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SHANNON- AND VON NEUMANN-ENTROPY

REGULARIZATIONS OF LINEAR AND SEMIDEFINITE

PROGRAMS

S.P. CHHATOI AND JB. LASSERRE

Abstract. We consider the LP in standard form min {cTx : Ax = b;x ≥ 0}
and inspired by ε-entropy regularization in Optimal Transport, we introduce
its ε-regularization min {cTx + ε f(x) : Ax = b;x ≥ 0} via the (convex)
Boltzmann-Shannon entropy f(x) :=

∑
i
xi lnxi. We also provide a similar

regularization for the semidefinite program min {Tr(C·X) : A(X) = b;X � 0}
but with now the so-called Von Neumann entropy, as in Quantum Opti-
mal Transport. Importantly, both entropies are not barriers of the LP and
SDP cones respectively. We show that for both LP and SDP, the result-
ing regularized problem admits an equivalent unconstrained convex problem
maxλ∈Rm Gε(λ) for an explicit concave differentiable function Gε in dual vari-
ables λ ∈ Rm. As ε goes to zero, its optimal value converges to the optimal
value of the initial LP. In the limit, one also recovers the unique optimal solu-
tion of the LP that minimizes the Shanon entropy among all LP-minimizers.
While it resembles the log-barrier formulation of interior point algorithms, it
has a distinguishing advantage. Namely, Gε(λ) is obtained in closed form (via
an explicit minimizer x(λ) > 0) for every arbitrary λ ∈ Rm, hence with no
need to restrict λ to the feasible set of the dual LP. This explicit form of Gε

is crucial for its maximization over the whole Rm.

1. Introduction

In this paper we introduce the Boltzmann-Shannon entropy-regularization of
linear programs (LPs) and the von Neumann entropy-regularization of semidefinite
programs (SDPs), and describe and comment some of their nice features. The
main remarkable feature is that with ε > 0 fixed, arbitrary, in both LP and SDP
cases, one has to solve an unconstrained convex optimization problem whose reward
function is explicit, strictly concave and differentiable. Hence basic optimization
algorithms can be applied.

Namely, Let P and Q be a linear program (LP) and Q be a semidefinite program
(SDP) in standard form:

P : τ = min { cTx : Ax = b ; x ≥ 0 }(1.1)

Q : ρ = min {Tr(C ·X) : A(X) = b ; X � 0 },(1.2)

where c ∈ R
d, C ∈ Sn, b ∈ R

m, A ∈ R
m×d, and A : Sn → R

m is a linear map
(with Sn being the space of real (n× n) symmetric matrices).
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2 S.P. CHHATOI AND JB. LASSERRE

Their respective ε-regularization Pε and Qε (for ε > 0) via Shannon- and von
Neumann-entropy1, read:

Pε : τε = min
x

{ cTx+ ε

d∑

i=1

xi ln(xi) : Ax = b ; x ≥ 0 }(1.3)

Qε : ρε = min
X

{Tr(C ·X) + εTr(X · ln(X)) : A(X) = b ; X � 0 } .(1.4)

Notice that Pε resembles the log-barrier method

(1.5) min
x

{ cTx− ε

d∑

i=1

ln(xi) : Ax = b ; x ≥ 0 }

to solve (1.1) via interior point methods, and iterating with a sequence of parameters
εk ↓ 0 as k → ∞. Similarly, the log-barrier method for solving (1.2) reads

(1.6) min
X

{Tr(C ·X)− ε ln det(X) : A(X) = b ; X � 0 } .

In fact, the function −
∑

i ln(xi) is also an entropy function initially used by Boltz-
mann. However in the context of LP and SDP, and to the best of our knowledge,
in its initial version, the log-barrier was not referred to as an entropy regulariza-
tion. It was more conceived as a “repulsive barrier” to prevent x (resp. X) from
approaching the boundary of the convex cone Rd

+ (resp. Sn
+). The emphasis was on

its self-concordance property of utmost importance for efficiency of interior point
methods. More recently, an entropic variant was proposed in [3] where its prop-
erties are related to that of log-concave densities in probability. In the discussion
in [3, Section 2.1] Hildebrand’s canonical barrier (a variant) is also related to the
differential entropy of a Gaussian probability measure.

But we emphasize that in contrast with the log-barrier, the Boltzmann-Shannon
entropy x 7→

∑

i xi ln(xi) is not a barrier for the positive orthant because u ln(u) →
0 whenever u → 0. This is why the term ε-regularization is more appropriate.
Indeed without the entropy (i.e., ε = 0), an optimal solution x

∗(0) ∈ R
d of the LP

is a vertex of the polytope hence with at least d−m zero coordinates. With ε > 0
the associated optimal solution x

∗(ε) has no zero coordinate and is a regularization
of the vertex to a positive vector with small coordinates x

∗
i (ε) if x∗(0) = 0 and

ε > 0 is small. Similarly for SDPs, X∗(0) is not full rank whereas X∗(ε) is full
rank, but with some very small eigenvalues if ε > 0 is small.

Concerning SDPs, note that the classical log-barrier − ln(det(X)) is also not
comparable with the Von Neumann entropy Tr(X · ln(X)) in (1.4), as again and as
in the scalar case, the latter is not a barrier for the SDP cone.

Depending on the context (thermodynamics, information theory, probability,
etc..) the entropy

∑

i xi lnxi is given different names, like e.g., Boltzmann, Gibbs,
Shannon). For an account on and historical references to entropy, the interested
reader is referred to e.g., [7, 8, 4, 9] and the many references therein.

To the best of our knowledge, we are not aware of prior works using the Boltzmann-
Shannon entropy to solve or approximate general LPs or SDPs (possibly because
they are not barriers of the respective LP and SDP cones). An exception is the
LP formulation of (commutative) optimal transport and the SDP formulation of

1Observe that Tr(ln(X)) is the analogue for positive semidefinite matrices of
∑

i
ln(xi) for

x ≥ 0. Indeed Tr(ln(X)) =
∑

i
ln(σi) where (σi)i are the eigenvalues of X.
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non-commutative quantum optimal transport. The former (resp. the latter) is
a particular case of (1.3) (resp. (1.4)) and resulted in the celebrated Sinkhorn
algorithm. For more details on the topic of optimal transport and entropy, the in-
terested reader is referred to e.g. [1, 2, 5, 11, 4, 7, 8, 9]. It is worth noting that the
LP formulation of optimal transport can be solved by Kuhn’s Hungarian method
as a more efficient alternative to the simplex algorithm.

Contribution. Assume that the feasible set of (1.1) (resp. (1.2)) is compact and
Slater’s condition holds for (1.1) (resp. (1.2)). Then we prove that for fixed ε > 0:

(i) Solving Pε reduces to solving the unconstrained convex optimization problem

(1.7) max
λ∈Rm

bT
λ−

ε

e

d∑

i=1

exp((AT
λ− c)i/ε) (=: max

λ

Gε(λ)) ,

where Gε is concave, differentiable, and attains its maximum at some λ
∗ ∈ R

m

because −Gε is coercive.
(ii) SolvingQε reduces to solving the unconstrained convex optimization problem

(1.8) max
λ∈Rm

bT
λ− εTr(exp(A∗

λ−C)/ε)− I) (=: max
λ∈Rm

Ĝε(λ)) ,

where Ĝε is concave, differentiable, and attains its maximum at some λ
∗ ∈ R

m,
also because Ĝε is coercive.

(iii) We also provide asymptotics as ε ↓ 0. Namely, τε → τ as ε ↓ 0, and therefore
with ε > 0 fixed, sufficiently small, one obtains a close approximation of τ by solving
the single unconstrained convex optimization (1.7). Similarly, ρε → ρ as ε ↓ 0, and
therefore with ε > 0 fixed, sufficiently small, one obtains a close approximation of
ρ by solving the single unconstrained convex optimization (1.8).

In addition and interestingly, consider a sequence x∗(εk)k∈N of optimal solutions
of Pεk , with εk ↓ 0 as k → ∞. Then the sequence converges to the unique optimal
solution x

∗ of P which minimizes the Boltzmann-Shannon entropy among the set
of all optimal solutions of P. The same result also holds for a sequence X∗(εk)k∈N

of optimal solutions of Qεk .

(iv) For illustration purposes and also as a proof of concept, we provide a (lim-
ited) set of numerical experiments on LPs and SDPs of non-trivial size. For
SDPs note that even though (1.8) is an unconstrained problem, evaluation of
exp((A∗

λ − C)/ε) for a given λ ∈ R
m requires a singular value decomposition

UTLU of A∗
λ − C to exponentiate the diagonal elements of L, and therefore as

expected, maximizing Ĝε in (1.8) is significantly more difficult2 than maximizing
Gε in (1.7).

Remarks and discussion.

• Comparing (1.3) with (1.5): To solve (1.5) one needs to maintain the semidefi-
nite constraint x > 0, that is, (1.5) is not an unconstrained minimization problem.
In contrast, (1.7) is the Lagrangian relaxation-scheme applied to Pε and thanks to

2Notice that in the log-barrier method one has to evaluate ln(det(X)), a non-trivial task, let
alone that X should be maintained to be positive definite.
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the particular form of the Shannon entropy, the unconstrained inner minimization

min
x∈Rd

c
T
x+ λ

T (b−Ax) + ε f(x) (= Gε(λ)− bT
λ)

(where f(x) :=
∑d

i=1
xi ln(xi) if x ≥ 0 and +∞ otherwise) is obtained in closed

form with a strictly positive minimizer x(ε), which yields the concave differentiable
function Gε in explicit form (1.7).

The Shannon-entropy has been used in ε-regularization of (static) optimal trans-
port (OT), and the characterization of optimal solutions, has resulted in the Sinkhorn
algorithm widely used (e.g., in Machine Learning applications of OT). For more
details on OT and the Sinkhorn algorithm the interested reader is referred to e.g.
[4, 11] and references therein. However to the best of our knowledge we are not
aware of the use of Boltzmann-Shannon entropy to help solve LPs.

• Comparing (1.4) with (1.6): To solve (1.6) with interior point methods, one
needs to maintain the semidefinite constraint X ≻ 0, that is, (1.6) is not an un-
constrained minimization problem. In contrast, (1.8) is the Lagrangian relaxation-
scheme applied to Qε and thanks to the particular form of the Shannon entropy,
the unconstrained inner minimization

min
X∈Sn

Tr(C ·X) + λ (b−A(X)) + ε g(X) (= Ĝε(λ)− bTλ)

where g(X) := Tr(X · ln(X)) if X ≻ 0, 0 if X � 0 and X is singular, and +∞ oth-
erwise) is obtained in closed form with a strictly positive definite minimizer X(ε),

and yields the function concave differentiable function Ĝε in explicit form (1.8).

In fact the entropy function X 7→ Tr(X·ln(X)) is rather called the Von Neumann
entropy, and is used in some Quantum Optimal Transport problems formulated
as (complex) SDPs with Hermitian matrices of very large dimension. So while
inspired from this approach in Quantum Optimal Transport, our formulation Qε

for general SDPs (1.2) turns out to be in a much more favorable situation, at least
for reasonable dimensions.

2. Main result

Recall that limu↓0 u ln(u) = 0 and so by continuity at 0, consider the convex
function

x 7→ f(x) :=

{ ∑d
i=1

xi log(xi) if x ≥ 0
+∞ otherwise,

,

(with the convention 0 ln(0) = 0) which is convex and continuous on its domain
Dom(f) (= {x : x ≥ 0}), and differentiable on int(Dom(f)) = {x > 0}.

2.1. Entropy-regularization of LPs. Consider the linear program (LP) (1.1)
and its ε-regularization (1.3) where c ∈ R

d, b ∈ R
m, and A ∈ R

m×d. For fixed
ε > 0 define the Lagrangian

(x,λ) 7→ Lε(x,λ) := c
T
x+ λ

T (b−Ax) + ε f(x) , (x,λ) ∈ R
d × R

m ,

associated with Pε, and let

λ 7→ Gε(λ) := inf
x∈Rd

Lε(λ,x) , λ ∈ R
d .
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Lemma 2.1. Assume that there exists λ0 ∈ R
m such that AT

λ0 > 0 (so that
Ω := {x : Ax = b; x ≥ 0 } is compact). Then for every fixed ε > 0, Gε is concave,
differentiable and satisfies

Gε(λ) = Lε(λ,x
∗(λ)) = bT

λ− ε

d∑

i=1

x
∗
i (λ) , ∀λ ∈ R

m(2.1)

with x
∗
i (λ) := exp((AT

λ− c)i/ε− 1) > 0 , i = 1, . . . , d ;(2.2)

∇Gε(λ) = b−Ax
∗(λ) , ∀λ ∈ R

m .(2.3)

Proof. The function x 7→ Lε(λ,x) is strictly convex and differentiable on int(Dom(f)).
Let x∗(λ) be as in (2.2) and so x∗(λ) ∈ int(Dom(f)). Observe that∇xL(x

∗(λ),λ) =
0, which implies that x

∗(λ) is the unique minimizer of x 7→ Lε(λ,x), and yields
(2.1)-(2.2). To get (2.3), substitute (2.2) in the gradient ∇xGε(x

∗(λ)). Finally,
concavity of Gε follows substituting (2.2) in Lε(x

∗(λ),λ). �

Coercivity of Gε. Let Sm−1 ⊂ R
m denote the Euclidean unit sphere, and assume

that A is full row rank.

Lemma 2.2. Assume that there exists 0 < x0 ∈ Ω and let Gε be as in (1.7). Then
−Gε is coercive, that is, Gε → −∞ as ‖λ‖ → +∞.

Proof. We first prove that if a sequence (λk)k∈N is such that ‖bT
λ‖ → ∞ as

k → ∞, then there exists i such that |(AT
λk)i| → +∞ as k → ∞. Suppose not,

that is, supk supi |(A
T
λk)i| < a for some scalar a > 0. Then λk/‖λk‖ ∈ S

m−1,
and by compactness, there exists a subsequence relabelled (λk)k∈N for convenience,
such that λk/‖λk‖ → θ ∈ S

m−1. Hence for every i = 1, . . . , d, |(AT
λk/‖λk‖)i| <

a/‖λk‖ → 0 as k → ∞. Therefore AT
θ = 0 which in turns implies θ = 0 (as A is

full row rank), in contradiction with ‖θ‖ = 1.
Next, write b = Ax0 (with x0 > 0), so that bT

λ = (AT
λ − c)Tx0 + c

T
x0.

Then for a sequence (λk)k∈N with ‖λk‖ → ∞,

Gε(λk) = bT
λk − ε

d∑

i=1

xi(λk)

= c
T
x0 + (AT

λk − c)Tx0 − ε‖x(λk)‖1

= c
T
x0 +

d∑

i=1

(AT
λk − c)i

[

(x0)i − ε
exp((AT

λ− c)i/ε)

e (ATλk − c)i

]

.

So let (‖λk‖) → ∞, and let I := {i : |(AT
λ)i| → +∞} so that I 6= ∅. If i ∈ I and

(AT
λk − c)i → −∞ then the item i of the bracket is nonnegative (as (x0)i > 0)

and therefore the item i of the sum goes to −∞. Similarly, if (AT
λ − c)i → +∞

then in the item i the bracket goes to −∞ and therefore the item i of the sum goes
to −∞. Therefore the contribution in sum of every item i ∈ I gives −∞, which
yields the desired result. �
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Corollary 2.3. For every ε > 0, the regularization Pε of P has a unique optimal
solution 0 < x

∗(ε) ∈ Ω, and under the assumption of Lemma 2.2,

τε = min
x≥0

c
T
x+ ε f(x) = c

T
x
∗(ε) + ε

d∑

i=1

x
∗
i (ε) ln(x

∗
i (ε))(2.4)

= max
λ∈Rm

Gε(λ) = bT
λ
∗ − ε

d∑

i=1

x
∗
i (ε) .(2.5)

Proof. Pε is equivalent to minx∈Ω c
Tx + εf(x), and the infimum of a continuous

function on a compact set is attained. Moreover as x 7→ c
T
x + ε f(x) is strictly

convex, a minimizer x∗(ε) ∈ Ω is unique.
Next, recall that Gε(λ) ≤ τε for all λ ∈ R

m, Gε is continuous, differentiable and
by Lemma 2.2, −Gε is coercive. Therefore its maximum is attained at λ

∗ ∈ R
m

where ∇Gε(λ
∗) = 0 = b − Ax

∗(λ∗), and so x
∗(λ∗) ∈ Ω. Moreover a minimizer

λ
∗ is unique because in view of (2.1), and (2.2), Gε is strictly concave. Finally, as

Gε(λ
∗) = Lε(λ

∗,x∗(λ∗)) = c
T
x
∗(λ∗) + ε f(x∗(λ∗)) ≤ τε ,

and x
∗(λ∗) ∈ Ω, we conclude that x∗(λ∗) is a minimizer of Pε and by uniqueness

x
∗(λ∗) = x

∗(ε). �

As a result, one may obtain τε by solving an unconstrained optimization problem
(2.4), i.e., by maximizing the concave (and explicit) differentiable function Gε over
R

d. Therefore with ǫ > 0 small and fixed, one obtains an approximation of τ , the
optimal value of the LP (1.1). Moreover, at the unique maximizer λ∗ of (2.4), one
extracts the unique minimizer x∗(ε) = x

∗(λ∗)) of Pε directly by the formula (2.2).
Finally, observe that in the canonical form (1.1), one has m ≤ d and even

sometimes m≪ d, which is an additional nice feature of (2.4).

2.2. Comparison with the log-barrier. Let µ > 0 be fixed, and consider

Pµ : τµ := inf
x
{ cTx− µ

d∑

i=1

ln(xi) : Ax = b } .

At a minimizer x(µ), the necessary KKT-optimality conditions yield

Ax(µ) = b ; (c−AT
λ(µ))i = µ/xi(µ) :, , i = 1, . . . , d ,

for some multiplier λ(µ). That is:

xi(µ) =
µ

ci −ATλ(µ)
, i = 1, . . . , d ,

from which nonnegativity is not automatic. It requires that AT
λ(µ) < c, and so

the analogue Hµ of Gε reads:

Hµ(λ) := bT
λ+

d∑

i=1

ciµ

(c−ATλ)i
+ µ ln((c−AT

λ)i) , AT
λ < c ,

defined only for AT
λ < c, whereas Gε is defined for every λ ∈ R

m. This is an
important difference if one wants to maximize Hµ to retrieve the optimal value of
Pµ via Lagrangian relaxation-scheme3. Finally one remarks that if f(x) is not a

3However, in interior point algorithms one usually directly minimizes cTx−µ
∑

d

i=1
ln(xi) over

the subspace Ax = b, and then one iterates with a lower value of the parameter µ, etc.
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barrier for the positive orthant, its gradient x 7→
∑d

i=1
ln(xi) + 1 acts as a barrier

in gradient methods.

2.3. Semidefinite Programming via von-Neumann entropy. Consider the
semidefinite program (SDP)

(2.6) P : ρ = min {Tr(C ·X) : A(X) = b ; X � 0 }

where C ∈ Sn and A : Sn 7→ R
m is a linear mapping.

We assume that the spectrahedron Ω := {A(X) = b ; X � 0 } is compact, and
we consider the following regularization Pε of P, where ε > 0 is fixed, arbitrary.

(2.7) Qε : ρε = min
X

{Tr(C ·X) + εTr(X · ln(X)) : A(X) = b ; X ≻ 0 }.

Pε is a convex problem as the von-Neumann entropy

X 7→ Tr(X · ln(X)) , ∀X ∈ Sn
++ (:= {X ∈ Sn : X ≻ 0 })

is a convex function. Next define

(2.8) X 7→ g(X) :=







Tr(X · ln(X)) if X ≻ 0
0 if X � 0 and X is singular

+∞ otherwise.

So g is continuous on Sn
+ = {X : X � 0} by using the convention u ln(u) = 0 if

u = 0.

Proposition 2.4. The convex optimization problem has an optimal solution.

Proof. It follows from the fact that Ω is compact and in (2.7) one may rather
consider the cost function X 7→ Tr(C ·X) + ε g(X) which is continuous. �

Let A∗ : Rm → Sn be the adjoint linear, injective mapping associated with A,
and introduce the Lagrangian Gε : R

m → R:

(2.9) Gε(λ) := bT
λ + inf

X

{Tr(X · (C − A∗
λ)) + εTr(X · ln(X)) } .

Observe that Gε(λ) ≤ ρε, for every λ ∈ R
m.

Lemma 2.5. For every fixed ε > 0, the function Gε is strictly concave and satisfies

Gε(λ) = bT
λ− εTrX(λ)(2.10)

with X(λ) = exp((A∗
λ−C)/ε)− I) .

Proof. The function

X 7→ Tr((C − A∗
λ) ·X) + εTr(X · log(X))

is convex. Its gradient, which reads

X 7→ C−A∗
λ+ ε (ln(X) + I) , ∀X ≻ 0 ,

vanishes at X(λ) := exp((A∗
λ−C)/ε−I) ≻ 0. Next, evaluating Gε at X(λ) yields

(2.10), from which strict concavity follows. �
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Coercivity of Gε. We first recall the following technical result.

Proposition 2.6. Let A,B ∈ Sn be (n, n) real symmetric matrices, with B � 0,
and let (λAj ) and (λBj be their respective eigenvalues arranged in increasing order

λA1 ≤ · · · ≤ λAn , and λ
B
1 ≤ · · · ≤ λBn . Then:

(2.11)
n∑

j=1

λAj λ
B
n−j−1 ≤ Tr(A ·B) ≤

n∑

j=1

λAj λ
B
j .

Proof. If A � 0 the result is well-known, otherwise, write A = A+a I -a I for a > 0
sufficiently large so that λA+a I

j = λAj + a ≥ 0 for all j. �

Lemma 2.7. Let Ω be compact and assume that:
– Slater’s condition holds, i.e., there exists 0 ≺ X0 ∈ Ω, and
– A∗

λ = 0 ⇒ λ = 0.
Then Gε(λ) → −∞ whenever ‖λ‖ → +∞,

Proof. We first prove that ‖A∗
λ‖ → ∞ whenever ‖λ‖ → ∞. So let (λk)k∈N be a

sequence such that ‖λk‖ → ∞ as k → ∞. Then there is a subsequence still denoted
(λk)k∈N for convenience, such that λk/‖λk‖ → λ

∗ ∈ S
m−1. Hence suppose that

supk ‖A
∗
λk‖ < a for some a > 0. Then A∗

λk/‖λk‖ → A∗
λ
∗ = 0, which in turn

implies λ∗ = 0, in contradiction with λ
∗ ∈ S

m−1. Next write

bT
λ = Tr(A∗

λ −C) ·X0) + Tr(C ·X0) ,

so that

Gε(λk) = bT
λk − εTr(X(λk))

= Tr(C ·X0) + Tr((A∗
λk −C) ·X0)− εTr(X(λk))

= Tr(C ·X0) + Tr((A∗
λk −C) ·X0)− εTr(exp(A∗

λk −C)/ε)− I)

Let (σ1(λk), . . . σm(λk)) be the eigenvalues of the real symmetric matrix A∗
λk−C,

and let (u1, . . . , um) that of X0 ≻ 0, arranged in increasing order. By Proposition
2.6:

Tr((A∗
λk −C) ·X0) ≤

n∑

i=1

ui σi(λk)

Tr(exp((A∗
λk −C)/ε− I) ≥

n∑

i=1

exp(σi(λk)/ε− 1) ,

and therefore

Gε(λk) ≤
n∑

i=1

ui σi(λk)− ε exp(σi(λk)/ε− 1) .

Since ‖A∗
λk‖ → ∞ as k → ∞, one has |σi(λk)| → ∞ for at least one index i, and

so let I+ := {i : σi(λk) → +∞}, and I− := {i : σi(λk) → −∞}. As k → ∞:

ui σi(λk)− ε exp(σi(λk)/ε− 1) → −∞ if i ∈ I+

ui
︸︷︷︸

>0

σi(λk)− ε exp(σi(λk)/ε− 1) → −∞ if i ∈ I−.

This shows that Gε → −∞ as k → ∞, and so −Gε is coercive. �
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Corollary 2.8. The regularization Pε of P has a unique optimal solution 0 <
X∗(ε) ∈ Ω, and under the assumption of Lemma 2.7,

τε = Tr(C ·X∗(ε)) + εTr(X∗(ε) · log(X∗(ε)))(2.12)

= max
λ∈Rm

Gε(λ) = bT
λ
∗ − εTr(X∗(ε)) .(2.13)

The proof follows similar arguments as the linear programming case.

3. Asymptotic Analysis and Computational Experiments

In this section, we analyze the asymptotic behavior of the solution to the entropy-
regularized linear program as ε ↓ 0, and provide some computational experiments
that illustrate the approach.

3.1. Asymptotic Behavior of the Regularized Solution. We consider the
asymptotic behavior of the solution x

∗(ε) to the entropy-regularized linear program
as the regularization parameter ε ↓ 0.

Lemma 3.1. For every ε > 0, let x∗(ε) be the unique minimizer of (1.3). Then
x
∗(ε) converges to the unique minimizer x

∗ of the LP (1.1) which minimizes the
Shannon entropy among all minimizers of (1.1).

Proof. Consider a sequence εk ↓ 0, and its associated sequence of unique minimizers
x
∗(εk) of Pεk as defined in (1.3), and let x be any minimizer of P as defined in

(1.1). Since Ω is compact, x∗(εk) → x
∗ (up to a subsequence). Then we have

0 ≤ c
T
x
∗(εk)− c

T
x ≤ εk

(
d∑

i=1

xi lnxi −
d∑

i=1

x
∗
i (εk) lnx

∗
i (εk)

)

where the first inequality follows from the fact that x is the minimizer of (1.1) and
the second inequality follows from the fact that x

∗(ε) is the minimizer of (1.3).
As εk ↓ 0, we obtain c

T
x
∗ = c

T
x. Moreover, dividing εk on the right-hand-side

inequality, one obtains
∑d

i=1
xi lnxi ≥

∑d
i=1

x
∗
i (εk) lnx

∗
i (εk). Thus taking the

limit as k → ∞, one obtains
∑d

i=1
xi lnxi ≥

∑d
i=1

x
∗
i lnx

∗
i . That is, x

∗ minimizes
the Shannon entropy among all minimizers of (1.1). Since entropy is strictly convex,
the whole sequence x

∗(εk) converges to the one that minimizes Shannon entropy
(and so is unique). �

Remark 3.2. For semidefinite programs, a similar result holds for the minimizers
X(λ) of problem Pε, as defined in (2.7), with a similar proof.

3.2. Computational Experiments. We next provide some numerical results to
illustrate the method for solving entropy-regularization of linear programs. To
showcase the proposed method, we have considered two different type of examples.

Large-Scale Linear Program. Our first example consists of a non trivial LP with
10000 variables and 50 constraints. The matrix A and the vector b were generated
randomly while ensuring feasibility by setting b = Ax

∗ for a randomly generated
positive vector x

∗ (so that Slater’s condition holds). The cost vector c was also
generated randomly. To obtain λ

∗, the dual function Gε(λ) was maximized using
MATLAB’s fminunc function based on a quasi-Newton method.

With ε := 0.01, we observed that solving 20 random instances of the regularized
LP problem required only an average of 15 iterations to converge, with the norm
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of the gradient of Gε at optimality being on the order of 1e − 4; recall that the
gradient of Gε is the feasibility constraint in (1.1).

Discrete Optimal Transport Problem. As already mentioned, for optimal
transport problems (OT) (a very specific type of LPs), the celebrated Sinkhorn
algorithm (also based on a Shannon-entropy regularization) is widely used; see e.g.
[11]. So we have also compared our algorithm with Sinkhorn algorithm on a toy
OT example with cost matrix

C =

(
4 1
2 3

)

,

and with source and target distributions (marginals) :

(3.1) p =

(
0.5
0.5

)

and q =

(
0.6
0.4

)

.

A regularization parameter of ε = 0.01 was applied. The dual problem was solved
using again fminunc, to yield the optimal dual solution and the corresponding
regularized cost. The optimal value Gε(λ

∗) of the regularized LP for the OT
problem was 1.7906 with ‖∇Gε(λ

∗)‖ ≈ 1e − 6, while the optimal value obtained
via the Sinkhorn algorithm4 was 1.7906.

Remark 3.3. The Sinkhorn algorithm is an iterative matrix scaling algorithm used
to find a bistochastic matrix by iteratively normalizing its rows and columns. A key
property of the Sinkhorn algorithm is the factorization of the exponential map, which
characterizes the primal solution as

exp(φ+ ψ − C).

where φ, ψ are lagrange multipliers corresponding to the marginal constraints in the
Sinkhorn algorithm. An example of such marginals is provided in (3.1). This fac-
torization enables efficient updates and guarantees geometric convergence at a rate
of O(e−k/ε), where k is the iteration count and ε > 0 is the entropic regularization
parameter.

However, such a factorization is not possible in (2.3), because the matrix AT
λ

contains mixed terms that prevent the exponential matrix from being factorized.
This lack of separability is an obstruction to envision Sinkhorn-like algorithms, as
iterative matrix scaling techniques rely on independent row and column updates,
which are not possible in this setting.

Semidefinite Programming Example. We also implemented our method for
solving problem Qε defined in (2.7) by maximizing the dual function Gε given in
(2.10). We solved a problem with A : S100 → R

20, where the individual matrices
were randomly generated symmetric matrices. The problem was solved by again
using MATLAB’s fminunc function. In 20 random experiments, we observed that
the problem converged on average in 15 iterations.

We wish to emphasize that the numerical results provided in this section are
meant to showcase the proposed method. While we have successfully implemented
the method for medium to relatively large LPs (with matrices A of dimension

around (50×10000)), for semidefinite programming problems we have encountered
numerical issues with large dimensions and very small regularization parameter ε,

4We refer to the MATLAB implementation by Marco Cuturi, available at
https://github.com/marcocuturi/SinkhornTransport

https://github.com/marcocuturi/SinkhornTransport
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very likely due to our use of basic Matlab’s matrix exponential routines which are
prone to numerical instabilities. Further investigation beyond the scope of the
present paper, is required to (i) develop robust and faster algorithms to implement
the proposed method, and (ii) possibly provide rates of convergence for fixed ε. In
addition, a detailed comparison of the proposed method with existing methods is
a topic further investigation.

Remark 3.4. Table 1 below draws a comparison between the proposed method and
the Sinkhorn algorithm, similar to how the Simplex algorithm is compared to the
Hungarian algorithm for solving linear programming and optimal transport prob-
lems, respectively.

LP OT

Classical Algorithms Simplex Hungarian

Entropy-regularization Proposed method Sinkhorn

Table 1. (LP) and optimal transport (OT) problems, with their
entropy-regularization.
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