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ARTICLE INFO ABSTRACT

Keywords: Comb structures are widely used in micro-electromechanical systems as basic components of electrostatic
MEMS actuators, capacitive sensors, resonators and energy harvesters. Typically, they are operated with a large
Comb-drive overlap of the comb fingers, in the linear region. Here we study the behavior of comb-drive actuators during
ge,ar',zer(;,ordeﬂap the displacement along the axis of the fingers in the unconventional regime where the fingers are slightly
ringing fields

overlapping (around the width d of the fingers), which has recently gained attention in the MEMS community.
In the intermediate region where the overlap approaches zero, fringing electric fields induce a non-linear
variation of the capacitance, yielding a significant electrostatic force between the combs even without finger
overlap with a maximum gradient occurring in this region. The comb capacitance variation with overlap
was calculated using analytical and FEM modeling and confirmed with experimental results. We explored the
implications of this condition in both static and dynamic modes, highlighting the effect of spring softening
arising from the second derivative of the capacitance. These findings introduce new operational possibilities
for actuators and sensors and substantial tunability in frequency for resonators.

Spring softening

1. Introduction the linear variation of the capacitance within the comb structure as a
function of the overlap. In contrast to this conventional configuration,

Micro-electromechanical systems (MEMS) have revolutionized the
landscape of modern technology, enabling the development of com-
pact, low-cost, high-performance devices [1]. Among the MEMS basic
components, comb structures have played a significant role, finding
extensive utilization in actuators, switches, resonant devices and sen-
sors [2-4]. Comb-drive actuators derive their name from their comb-
like structure, featuring interdigitated fingers and a movable shuttle.
The principle of actuation is rooted in the capacitive attractive force

we present here an investigation of the regime where the overlap
of the fingers is close to zero as used recently in MEMS-based logic
circuits [14] based on capacitive adiabatic logic introduced in [15]. In
this case, the dominance of fringing electric fields results in a distinctly
non-linear variation of the capacitance with the shuttle displacement
and could be exploited in the future for increasing the sensitivity of
MEMS components in this particular unconventional regime. Recently,

between the charged comb fingers, caused by the applied voltage,
which results in a linear displacement of the shuttle along the axis
of the fingers. Their unique characteristics, including high precision,
large stroke, absence of hysteresis and low power consumption, have
established them as indispensable tools for MEMS design [5,6]. These
attributes have allowed applications such as precision positioning,
micro-mirror actuation, or manipulation using micro-tweezers [7-9].
Additionally, their integration into resonators and sensors schemes has
led to applications in the field of mass, force and inertial sensing [10]
and energy harvesting [11]. Traditionally set up with a significant over-
lap of the fingers, usually spanning half of their length, these actuators
maintain a near-constant force under a given voltage, irrespective of
the shuttle’s displacement [4,12,13]. This characteristic stems from

* Corresponding author.

the near-zero-overlap configuration of the comb structures has also
been studied within the scope of energy harvesting [11], whereby an
empirical analytical law has been proposed for describing the capaci-
tance variation of a two-sided MEMS structure. In our device of interest,
the capacitance variation, with respect to the resting position, is not
symmetrical. We have therefore developed an analytical model for cal-
culating the capacitance of comb-drive structures in this regime, based
on our previous work [16]. Its accuracy was subsequently compared
with the Finite Element Method (FEM) analyses which was further
taken as the most exact device description and later confirmed by
experimental results. All these investigations shed light on the influence
of the second derivative of the capacitance. This effect plays a crucial
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Fig. 1. Schematic of a comb-drive actuator used for FEM modeling with h being the
thickness of the device, &, the thickness of buried oxide, I the length of the fingers,
d their width as well as the gap between them and u being the overlap between
the combs. The structure is suspended above a silicon substrate, grounded in the
simulations. Fingers are modeled rounded, as this form represents better the shape
of the fingers after microfabrication. Inset: SEM image of a fabricated comb-drive;
movable comb is connected to a spring over a shuttle.

Table 1
The basic components used in Electric Field Decomposition (EFD) approach in
describing the capacitance between two electrodes.

Capacitance type Schematic Formula
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role in the behavior of comb-drive actuators operating within the
near-zero-overlap regime.

2. Modeling - analytical and FEM

Our analytical model employs formulas based on Electric Field
Decomposition (EFD), which were proposed in [17,18]. These formulas
break down the components of capacitance, considering the effects of
fringing electric fields, in order to provide an accurate representation of
the system without relying on fitting parameters (see the basic compo-
nents in Table 1). Principles like “field shielding” and “charge sharing”
are also introduced in [17] to describe complex geometric configura-
tions. When applying the EFD approach to model the comb structure
depicted in Fig. 1, we divided the capacitance in 14 elementary compo-
nents. Note that for simplicity in calculations, we assumed here a square
shape for the finger tips. The capacitance calculation includes three
main contributions: C,, which depends on the degree of overlap and
is formed within the comb-drive structure, Cy;,, arising from the fixed
electrode and the substrate, which remains constant across the whole
range of overlap, and non-linear contributions, C,,;, such as those from
fringing electric fields (details of the three contributions are provided
in the supplementary material).

The physical and geometrical parameters used for modeling are
indicated in Table 2. The choice of finger gap and width (d) was dic-
tated by the achievable critical dimensions in terms of lithography and
etching. In the common configuration of most comb-drive structures
the gap equals the finger width. The dashed line plotted in Fig. 2a
represents the capacitance value of the comb-drive structure based on
this analytical model.

In the region where the overlap is highly negative, the calculated
capacitance value remains relatively constant. Here, it is primarily

Sensors and Actuators: A. Physical 376 (2024) 115652

Table 2

Parameters of the comb structure used in simulations.
Parameter Description Value Unit
E Young’s modulus of silicon 170 GPa
€ Vacuum permittivity 8.854 10712 F/m
€, Relative permittivity of silicon oxide 4.2

Thickness of the silicon layer 5 pm

Rpox Thickness of the oxide layer 2 pm
1 Length of the fingers 10 pm
d Finger width and gap 0.5 pm
N Number of fingers in the comb 60

determined by the capacitance formed between the polarized fixed elec-
trode and the grounded substrate. An approximation of this capacitance
can be obtained using the formula:

_ €O(SC(me + erSfix)

fix — Cpar (1)

hbox

Where S, is the surface area occupied by the combs and S;,
is the surface area of the fixation. C,,, designates parasitic contribu-
tions like fringe and terminal capacitances that are independent of
the overlap (see details in supplementary material). As the overlap
between the comb fingers approaches zero, the fringing electric fields
start contributing significantly to the capacitance. When the overlap
becomes positive, the capacitance increases rapidly, with the dominant
factor being the capacitance formed between the interdigitated fingers.
This capacitance augmentation is linearly dependent on the overlap and
can be described by the well known formula:

C,u) = 2N60% )

Where N is the number of fingers in a single comb electrode and u
is the overlap (Fig. 1).

To assess the accuracy of our analysis, we conducted Finite Ele-
ment Method (FEM) modeling using COMSOL Multiphysics software.
We used the same set of parameters as in Table 2 to calculate the
capacitance of the comb-drive structure. The movable electrode and
the substrate were connected to ground, while the fixed electrode was
subjected to a voltage V. We varied the initial overlap between the
combs from —10 times the finger width (denoted as d) to 10d, with
steps of 1d. Additionally, we employed smaller steps of 0.2d within the
range of —5d to 3d. This allowed us to explore the influence of overlap
with a fine analysis in the near-zero-overlap regime. We extracted
the capacitance value between the grounded parts and the polarized
electrode (circles in Fig. 2a). From these discrete FEM data, we then es-
tablished a continuous function that describes how capacitance changes
with overlap u (red line in Fig. 2a). To achieve this, we used a cubic
Hermite spline interpolator [19] to fit the discrete FEM data in Fig. 2a.
This approach ensured that both the fitting function and its derivative
were continuous (Refer to Appendix A). As depicted in Fig. 2a, our
analytical model is in a fairly good agreement with the FEM model.
Nevertheless, the analytical description of the region of interest (near-
zero-overlap) is not sufficiently accurate, with relative error up to 17%.
Moreover, the derivative of this analytical function is not continuous,
which prevents accurate description of the force established within
the comb. We have therefore proceeded in the behavior analysis with
the capacitance description of the device based on FEM simulations.
FEM data considers the contribution of the fringing electric fields more
precisely and completely and offers a more accurate representation.

Furthermore, the fitting function facilitated the calculation of the
capacitance derivative, allowing the deduction of the attractive elec-
trostatic force F,;(u) = 1 2“2 acting between the combs. The results
in Fig. 2b indicate that the force, directly proportional to the capacitive
gradient, remains at nearly constant values for u/d < -5 and u/d > 3,
with a notable exception in an intermediate region where it undergoes
rapid increase. We term this region, where the normalized overlap
u/d ranges from -5 to 3, the gray zone (Fig. 2b). Within this zone, a
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Fig. 2. Variation of the normalized (a) capacitance and (b) force (derived from the fitted capacitance curve) with respect to the overlap between the comb-drive fingers. Capacitance

1 €h

N
is normalized to ¢,hN, force to — """y and the overlap to finger width d. Capacitance has three different contributors: variable capacitance formed by the comb electrodes

(overlap dependent), formed by the fixed electrode and substrate (constant across overlap range) and non-linear contributions like fringing fields.

significant force persists for negative overlaps due to the long-range
influence of fringing electric fields. The structure also encounters the
maximum force gradient within the gray zone. The effects of this force
gradient, intricately linked to the second derivative of capacitance, will
be discussed later.

In the following, we explore the practical implications of the earlier
findings through an examination of a comb-drive actuator. In this
experimental setup, the movable comb depicted in Fig. 1 is supported
by a spring with a stiffness denoted as k. At the state of rest equilibrium,
in the absence of both electrostatic and mechanical forces, we define u,
as the initial overlap of the combs, a value predetermined by design.
Upon the application of a voltage V, the attractive electrostatic force
acting on the combs leads to an increase in overlap. Simultaneously,
the spring force generated by the displacement tends to counteract the
electrostatic force. The displacement x at equilibrium can be found by
minimizing the potential energy E, of the movable part of the system
(Eq. (3)).

Clug+x)V?  kx2

2 T
As an illustration, we plot in Fig. 3 E, versus x for u; = 0 and for a
set of voltages V. The fitted function derived from the FEM calculation
(red line in Fig. 2a) is used as C(u) in this calculation. Results in Fig. 3
show that the higher the voltage V the higher the displacement x to
reach the equilibrium state at the minimum of potential energy. The
value of k used in simulation is 1.5 N/m.

E,=- 3

3. Experimental characterization - DC displacement

In order to compare the model with experiments, we fabricated
comb-drive actuators with three different initial overlaps u, = —2d,
0 and 2d, d being the finger width (Refer to Appendix B for details
on microfabrication process). The movable comb is suspended over a
spring designed with a stiffness k = 1.5 N/m. The number of fingers in
combs, their width, length and spacing was the same as described in
Table 1 and used in the modeling. As for the characterization of these
comb-drive actuators, we measured the displacement x of the movable
part at equilibrium in response to a voltage V applied to the fixed comb,
while grounding the substrate and the movable comb. Voltage V was
increased in 0.5 V steps. We optically recorded the displacement of
the shuttle using an optical camera (XIMEA xiQ). We performed image
processing on the recorded frames and extracted the displacement with
the accuracy of less than 50 nm. The measured values were compared

Potential energy (pJ)

-10 5 0 5 10
Normalized displacement

Fig. 3. Potential energy of the movable electrode for a set of voltages applied to the
fixed electrode, keeping the movable electrode and the substrate grounded. Minimum
values of the curves (black dots) correspond to the displacement x reached after
application of the voltage V. See the text for further information.

to the expected equilibrium positions calculated from the potential
energy, as described previously. Results are shown in Fig. 4.

For zero and positive initial overlaps u, Fig. 4a and b reveal a very
good agreement between measurements and simulations. At first order,
the displacement x versus the applied voltage V' follows the expected
quadratic trend typical of a conventional comb-drive actuator configu-
ration. In contrast, Fig. 4c illustrates that for the negative initial overlap
(ug = —2d), the measurement exhibits a steep increase as the displace-
ment x exceeds 0.5 pm. Although the calculated displacement (solid
line) also displays this steep increase, it is shifted in voltage compared
to the experimental data. Further investigations involved the actuation
of the device with forward and backward voltage sweeps. They reveal
no hysteresis effect associated with the actuator displacement, thereby
eliminating it as a potential explanation for the steep increase, as well
as showing that there are no associated energy losses. Additionally,
slight variations in the parameters of the structure were introduced
in the FEM calculations of the capacitance in order to account for
changes in dimensions resulting from the fabrication process during
lithography and etching steps. These changes, particularly affecting



A. Markovic et al.

36 (a) Zero initial overlap

V=22V

g
3]

Potential energy (pJ)

N

-
(&)

Displacement (um)

Simulation 4
©  Measured data
= = = = Deviation window

0 5 10 15 20 25
Voltage (V)

o
3

(c) -2d initial overlap

V=22V

w

N
o

Potential energy (pJ)

N
IS

N
(&)}

Displacement (um)

o
3

Voltage (V)

Sensors and Actuators: A. Physical 376 (2024) 115652

Potential energy (pJ)

1 2

-
(&)

Displacement (um)

051

0 5 10 15 20 25
Voltage (V)

(d)

°
N
a

dx/dV (um/V)
o
N

0 - 5 10 15 20 25
Voltage (V)

Fig. 4. (a)—(c): Comparison of the simulated (full line) and measured (circles) comb-displacement induced by applying a DC voltage on the fixed electrode, the movable electrode
and the substrate being grounded for three different comb-drive configurations: (a) initial comb-overlap of 0, (b) 2d, and (c) —2d. The dashed lines represent the extreme variations
of the geometrical parameters that can occur during device fabrication and they correspond to cases where finger length / and width of the structures are varied by 200 nm and
50 nm, respectively. (d) Derivative of displacement over voltage for three different initial overlaps, highlighting the highest sensitivity of the —2d geometry.

the length / of the fingers, the width d of the fingers and the width
of the suspension beams (that spring constant k is highly dependent
on), were incorporated. The corresponding displacement-voltage curves
are represented by dashed lines in Fig. 4. Notably, for the negative
initial overlap in Fig. 4c, the displacement-voltage characteristics are
highly sensitive to these parameters. A change of less than 200 nm
(2%) in the finger length and 50 nm in the width of the structures
is sufficient to align the simulation with the experimental data. An
interesting insight emerges in the inset of Fig. 4c, where the potential
energy E, versus displacement x is depicted at the actuation voltage
V = 22 V corresponding to the steep increase. It highlights that the
potential energy well remains flat over a span exceeding 1 pm. This
explains why the displacement is extremely sensitive to the geometrical
parameters governing the force balance of the comb-drive actuator with
negative initial overlap. This observation also indicates that within
this operation range, variations in the stored electrical and mechanical
energies of the system offset each other, meaning that the electrostatic
force gradient counterbalances the mechanical spring constant. This
behavior is linked to the well-known electrostatic spring softening
effect, resulting in the present case to a comb-drive actuator with a
reduced apparent stiffness in the restricted region of the gray zone. This
effect is also observable in Fig. 4d, where the displacement gradient
over voltage for —2d initial overlap follows a steep increase within this
region and reduces once outside of the gray zone. This could pave the
way for actuators operating within the gray zone with an enhanced

displacement-versus-voltage ratio and for force sensors with heightened
sensitivity. In MEMS capacitive sensors, sensitivity is proportional to
variation of capacitance caused by the displacement. In the case of
a force sensor (e.g. an accelerometer), the displacement is caused by
external forces acting on the mobile part of the sensor (e.g. the inertial
force), meaning that the lower its stiffness, the larger the displacement,
the greater the sensor sensitivity. In other words, the sensitivity of a
force sensor is inversely proportional to its stiffness. As discussed previ-
ously, operation within the gray zone may significantly reduce apparent
stiffness when the electrostatic spring constant counterbalances the
mechanical spring constant of the comb-structure. Thus, we envision
that a force sensor made of a comb-structure with negative initial
overlap and adequately operated in the gray zone would experience
significantly greater displacement for a given external force to sense.
This would lead to enhanced sensitivity compared to an operation with
engaged comb fingers.

4. Experimental characterization - AC vibration

The spring softening effect becomes further evident in the dynamic
mode by examining the first resonance frequency f, of the spring—
mass system of the comb-drive actuator. When a voltage V() = V¢ +
VAC\/ECOS(zlr f1) is applied to the device, the DC part induces a static
displacement of the shuttle yielding an overlap u - of the comb fingers.
Meanwhile, the AC part generates a time-varying force F,. driving the
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vibration at frequency f. The equation of motion in the dynamic mode
is then expressed as Eq. (4):

Mgy +ax + (Kepp + Kep)x = Fyc(t) @

where m,;, and k,,, denote the effective mass and spring constant of
the system, respectively, and « represents the damping coefficient. x is
the time-varying position of the shuttle with respect to the equilibrium
position at overlap upc.

Assuming Vo < Vpe, Fuc(t) is expressed as Fuc®) = VpcVac
V2w oy, CO8 QS0 and Ky a5 kg = —vE e e
in Appendix C). k,,; is the electrostatic spring constant arising from the
second derivative of the capacitance at the overlap u. The resonance
frequency f, is then calculated as:

(see details

1 k +k i
fr=52 Zeff T e (5)
va meff
whereas the amplitude of the vibration at resonance is given by:
OF, dC(u
Ixl = - 4= %VDC ac d( ) _ ()
eff  Kess u u=tpe

Practically, we measured the impedance of the comb-drive actuator
versus frequency. The electrical response was then fitted with an RLC—
C, circuit, allowing to deduce the resonance frequency f, [20]. In
Fig. 5a, f, is plotted versus Vj for a comb-drive actuator with zero
initial overlap.

f, exhibits variations greater than 10% towards low frequencies,
indicating a substantial electrostatic spring constant k,, in the gray
zone. Interestingly, a notable feature is observed in the measurements.
Despite the quadratic dependence of k,; on V¢, |k, | peaks at Vo =
10 V and diminishes for larger voltages, leading in turn to an increase
in f,. This observation aligns with the evolution of capacitance: as V.
increases, the overlap up also increases, causing the capacitance to
vary more linearly with displacement (see Fig. 2a), approaching the
behavior of a comb-structure with engaged fingers. Consequently, the
second derivative of capacitance tends towards O (as illustrated in the
inset of Fig. 2b). Since |k,| is proportional to the second derivative
of capacitance, it is also expected to decrease towards 0, as observed
in Fig. 5a, resulting in the resonance frequency f, tending to revert
back to f;,. The difference in voltage values at which the maximum
|k,;| is observed between experimental measurements (V- = 10 V)
and FEM simulations (Vp- = 13 V) can be explained by the device’s
high sensitivity to microfabrication process and geometric variations.

The vibration amplitude |x| is represented in Fig. 5b in dependence
on V), along with the static displacement u . The vibration amplitude
is also dependent on the amplitude of the AC voltage V., as derived in
the Eq. (6). The significant electrostatic spring constant within the gray
zone could offer the possibility to design comb-drive micro-resonators
capable of frequency tunability.

In this section, the dynamic mode was analyzed for small vibration
amplitudes using the linear model given by Eq. (4). The description
takes into account the non-linear variation of capacitance within the
gray zone through the calculation of the electrostatic spring constant
k,;- Higher-order non-linear terms could be introduced into the descrip-
tion, paving the way for an in-depth investigation of the non-linear
dynamics of the system. This could potentially reveal a variety of
complex behaviors like bifurcations and transitions between different
coexisting response regimes, as has been widely studied in MEMS
devices [21-23].

5. Conclusion

In conclusion, our study involved the capacitance modeling of
comb-drive actuators, employing analytical and Finite Element Method
(FEM) approaches, and particularly focusing on the unconventional
regime where the fingers’ overlap is close to zero and even negative.
In this regime, fringing electric fields lead to a non-linear variation of

Sensors and Actuators: A. Physical 376 (2024) 115652

the comb capacitance with the displacement. The electrostatic force is
there rapidly varying, meaning that both first and second derivatives
of the capacitance are significant. Consequently, these factors induce
atypical behaviors in the comb-drive actuator across both DC and AC
modes of operation. A notable outcome of our study was the discernible
spring softening effect observed in the vicinity of near-zero over-
lap, resulting in peculiar characteristics in the displacement-voltage
response. These results unveil new avenues for the development of
sensors and actuators with enhanced sensitivity and for the realiza-
tion of frequency-tunable microresonators. In AC mode, a substantial
reduction in resonance frequency relative to the DC operating point
was observed. This study contributes to the growing interest in comb-
drive structures operating within the zero-overlap regime, with recent
prospects including MEMS circuitry for adiabatic logic [16] and energy
harvesting devices [11].
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Appendix A. Cubic Hermite spline interpolation

Starting from discrete Finite Element Method (FEM) data, we for-
mulated a continuous function describing the variation of capacitance
in relation to overlap u. This involved employing a cubic Hermite
spline interpolator to effectively model the discrete FEM data. The
overlap range was separated into four distinct regions, with each region
i individually subjected to fitting via a third-degree polynomial of a
form:

Ci(w) = ap® + b + c;u + d (A1)

This method was employed to guarantee the continuity of both the
fitting function and its derivative at the boundaries of the regions.

Appendix B. Microfabrication process

In this study, 4-inch (100 mm) (100) silicon-on-insulator (SOI)
wafers were utilized, featuring a device layer with a thickness of 5 pm
and a buried oxide layer with a thickness of 2 pm. The device layer
exhibited a resistivity within the range of 0.001-0.005 ohm cm and
was n-doped with arsenic (As) at a concentration ranging from 10"
to 102 cm~3. Prior to the commencement of the fabrication process,
the wafers underwent a standard RCA cleaning procedure to ensure
the elimination of all organic and ionic contaminants from the wafer
surfaces.
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DC voltages represented on the x-axis.

Fig. B.6. SEM images of a fabricated comb.

Subsequently, the cleaned wafers were coated with a bottom anti-
reflective coating (BARC) and subjected to a baking process at 200 °C
for 60 s. Following the cooldown of the BARC, a positive ECI (Micro-
Chemicals) photoresist was applied, and a soft-baking step was carried
out for 90 s using the EVG120 (EVG Group) automatic resist processing
system. The exposure process was conducted using the Canon FPA
3000i4/i5 Stepper, allowing for photoresist exposure at 365 nm (i-line),
followed by development in MF-CD-26 (Microposit) developer using the
EVG120 system.

Pattern transfer into the silicon substrate was executed using the
Alcatel AMS4200, a high-density plasma reactor, based on the in-
ductively coupled plasma reactive ion etching (ICP-RIE) process. This
reactor, designed for the treatment of 4-inch wafers, facilitated the
etching of the top silicon layer through a deep reactive ion etching
(DRIE) procedure, employing the Bosch process with a cycle of 2.2
s/2 s (SF¢/C4Fg). Backside etching was strategically performed beneath
unfixed device components to minimize parasitic capacitance.

Finally, movable parts were released through immersion in hy-
drofluoric acid, which selectively etched the buried oxide layer beneath
the structures. The SEM image of a fabricated device is shown in
Fig. B.6.

Appendix C. Calculation of F,. and k.,

Equation of motion in the dynamic mode is given by:

My X +ax +k,prx = Fy(x,1) (CD

where m,,;, x, a, k,;, and F,, represent the effective mass, the dis-
placement with respect to the resting position (in the absence of
voltage signals), damping coefficient, effective spring constant of the
mechanical system and the electrostatic force, respectively.

The electrostatic force F,; within a comb-capacitor with a finger
overlap u is given by

Foyu,t) = % dj;")

Where V and C correspond to the voltage applied to the terminals
and the comb-capacitance, respectively.

Around the equilibrium position up, the position of the shuttle is
u = upc + x, where up is the overlap induced by V. and x is the
time-varying position of the shuttle with respect to upc. Using Taylor
expansion we can express comb-capacitance C(u) = C(upc + x) as
following:

408 (C.2)

B dC(u) 1d*°Cw) , 3
Clupc +x)=Clupc) + —p=x| _  +5——=x7|  +0(x) (C3)
This then gives us the electrostatic force in the form:
1 o [dCw) d?>C(u) )
Falupe +x,0 =2V [ T e T T3z Mg OG0 c.49

Knowing that V(1) = Ve + VAC\/E cos2zft and V- < Vpe, We can
rewrite F,(t) as:

dC(u)
du

d2C(u)
u=upc du?

Fy(upe +x.1) = % [V;C +2V2Vpe Ve cos2n fr] [

u=upc ]

(C.5)
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and by keeping only the terms at frequency f:

dC(u)
du

1., d*C)
u=upc 2 PC qu?

Fylupc +x,0) = \/EVDCVAC cos2r ft

X
w=upc  (C.6)
= Fpc() — kg x

dc
where  F (1) = VocVac V2 d(”) cos2zft and
u lu=upc
PR, d>C(u)
el — 2 DC du2 ”=”DC'

Appendix D. Determination of f,

The resonance frequency f,, cannot be electrically measured since
it occurs at Vp = 0, where no oscillation amplitude is detectable. In
this study, we estimated f, through data extrapolation. Our approach
was as follows: We assumed that for V), voltages below 8 V, the static
displacement u . is sufficiently small, allowing us to treat the second
derivative of capacitance as constant. Additionally, we assumed that
the electrostatic spring constant is negligible compared to the mechan-
ical spring constant, enabling us to linearize Eq. (5). This approach
results in a linear relationship between the resonance frequency and
V;C. With these assumptions in mind, and using the data points at
Vpc = 5,6, 7 and 8 V, we derived a fit to the data yielding f, =
13.2 kHz. This f, value was then utilized to generate Fig. 5a.

Appendix E. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.sna.2024.115652.
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