. An
excellent compilation of different developments on the topic of filtering appears
in (Crisan and Rozovskii, 2011).

The basic problem in optimal filtering is to compute the distribution of the
unknown state process conditioned upon the observations; see (Anderson and
Moore, 1979) for an overview. Among the existing techniques for filtering, the
use of Monte Carlo integration methods for approximating the optimal distribu-
tion have gained significant interest in the literature (Doucet et al., 2001; Ristic
et al., 2003). In the same spirit, Evensen (1994) introduced the technique of
ensemble Kalman filters, or feedback particle filters, to develop filtering meth-
ods for large scale applications related to geophysical sciences, so that the error
covariance is computed from a collection of state estimators rather than from a
single (Riccati) differential equation. Since then, the use of ensemble Kalman
filters has had a notable impact where estimation with noisy data is required in
large-scale models. This approach is based on simulating the evolution of indi-
vidual particles in the ensemble through differential equations that are coupled
through the associated empirical mean and the empirical error covariance. Sev-
eral review articles (Chen, 2003; Calvello et al., 2022) and the books (Evensen,
2009) provide an overview of developments in that area. In most of these works,
we do not find much details about the theoretical analysis of the proposed filter-
ing techniques, and this area of mathematical analysis of the ensemble Kalman
filters has gathered attention only very recently.

Over the past decade, the ensemble filtering methods have been viewed from
the lens of mean-field models described by stochastic differential equations, and
the ensemble particles are simply the approximations of these mean field mod-
els. Recent review articles which elaborate on this viewpoint are (Bishop and
Del Moral, 2023; Taghvaei and Mehta, 2023). In fact, the limiting behavior of
these particles is described by a McKean–Vlasov type diffusion process, which
is also referred to as the mean-field process. In the literature, this mean-field
process is chosen in different ways, e.g., by adding noise in the prediction term
and the correction term of the Kalman–Bucy process (Del Moral and Tugaut,
2018), or as a non-diffusion equation that is optimal in the measure transporta-
tion sense (Taghvaei and Mehta, 2020).

Another important research direction is to study the filtering problem with
constraints on the information available for computing the optimal distribution.
In particular, for implementation of filters subject to observations transmitted
through some communication protocols, it is natural to stipulate that the ob-
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servations arrive at some random time instants (Sinopoli et al., 2004). It is
of interest to compute the conditional distribution of the state process condi-
tioned upon this discrete observation process (Jazwinski, 2007), and results in
continuous-discrete filters. For certain technical reasons, and to better study
the effect of mean sampling rate, we stipulate in our previous works that the
sampling process is a Poisson counter. In particular, for a system class very
close to the one studied in this paper, (Tanwani and Yufereva, 2020) proposes
a continuous-discrete filter and analyze the boundedness of error covariance as
a function of the mean sampling rate. A similar performance is studied for a
collection of interacting filters over a network in (Tanwani, 2022).

Our primary objective in this article is to develop ensemble filters for continuous-
time stochastic processes subject to randomly time-sampled observations. In the
literature, we find some variants of continuous-discrete feedback particle filters
in different settings. The paper (Bergemann and Reich, 2010) provides one (and
possibly the first) such example, where the authors use mollifiers in the parti-
cle equations to smoothen the dynamics, but no statements about the limiting
process are provided. The paper (Yang et al., 2013) develops particle filters
for nonlinear systems using the time-discretization procedure as a part of the
derivation and studies convergence as the length of the sampling interval con-
verges to zero. In our recent work (Yufereva and Tanwani, 2023), we developed
the transport-inspired particle filters with randomly sampled observations

For our purposes, the state process is modeled by linear continuous-time
Ornstein-Uhlenbeck process and the sampling process for the observations is a
Poisson counter. We develop ensemble filters which update their estimate when-
ever the Poisson counter increments due to the arrival of a new measurement
from the observation process. In contrast to (Yufereva and Tanwani, 2023), our
objective here is to study a different class of ensemble filters which is basically
a generalization of the so-called vanilla filters: It involves noise terms in the
description of the mean-field process. The presence of noise is motivated by
the fact that it leads to positive definite (and hence invertible) error covariance
matrix that is important for good performance of the ensemble particles. How-
ever, the presence of noise terms makes the analysis more challenging, which
are tackled using appropriate tools. In essence, we show that for appropriate
sampling rate, if the number of the particles in the ensemble is large enough
then the empirical mean and the empirical covariance converge to the optimal
mean and the covariance.

2. Problem Setup

Let us begin with the description of the system class and the formulation of
the basic filtering problem.
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2.1. System Class

We consider dynamical systems modeled by linear stochastic differential
equations of the form

dxt = Axt dt+Gdωt (1)

where (xt)t≥0 is an Rn-valued diffusion process describing the state. Let (Ω,F ,P)
denote the underlying probability space. It is assumed that, for each t ≥ 0,
(ωt)t≥0 is a zero mean Rm-valued standard Wiener process adapted to the fil-
tration Ft ⊂ F , with the property that E[dωt dω

⊤
t ] = Imdt, for each t ≥ 0. The

matrices A ∈ Rn×n and G ∈ Rn×m are taken as constant with (A,G) control-
lable, and the process (ωt)t≥0 does not depend on the state. The solutions of the
stochastic differential equation (1) are interpreted in the sense of Itô stochastic
integral.

2.2. Measurement process

Our goal is to study the state estimation problem when the output mea-
surements are available only at random times. The motivation to work with
randomly time-sampled measurements comes from several applications, such
as, communication over networks which allow information packets to be sent at
some discrete randomly distributed time instants. Thus, we consider a mono-
tone nondecreasing sequence (τn)n∈N taking values in R≥0 which denote the time
instants at which the measurements are available for estimation. We introduce
the process Nt defined as

Nt := sup
{
n ∈ N

∣∣ τn ≤ t
}

for t ∈ R, (2)

and it is assumed that (Nt)t≥0 is a Poisson process of intensity λ > 0 and it is
independent of the noise and the state processes. Recall (Suhov and Kelbert,
2008, Theorem 2.3.2) that the Poisson process of intensity λ > 0 is a continuous-
time random process

(
Nt

)
t≥0

taking values in N∗ := N ∪ {0}, with N0 = 0, for

every n ∈ N∗ and 0 =: t0 < t1 < · · · < tn < +∞, the increments {Ntk −
Ntk−1

}nk=1 are independent, and Ntk −Ntk−1
is distributed as a Poisson-λ(tk −

tk−1) random variable for each k. The Poisson process is among the most well-
studied processes, and standard results (see, e.g., (Suhov and Kelbert, 2008,
§2.3)) show that it is memoryless and Markovian.

The discretized, and noisy, observation process is thus defined as

yτNt
= Cx(τNt

) + ντNt
, t ≥ 0, (3)

where C ∈ Rp×n is a constant matrix, and νk is a sequence of i.i.d. Gaussian
noise processes and ν0 ∼ N (0, V ). Equation (3) is motivated by the fact that
a continuous observation process dz = Cxdt + dη for a Wiener process (ηt)t≥0

is formally equivalent to yt = Cxt + νt, with the identifications yt ∼ dzt
dt and

νt ∼ dηt

dt , so that νt is a Gaussian process; see (Jazwinski, 2007, Chapter 4) for
further details. Our goal is to construct the estimate x̂t, which minimizes the
mean square estimation error, using the observations Yt := {yτk | k ≤ Nt}.
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2.3. Optimal filter

The basic problem in filter design is to find an estimate of the state process
which minimizes the mean square estimation error, and is described by the
expectation of the state process (xt)t≥0 conditioned upon the measurements
observed over the interval [0, t], that is, Yt. In particular, with the structure
imposed on the system dynamics in this section, the conditional expectation
is Gaussian and the two moments are simulated through ordinary differential
equations with updates at times when a new measurement arrives. For an
arbitrary strictly increasing real-valued sequence (τk)k∈N∗ , this procedure is also
proposed in (Jazwinski, 2007, Thm. 7.1). If we specify a sequence (τk)k∈N∗ so
that it corresponds to the arrival times of a Poisson process, we simulate the
mean of the conditional distribution as:

˙̂
Xt = AX̂tdt, t ∈ [τNt , τ1+Nt [ (4a)

X̂+
t = X̂t +Kt(yt − CX̂t), t = τNt

(4b)

where the injection gain Kt = PtC
⊤(CPtC

⊤ + Vt)
−1, and the error covariance

process (Pt)t≥0 is described as

Ṗt = (APt + PtA
⊤ +GG⊤), t ∈ [τNt

, τ1+Nt
[ (5a)

P̂+
t = Pt − PtC

⊤(CPtC
⊤ + Vt)

−1CPt, t = τNt . (5b)

To write things more compactly later on, we adopt the formalism of writing
the continuous-discrete equations (4a) and (4b) together in a single differential
equation, when the jumps are driven by a Poisson counter Nt :

dX̂t = AX̂tdt+Kt(yt − CX̂t)dNt. (6)

Similarly, using this formalism, (5a) and (5b) can be written in a combined form
as,

dPt = (APt + PtA
⊤ +GG⊤)dt− PtC

⊤(CPtC
⊤ + Vt)

−1CPtdNt. (7)

In the foregoing discussion, one makes the observation that the optimal condi-
tional distribution is Gaussian for each realization of (Nt)t≥0 despite the fact
that the mean and covariance are discontinuous along each sample path.

From analysis viewpoint, it is important to look at the expectation of the
process (Pt)t≥0 with respect to the sampling times (τNt)t≥0. In our previous
work (Tanwani and Yufereva, 2020), we showed that the expectation of piecewise
deterministic process Pt, denoted by Pt, is described by the following differential
equation:

Ṗt = APt + PtA
⊤ +GG⊤ − λPtC

⊤(CPtC
⊤ + V )−1CPt. (8)

We can now provide conditions in terms of the bounds on the mean sampling
rate λ > 0 and the structural assumptions on controllability and observability of
the pairs (A,G) and (A,C) that guarantee boundedness of Pt. The boundedness
is also important for asymptotic analysis of the first moment of the error process
(xt − X̂t)t≥0.
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3. Diffusion Process and Ensemble Filters

In the previous section, we saw that the implementation of conventional op-
timal filter, even for linear systems, is computationally heavy since it requires
simulating a Riccati differential equation to compute the injection gains. For a
state process evolving in Rn, this optimal filter involves solving (n2+n)/2 differ-
ential equations for the covariance process (Pt)t≥0 and n differential equations

for the first moment of the estimate (X̂t)t≥0. This can be quite cumbersome
for large values of n especially when we take into consideration the additional
operations involved in computing these processes. For this reason, there has
been extensive research for other methods to implement optimal filter, or its
approximation. One such technique is based on the use of the ensemble, or
feedback particle, filters. The basic idea of the particle filters is to simulate a
collection of particles through stochastic differential equation which are coupled
to each other through joint statistics of the population.

3.1. Description of McKean-Vlasov type process

For the definition of particles in the ensemble, we first describe a diffusion
process of McKean-Vlasov type differential equation. This process is, in partic-
ular, continuous-discrete because our observation process is discrete.

dSt := AStdt+Gdω̄t +QtC
⊤(CQC⊤ + Vt)

−1 [yt − (CSt + ν̄t)] dNt (9a)

Qt := E[(St − Ŝt)(St − Ŝt)
⊤ | Yt] (9b)

Ŝt := E[St | Yt], (9c)

where the processes ω̄t and ν̄t are independent copies of the processes ωt and
νt respectively, that were introduced in (1) and (3). The motivation of working
with this particular diffusion process comes from the fact that the conditional
mean Ŝt and the conditional covarianceQt satisfy the same differential equations
as the ones obtained for their optimal counterparts, that is, it can be checked
that

dŜt = AŜtdt+QtC
⊤(CQtC

⊤ + Vt)
−1(yt − CŜt)dNt (10)

and

dQt = (AQt +QtA
⊤ +GG⊤)dt−QtC

⊤(CQtC
⊤ + Vt)

−1CQtdNt, (11)

so that, one sees the resemblance with the processes described in (6) and (7),
respectively.

3.2. Ensemble Filters

From the mean-field process (9), we describe an ensemble ofM particles. For
ℓ = 1, . . . ,M, the particle Sℓ

t is described by the following stochastic differential
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equation conditioned upon the observation process and the Poisson sampling
process:

dSℓ
t = ASℓ

tdt+Gdωℓ
t +KM

t (yt − CSℓ
t − νℓt ) dNt, (12)

where, for each ℓ, ωℓ
t and νℓt represent the independent copies of the processes

ωt and νt respectively. The term KM
t denotes the empirical gain computed at

time instants t = τNt
as follows:

KM
t = QM

t C
⊤(CQM

t C
⊤ + V )−1 (13)

in which QM
t denotes the empirical covariance, which is computed using the

empirical mean ŜM
t as follows:

QM
t =

1

M

M∑
ℓ=1

(Sℓ
t − ŜM

t )(Sℓ
t − ŜM

t )⊤ (14)

ŜM
t =

1

M

M∑
ℓ=1

Sℓ
t . (15)

One clearly sees that the computational effort in implementing the ensemble
filters (12) involves solving Mn differential equations. For computing the gain,
the empirical mean and the sample covariance only needs to be updated at
discrete times using relatively simpler arithmetic operations.

3.3. Convergence result

The obvious question concerning the proposed filters in (12) is whether they
approximate the optimal filter (6)–(7) reasonably well. In this regard, our main
result shows that if the mean sampling rate satisfies certain bounds, then the
difference (in expectation) between the empirical covariance of the particles
(14) and the optimal covariance (15) is O( 1

M ). Similarly, we can show that, as
the number of particles increase, the expectation of the empirical mean of the
particles approaches the expected value of the optimal estimate X̂.

Our main result formalizing these observations is stated next. To avoid
technicalities in the proof, we present the convergence result for the scalar case
only, where A is a real number and G,C are nonzero scalars. This allows us to
give explicit bounds on the approximation error, and the mean sampling rate
required for establishing these bounds.

Theorem 1. Consider system (1) with optimal estimator (6) and the ensemble

ofM filters described by (12). Let γ := max
{

V 2

(min{P0,QM
0 }C2+V )2

, V 2(λ−2A)2

((1−1/M)G2C2+V (λ−2A))2

}
.

If the mean sampling rate satisfies the inequality

λ > 2A/(1− γ2) (16)

then it holds that,

lim sup
t→∞

∥E[Pt]− E[QM
t ]∥ ≤ G2 + λV/C2

M(λ(1− γ2)− 2A)
(17)
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and moreover,

∥E[ŜM
t ]− E[X̂t]∥ → 0, as M → ∞, and t→ ∞.

The proof of this result is carried out in Section 4. The constant γ appearing
in the theorem statement actually corresponds to the lower bound on the co-
variance matrices Pt and Q

M
t . Nonzero value of G is important for establishing

this lower bound. Because of nonlinear dependence of γ on λ, inequality (16)
provides the range of values for the mean sampling rate for which the result
in Theorem 1 holds. For the measurement covariance V small enough, this in-
equality is indeed feasible. Also, if A ≤ 0, (24) trivially holds with any λ > 0.
The ultimate bound on approximation of covariance matrix in (17) increases
with the increase in the covariance of process and sensor noises, and decreases
as number of particles M gets large.

3.4. Simulation of an academic example

To illustrate the simulation of our proposed ensemble filter in (12) and the
result reported in Theorem 1, we consider an academic example where the sys-
tem is described by the equations:

dxt = Axtdt+Gdωt (18a)

yτk = Cxτk + ντk , (18b)

with A =
[

0 3 1
2 −2 1
−2 1 −3

]
, C =

[
1 −1 2
1 0 1

]
, G = [ 0.5 0.5 0.5 ]

⊤
, and for each k ∈ N∗,

ντk is normally distributed with mean (0, 0)⊤ and the constant variance V =
[ 0.5 0.1
0.1 0.5 ].

To measure the effectiveness of the ensemble filter, we compare it with the
optimal estimator, and look at the entities that are being compared in Theorem 1
for different values of mean sampling rate. The simulation results reported in
Figure 1 and Figure 2 are consistent with the results in Theorem 1.

4. Convergence of Ensemble Filters

This section essentially carries out the proof of Theorem 1. We first derive
the differential equations for empirical mean and covariance using Ito’s chain
rule, using Proposition 3 in Appendix A). We then compute the expectations
of the processes using the generator equation stated in Proposition 5, which are
then used for studying convergence results stated in Theorem 1. We emphasize
that the developments in this section are carried out for the scalar case only.
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(a) The difference of optimal mean and empiri-
cal mean is plotted for 10-particles (blue curve)
and 20 particles (red curve).
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(b) The plot shows the optimal covariance
(green); empirical covariance for 10-particles
(blue) and 20 particles (red).

Figure 1: Comparison of mean and covariance for the optimal and ensemble filters with mean
sampling rate λ = 5.
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(a) The difference of optimal mean and empiri-
cal mean is plotted for 10-particles (blue curve)
and 20 particles (red curve).
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(b) The plot shows the optimal covariance
(green); empirical covariance for 10-particles
(blue) and 20 particles (red).

Figure 2: Comparison of mean and covariance for the optimal and ensemble filters with mean
sampling rate λ = 10.

4.1. Evolution of empirical mean and covariance

We recall that the evolution of the particles is described by the differential
equation (12) and the corresponding empirical mean is defined in (15). We now
write down the evolution of the empirical mean of the particles in differential
form as follows:

dŜM
t = AŜM

t +
1√
M
Gdω̃M

t +KM
t

Å
yt − CŜM

t − 1√
M
ν̃Mt

ã
dNt

where we used the notation

ω̃M
t :=

1√
M

M∑
ℓ=1

ωℓ
t so that E[dω̃M

t dω̃M⊤
t ] = dt
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and

ν̃Mt :=
1√
M

M∑
ℓ=1

νℓt so that ν̃Mt ∼ ν.

Note that the process ν̃Mt is also i.i.d. Gaussian with covariance equal to V .

Next we write the empirical covariance of the particles, defined in (14), in
differential form. To do so, we let

qℓt := Sℓ
t − ŜM

t .

It then follows that

dqℓt = Aqℓtdt+G

Å
dωℓ

t −
1√
M

dω̃M
t

ã
−KM

t CqℓtdNt −KM
t

Å
νℓt −

1√
M
ν̃Mt

ã
dNt.

(19)
Consequently, we can use Proposition 3 to get

d(qℓt )
2 =

Å
2A(qℓt )

2 +G2 − 1

M
G2

ã
dt+ 2Gqℓt

Å
dωℓ

t −
1√
M

dω̃M
t

ã
+
[(
qℓt −KM

t Cqℓt −KM
t νℓt +

1√
M
KM

t ν̃Mt
)2 − (qℓt )

2
]
dNt.

Straightforward simplification yields

d(qℓt )
2 =

Å
2A(qℓt )

2 +G2 − 1

M
G2

ã
dt+ 2Gqℓt

Å
dωℓ

t −
1√
M

dω̃M
t

ã
+
[
(KM

t )2C2(qℓt )
2 − 2KM

t C(qℓt )
2 + (KM

t )2(νℓt )
2

+
1

M
(KM

t )2(ν̃Mt )2 − 2√
M

(KM
t )2νℓt ν̃

M
t

− 2(1−KM
t C)qℓtK

M
t (νℓt −

1√
M
KM

t ν̃Mt )
]
dNt.

Note that, we can writeQM
t =

∑M
ℓ=1(q

ℓ
t )

2. Furthermore, recalling the expression
for empirical gain in (13) we can check that

(KM
t )2C2QM

t − 2KM
t CQM

t + (KM
t )2V = −KM

t CQM
t .

The last two identities allow us to write

dQM
t =

Å
2AQM

t +G2 − 1

M
G2

ã
dt+ 2G

M∑
ℓ=1

qℓt

Å
dωℓ

t −
1√
M

dω̃M
t

ã
+
[
−KM

t CQM
t − (KM

t )2V +
1

M
(KM

t )2
M∑
ℓ=1

(νℓt )
2

+
1

M
(KM

t )2(ν̃Mt )2 − 2

M
√
M

(KM
t )2

M∑
ℓ=1

νℓt ν̃
M
t

− 2

M
(1−KM

t C)KM
t

M∑
ℓ=1

qℓt (ν
ℓ
t −

1√
M
KM

t ν̃Mt )
]
dNt.

(20)
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We next use this expression to compute the expectation of E[QM
t ] with respect

to the noise terms and, in addition, the sampling times of the Poisson counter.

4.2. Convergence of expected covariance

Using Proposition 5, we now turn our attention to computing the expec-
tation of optimal covariance Pt (with respect to sampling times), which was
described by a piecewise deterministic Markov process in (7). Similarly, we will
use Proposition 5 to describe the expectation of the empirical covariance (with
respect to noise in the ensemble filter and the underlying sampling process),
which is described by a jump diffusion process in (20). In what follows, we use
the notation Pt := E[Pt], QM

t = E[QM
t ], and similarly, for the corresponding in-

jection gains, we use Kt := PtC(PtC
2+V )−1 and KM

t := QM
t C(QM

t C
2+V )−1.

By applying Proposition 5 to the process (7), we first get

Ṗt = 2APt +G2 − λP2
t C

2(PtC
2 + V )−1

= (2A− λ)Pt +G2 + λPt(1− PtC
2(PtC

2 + V )−1)

= (2A− λ)Pt +G2 + λPtϕ(Pt)

(21)

where the mapping Pt 7→ ϕ(Pt) is defined as

ϕ(Pt) := (1− PtC
2(PtC

2 + V )−1).

On the other hand, using the fact that νℓt and ν̃Mt are mean zero processes, the
application of Proposition 5 to the process QM

t in (20) yields,

Q̇M
t = 2AQM

t +G2 − 1

M
G2 − λQM

t C2(QM
t C2 + V )−1QM

t +
λ

M
(KM

t )2V

= (2A− λ)QM
t +G2 + λQM

t ϕ(QM
t )− 1

M
G2 +

λ

M
(KM

t )2V.

(22)

To analyze the difference between optimal and empirical covariance, let us in-
troduce EM

t := QM
t − Pt, which satisfies the following equation:

ĖM
t = (2A− λ)EM

t + λQM
t ϕ(QM

t )− λPtϕ(Pt)−
1

M
G2 +

λ

M
(KM

t )2V. (23)

The following lemma states some important properties that we need in the
sequel. Its proof can be found in Appendix C.

Lemma 2. For the equation (21) and equation (22), we have the following
relations:

1. There exists 0 < γ ≤ γ < 1 such that for each t ≥ 0, we have

1− γ ≤ ∥PtC
2(PtC

2 + V )−1∥ < 1,

1− γ ≤ ∥QM
t C

2(QM
t C

2 + V )−1∥ < 1.

Consequently, it holds that ∥ϕ(Pt)∥ ≤ γ and ∥ϕ(QM
t )∥ ≤ γ.
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2. The function ϕ has the property that for each P1 and P2, it satisfies

ϕ(P1)P1 − ϕ(P2)P2 ≤ ϕ(P1)(P1 − P2)ϕ(P2).

One can now use the statements in this lemma to get a bound on the evolu-
tion of EM

t . This is done by looking at the derivative of (EM
t )2, that is,

d

dt
(EM

t )2 ≤ 2(2A− λ)(EM
t )2 + 2λγ2(EM

t )2 +
2

M
∥EM

t ∥G2 +
2λ

MC2
V ∥EM

t ∥.

In the last inequality, the quadratic term in (EM
t )2 is negative if λ− 2A > λγ2,

or equivalently,

λ >
2A

1− γ2
. (24)

The ultimate bound on EM
t now follows for every finite value of λ satisfying

(24). In particular,

lim sup
t→∞

∥EM
t ∥ ≤ G2 + λV/C2

M(λ(1− γ2)− 2A)

where we note that the denominator is strictly positive due to the bound on λ
in (24).

4.3. Convergence of expected mean

The last step in the proof of Theorem 1 is to analyze the difference between
the expected values of the optimal mean and empirical mean. In this regard,
we let ŜM

t := E[ŜM
t ], and X̂t = E[X̂t]. Applying Proposition 5, we first observe

that
˙̂Xt = AX̂t + λKt(E[yt]− CX̂t)

and
˙̂SM
t = AŜM

t + λKM
t (E[yt]− CŜM

t )

We now look at the asymptotic behavior of χ̂M
t := X̂t − ŜM

t , which satisfies

˙̂χ
M

t = Aχ̂M
t + λKt(yt − CX̂t)− λKM

t (E[yt]− CŜM
t )

= (A− λKM
t C)χ̂M

t + λ(Kt −KM
t )(E[yt]− CX̂t).

The bounds on asymptotic value of χ̂M
t can now be established by analyzing

the derivative of the following weighted quadratic function:

χ̂M
t 7→ (QM

t )−1(χ̂M
t )2.

We observe that

d

dt
(QM

t )−1 = −(QM
t )−1Q̇M

t (QM
t )−1

= −2(A− λKM
t C)(QM

t )−1 − λC2(QM
t C

2 + V )−1

− (QM
t )−2

Å
G2 +

1

M
G2 +

λ

M
KM

t VKM
t

ã
.
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Consequently, this last expression yields

d

dt
χ̂M
t (QM

t )−1χ̂M
t = −(χ̂M

t )2
[
λC2(QM

t C
2 + V )−1

+ (QM
t )−2

Å
G2 +

1

M
G2 +

λ

M
KM

t VKM
t

ã ]
+ 2λ(QM

t )−1χ̂M
t (Kt −KM

t )(E[yt]− CX̂t).

The right-hand side can be seen as a sum of two terms: the first one is negative
definite and is quadratic in χ̂M

t ; the second term is linear in χ̂M
t but contains

(Kt −KM
t ) which is converging to zero as M gets large. Using simple algebraic

manipulations, and noting that QM
t is positive definite, it can be shown that

χ̂M
t converges to zero, as t→ ∞ and as M gets large. This completes the proof

of Theorem 1.

5. Conclusions

In this paper, we considered the analysis of vanilla ensemble filters for
continuous-time linear Gaussian processes with Poisson-sampled discrete obser-
vations. The description of the particles is based on a continuous-discrete mean
field process that contains flow equations with Wiener processes and jump equa-
tions with additive Gaussian noise in the modeled observation process. Using
an extended generator, we compute the expectation of the empirical mean and
empirical covariance of the particles with respect to the sampling process. The
main result shows that for a sufficiently large value of the mean sampling rate,
the empirical mean and covariance converge to the optimal mean and variance,
respectively, as the number of particles tend to infinity.

The immediate extension of our work would be to generalize the proof of
Theorem 1 to systems of higher dimension. A better understanding of the
bounds on the mean sampling rate needs is required. It is also interesting to
investigate whether the tools developed in this paper can be used to study
broader class of particle filters with stochastic noise.
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A. Tools for Analysis

In this section, we discuss some analysis tools for stochastic differential equa-
tions that will be used in Section 4 for the proof of Theorem 1. To do so, we
consider the following differential equation for a stochastic process (xt)t≥0 evolv-
ing in Rn:

dxt = f(xt)dt+ g(xt)dω + h(xt, νNt)dNt (A.1)

where Nt is a Poisson process with intensity λ > 0, ω is a standard Wiener
process, and νNt is a sequence of i.i.d. random variables with probability law µ.

To study the evolution of a function of the random process (xt)t≥0, we make
use of the Ito’s chain rule. The reader may consult (Protter, 2005, Chapter II,
Section 7) for detailed exposition on this topic. Here, the particular form we
adopt is tailored for the differential equations appearing in earlier sections.

Proposition 3 (Ito’s chain rule). For a twice continuously differentiable func-
tion ψ : Rn → R, it holds that

dψ(xt) =
[
⟨∇ψ(xt), f(xt)⟩+

1

2
tr
(∂2ψ(xt)

∂x
g(xt)g(xt)

⊤
)]

dt

+ ⟨∇ψ(xt), g(xt)⟩dω +
[
ψ(xt + h(x, νNt

))− ψ(xt)
]
dNt. (A.2)

Ito’s chain rule describes the evolution of the function ψ evaluated along the
solution of the stochastic differential equation (A.1). However, to describe the
evolution of the expectation of ψ in differential form, we need to consider the
extended generator as defined below:
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Definition 4 (Extended generator). Given a real-valued function ψ : Rn → R,
the extended generator of the process

(
xt
)
t≥0

described by (A.1) is the linear

operator ψ 7→ Lψ defined by

Rn ∋ z 7→ Lψ(z) ∈ R

Lψ(z) := lim
ε↓0

1

ε

(
E
[
ψ
(
x(t+ ε)

) ∣∣x(t) = z
]
− ψ(z)

)
.

(A.3)

We obtain the expected value of ψ by integrating the generator, which can
be seen as a generalization of the classical Dynkin’s formula:

E
[
ψ(x(t))

]
= E

[
ψ(x(0))

]
+ E

ï∫ t

0

Lψ(x(s)) ds
ò
. (A.4)

For our purposes, it is useful to compute an explicit expression of the genera-
tor which can then be analyzed for studying the qualitative behavior of E[ψ(x)].
Several references in the literature derive generator equations for stochastic pro-
cesses with jumps, see for example (Hespanha and Teel, 2006) for a derivation
in the context of Wiener process driven differential equations with renewal pro-
cesses.

Proposition 5. If the sampling process (Nt)t≥0 is Poisson with intensity λ > 0,
then the process

(
x(t)

)
t≥0

described in (A.1) is Markovian. Moreover, for any

function Rn ∋ z 7→ ψ(z) ∈ R with at most polynomial growth as ∥z∥ → +∞, we
have

Lψ(z) = ⟨∇ψ(z), f(z)⟩+ 1

2
tr
(∂2ψ(z)

∂z2
g(z)g(z)⊤

)
+ λ

[ ∫
ψ
(
z + h(z, ν)

)
µ(dν)− ψ(z)

]
. (A.5)

B. Proof of Lemma 2

We provide a proof for the third item, which is independent of the first two
items. To do so, we introduce the notation

K1 := P1C(P1C
2 + V )−1; K2 := P2C(P2C

2 + V )−1.

It can be easily checked that

ϕ(P1) = 1−K1C; ϕ(P2) = 1−K2C,

and moreover, we have the identities

ϕ(P1)P1C = K1V ; ϕ(P2)P2C = K2V.
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The last two equations result in

ϕ(P1)P1 − ϕ(P2)P2

= ϕ(P1)P1 +K1V K2 −K1V K2 − ϕ(P2)P2

= ϕ(P1)P1 + ϕ(P1)P1CK2 −K1ϕ(P2)P2C − ϕ(P2)P2

= ϕ(P1)P1(1−K2C)− (1−K1C)ϕ(P2)P2

= ϕ(P1)P1ϕ(P2)− ϕ(P1)ϕ(P2)P2

= ϕ(P1)(P1 − P2)ϕ(P2)

which is the desired result.

C. Bounds on Sampling Rate

It can be seen that the constant γ used in the derivations actually depends
on the mean sampling rate λ. Here we derive the bounds explicitly on λ. From
the definition of γ, it follows that

γ ≤ 1− PtC
2

PtC2 + V
=

V

PtC2 + V
.

On the other hand, it can be shown that

Pt ≥ min

ß
P0,

G2

λ− 2A

™
.

and, for GM := G
√
(1− 1/M)

Qt ≥ min

ß
QM

0 ,
G2

M

λ− 2A

™
.

Letting λ̃ := λ− 2A, we get

γ ≤ max

®
V

min{P0, QM
0 }C2 + V

,
V λ̃

G2
MC

2 + V λ̃

´
.

Consequently, the condition
λ̃ > λγ2

holds if

λ̃ > max

®
V 2

(min{P0, Q0}C2 + V )2
,

V 2λ̃2

(G2
MC

2 + V λ̃)2

´
(λ̃+ 2A) .

Using simple algebraic manipulations, the last inequality holds if and only if

2V (λ− 2A)(AV −G2
MC

2) < G4
MC

4,

and

λ > 2A

Å
1− V 2

(min{P0, Q0}C2 + V )2

ã−1

.

The first inequality holds if AV ≤ G2
MC

2, or the measurement noise covariance
V is relatively small.
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