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Abstract

We consider the coflow scheduling problem in the non-clairvoyant setting, assuming that
flow sizes are realized on-line according to given probability distributions. The goal is to
minimize the weighted average completion time of coflows in expectation. We first obtain in-
equalities for this problem that are valid for all non-anticipative order-based rate-allocation
policies and define a polyhedral relaxation of the performance space of such scheduling
policies. This relaxation is used to analyze the performance of a simple priority policy in
which the priority order is computed by Sincronia from expected flow sizes instead of their
unknown actual values. We establish a bound on the approximation ratio of this priority
policy with respect to the optimal priority policy for arbitrary probability distributions of
flow sizes (with finite first and second moments). Tighter upper bounds are obtained for
some specific distributions. Extensive numerical results suggest that performance of the
proposed policy is much better than the upper bound.

1 Introduction

Modern data centres are increasingly used to run data-parallel computing applications such as
MapReduce, Hadoop and Spark [13, 33]. These applications alternate between computation
stages and communication stages, during which the application’s tasks exchange intermediate
results using the data centre network. Each application may generate hundreds or thousands
of concurrent data transfers which have to share the resources of the datacenter network not
only between themselves, but also with the data flows of the other applications. Chowdhury
and Stoica showed in [10] that by allocating rates to all these data transfers in some appropriate
way, it was possible to significantly reduce the average time spent in communication by data-
parallel applications. They introduced the coflow scheduling problem, a coflow being defined as
a collection of flows generated by the same parallel applicaton and its completion time being
determined by the completion time of the last flow in the collection (that is, it corresponds to
the time at which the next computation stage can start). The coflow scheduling problem is
then to allocate rates to flows over time so that the average coflow completion time (CCT) is
minimized.

Even in the clairvoyant offline setting, in which all coflows to be scheduled are initially
present in the system and the precise volume of each and every flow is known, the problem is
known to be NP-hard [12]. This follows from the fact that it can be seen as a generalization of
the concurrent open-shop scheduling problem in which resources are coupled, as transmitting a
flow requires capacity on both the input and output ports. Furthermore, the coflow scheduling
problem was shown to be inapproximable below a factor of 2 [5, 25] in this setting. Several
heuristics and approximation algorithms for clairvoyant coflow scheduling have been proposed
in the last decade, see e.g. [12, 8, 31, 32, 9, 19, 28, 35]. At the present time, the state-of-the-art
algorithm for coflow scheduling in the clairvoyant setting is Sincronia [3], which was proposed
by Agarwal et al. in 2018 and provides an approximation ratio of 4, the best known one (see
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also [27] and [4] for closely-related references that were published roughly concurrently with [3])
. In addition, an attractive feature of Sincronia is that it relies on priority mechanisms which
are supported by most transport layers. It is worth mentioning that Sincronia is not restricted
to the offline setting but can also efficiently handle online coflow arrivals.

Although Sincronia provides a fairly efficient solution to the coflow scheduling problem, it
requires a priori knowledge of the flow volumes, which is difficult to obtain in practice. There-
fore, some authors have investigated the non-clairvoyant setting, where on a coflow arrival, only
the number of flows and their input/output ports are revealed to the coflow scheduler, while their
volumes remains unknown [11, 36, 15, 18, 34, 14, 6]. However, none of the proposed algorithms
comes with performance guarantees, with the noticeable exception of the BlindFlow algorithm
which was shown in [6] to be 8 p-approximate, where p is the maximum number of flows that
any coflow can have. Given the orders of magnitude of p in practice, this performance guarantee
is of course much weaker than that provided by Sincronia in the clairvoyant setting.

It could be argued however that assuming absolutely no prior information on flow volumes,
as was done in the above works on the non-clairvoyant setting, is excessively pessimistic. Indeed,
historical data on previous executions of data-parallel applications could be exploited to get some
insights on what the flow volumes could be. For instance, machine learning (ML) algorithms
could be used to obtain predictions on flow volumes from historical data. The improvement of
online scheduling algorithms via unreliable ML predictions is a recent line of research which has
attracted a lot of studies in the last few years (see e.g. [23, 16]) and which was recently applied
to non-clairvoyant coflow scheduling [7]. Another relevant possibility, which is explored in the
present paper, is to assume that the unknown flow volumes are on-line realizations of known
probability distributions, which can be estimated from flow sizes data collected during previous
executions.

Stochastic coflow scheduling has received little attention up to now. To the extent of our
knowledge, the only work that has addressed the coflow scheduling problem in the stochastic
setting is [19], in which the authors study the non-preemptive coflow scheduling problem. The
objective is to minimize the weighted expected completion time of coflows. The proposed ap-
proach uses a time-indexed linear programming relaxation first introduced in [29], and uses its
solution to come up with a feasible schedule. The proposed algorithm is shown to achieve an
approximation ratio of (1 + 2 logL)(1 +

√
LCVmax)(1 + LCVmax)(1 + CV 2

max), where L is the
number of ports and CVmax is an upper bound on the coefficient of variation of processing
times1. We, on the other hand, consider the preemptive case.

1.1 Contributions

We consider the non-clairvoyant setting in which the size of each flow is unknown to the coflow
scheduler and is revealed to it only upon flow completion. Although flow sizes are not known
in advance, we assume that they are drawn from known probability distributions. It is shown
that for any order-based rate-allocation policy, the vector of expected completion times satisfies
certain inequalities, from which a polyhedral relaxation of the performance space of such coflow
scheduling policies is obtained. We use this polyhedral relaxation to analyze the performance
of a priority policy in which the priority order is computed with Sincronia from expected
flow sizes. Specifically, its is shown that the approximation ratio of this policy with respect to
the optimal priority policy is upper bounded by 4(1 +

√
Lσmax/µmin) for any distribution of

flow sizes with finite first and second moments, where µmin is a lower bound on the expected
processing times and σmax is an upper bound on their standard deviations. Tighter bounds can
be obtained if we have information on the distribution of processing times. For instance, we
show that for normally distributed processing times, the approximation ratio of the Sincronia-
based priority policy is upper bounded by 4(1 +

√
2 logLCVmax), where, as before, CVmax is

an upper bound on the coefficient of variation of processing times. We also obtain asymptotic
bounds for Pareto-distributed processing times.

1The processing time of a coflow on a port is the total time required for transmitting all of its constituent
flows on that port in isolation.
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1.2 Organization

The paper is organized as follows. Section 2 introduces the main notations used throughout
the paper and presents the stochastic coflow scheduling problem that we address. In Section 3,
we establish a polyhedral relaxation of the performance space of order-based coflow scheduling
policies and introduce our Sincronia-based priority policy. Upper bounds on the approximation
ratio of this policy with respect to the optimal priority policy are proven in Section 4. Section 5 is
devoted to numerical results. Finally, some conclusions are drawn and future research directions
are discussed in Section 6.

2 Stochastic coflow scheduling

We consider a set C = {1, 2, . . . , n} of coflows, which are all present in the system at time 0.
Each coflow k is a set Fk of flows, where flow j of coflow k is characterized by its source node, its
destination node and its volume V k,j . Each coflow k may also be assigned a weight wk (default
weight is 1). As for the network, we assume the big switch model2 [12] and we let b` denote
the capacity of port ` ∈ L. We let Fk,` be the set of flows of coflow k that use port ` either as
ingress or egress port, and denote by Ck the completion time of coflow k, that is, the time at
which its last flow finishes.

In the clairvoyant setting where flow sizes V k,j are known to the coflow scheduler, the
goal is to find a rate allocation r(t) to flows, where rk,j(t) ∈ R+ is the rate allocated to flow
j ∈ Fk at time t, which minimizes the weighted average coflow completion time

∑
k∈C wkCk.

Mathematically, the problem can be stated as follows:

min
r

∑
k∈C

wkCk (P1)

s.t.
∑
k∈C

∑
j∈Fk,`

rk,j(t) ≤ b`, ∀` ∈ L,∀t ∈ T , (1)

∫ Ck

0

rk,j(t) dt ≥ V k,j , ∀j ∈ Fk,∀k ∈ C, (2)

where T is the time horizon. Constraint (1) expresses that, at any instant t, the total rate that
port ` assigns to flows cannot exceed its capacity b`. Constraint (2) ensures that the data of
flows of each coflow k should be completely transmitted before its completion time Ck.

Here we consider the non-clairvoyant setting in which the size of each flow is unknown to
the coflow scheduler and is revealed to it only upon flow completion. Although flow sizes are
not known in advance, we assume that they are realized on-line according to given probability
distributions. Throughout the paper, flow volumes V k,j are supposed to be statistically inde-
pendent, with finite first and second moments. The aim is to find a rate-allocation policy that
minimizes the weighted average completion time of coflows in expectation, which by linearity of
expectation is

∑
k∈C wkE [Ck].

A rate allocation policy r specifies the rate allocated to each flow at any given time in such a
way that constraint (1) is satisfied. We shall specifically consider work-conserving policies which
allocate a constant rate to flows in between decision epochs, where decision epochs correspond
to time 0 and to flow completion times. If t is a decision epoch, the decisions of such a policy
may only depend on the ”past up to time t”, which is given by the sets of data transfers
already finished or being performed at t, as well as on the a priori knowledge of the input data
of the problem. This includes of course the distributional information about remaining sizes
of unfinished flows. In other words, admissible policies must be nonanticipative in the sense
that scheduling decisions cannot depend on future information, such as the actual volumes of
unfinished flows. A simple example of a work-conserving and nonanticipative scheduling policy

2This model abstracts out the datacenter network fabric as one big switch interconnecting servers. The
underlying assumption is that the fabric core can sustain 100% throughput and only the ingress and egress ports
are potential congestion points.
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is the round-robin (RR) policy which allocates rate rk,j(t) = min {bi/ni(t), bo/no(t)} to flow
j ∈ Fk at time t, where i and o are the input and output ports of this flow, respectively, and
n`(t) is the number of ongoing flows on port ` at time t.

Among work-conserving and nonanticipative rate-allocation policies, we restrict ourselves to
order-based policies. Such policies define a partial order on the set of flows such that one flow
precedes another one if they have either the same source or the same destination. Under order-
based policies, no single port is transmitting multiple flows at the same time. The analysis of
order-based policies is much simpler as it is possible to leverage a well-known reduction to the
Concurrent Open Shop problem [17]. Moreover, a key advantage of these policies is that they
are easily implementable by leveraging priority mechanisms supported by most transport layers.
An important property of order-based policies is that the completion order of the flows (and
hence of coflows) on all ports is fixed and independent of flow sizes. In the following, we let R
be the set of order-based policies. Note that the RR policy does not belong to R as multiple
flows may be served in parallel. However, R contains all priority policies which schedule coflows
in some priority order π. Such a policy allocates a positive rate to a flow of coflow π(k′) if
and only if no flows of a coflow π(k) such that k < k′ is available for transmission on the same
input/output port.

The problem that we consider is therefore the following

min
r

∑
k∈C

wkE [Ck(r)] (P2)

s.t. r ∈ R, (3)

where the random variable Ck(r) represents the completion time of coflow k under order-based
policy r ∈ R. In the following, we denote by COPT the optimum value for this problem, that
is, COPT = infr∈R

∑
k∈C wkE [Ck(r)].

3 Sincronia with expected processing times as inputs

In this section, we establish a generic bound on the approximation ratio of Sincronia for problem
(P2) when ran with expected processing times as inputs. Following an approach proposed in [21],
we first show in Section 3.1 that for any order-based policy r, the vector of expected completion
times E [Ck(r)] satisfies certain inequalities. The latter inequalities yield a polyhedral relaxation
of the performance space of order-based scheduling policies, as discussed in Section 3.2. It
turns out that this polyhedral relaxation is exactly the same as the one used in Sincronia in
the clairvoyant setting, except that the actual processing times are replaced by their expected
values. In Section 3.3, we briefly describes how Sincronia works and propose a priority policy for
stochastic coflow scheduling in which rates are allocated to coflows according to the priority order
computed by Sincronia from expected processing times. We obtain performance guarantees
for this policy in Section 3.4.

3.1 Stochastic Parallel Inequalities

Let P`,k =
(∑

j∈Fk,` V
k,j
)
/b` be the total transmission time of coflow k at port ` in isolation.

In the following, we denote by µ`,k the expected value E [P`,k] of this transmission time.
The so-called parallel inequalities are inequalities on the completion times of jobs which are

valid for any feasible schedule on m machines [24, 26]. These inequalities were extended in [21]
to stochastic parallel-machine scheduling. We adapt the proof of Theorem 3.1 in [21] to show
that the same inequalities are also valid for the stochastic coflow scheduling problem.

Theorem 1. Let r ∈ R be any order-based rate-allocation policy for coflow scheduling. Then

∑
k∈A

µ`,kE [Ck(r)] ≥ f`(A) =
1

2


(∑
k∈A

µ`,k

)2

+
∑
k∈A

µ2
`,k

 , (4)
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for all l ∈ L and A ⊆ C.

Proof. See Appendix A.

3.2 LP Relaxation

It follows from Theorem 1 that for any order-based policy r the expected CCT values E [Ck(r)]
lie in the polyhedron P defined by inequalities (4). It implies that the following linear program
provides a lower bound on COPT :

Minimize
∑
k∈C

wkCk (LP-Primal)

s.t∑
k∈A

µ`,kCk ≥ f`(A), for all ` ∈ L and A ⊆ C, (5)

Ck ≥ 0, for all k ∈ C, (6)

where f`(A) is defined in (4). We thus have CLP ≤ COPT , where CLP is the optimum value of
problem LP-Primal.

3.3 Sincronia-based priority policy

In order to schedule a set C of coflows with known processing times p`,k, Sincronia first computes
a priority order over coflows, that is, a permutation π of C. If π(k) < π(k′), then the flows of
coflow k are transmitted in the data centre network with strict priority over the flows of coflow
k′. Sincronia then uses a preemptive greedy rate allocation which assigns to a single flow
the full rate of its incoming and outgoing ports at any given point of time and preserves this
ordering, that is, it is guaranteed that coflows will be completed in the priority order (that is,
Ck ≤ Ck′ if π(k) < π(k′)).

It turns out that problem (LP-Primal) is exactly the same as the one used in Sincronia to
compute the priority order π [3], except that the actual processing times p`,k have been replaced
by their expected values µ`,k. A natural approach to obtain an admissible scheduling policy in
the stochastic setting is therefore to compute a priority order π using Sincronia with expected
processing times µ`,k, instead of the unknown actual processing times P`,k. The greedy rate
allocation of Sincronia then gives an admissible rate-allocation policy for problem (P2).

Before establishing performance guarantees for the above Sincronia-based priority policy,
we first briefly describe how Sincronia computes the priority order π from expected processing
times µ`,k. Sincronia uses a primal-dual algorithm in which the primal problem is (LP-Primal),
and the dual problem is as follows

Maximize
∑
`∈L

∑
A⊆C

f`(A) y`,A (LP-Dual)

s.t ∑
A:k∈A

∑
`∈L

µ`,ky`,A ≤ wk, for all k ∈ C, (7)

y`,A ≥ 0, for all ` ∈ L and A ⊆ C. (8)

The Sincronia primal-dual algorithm is shown in Algorithm 1. The dual variables y`,A
are initialized to 0 and the set A of unscheduled coflows is initially set to C. The algorithm
assigns priorities to coflows in the order of increasing priority. At each iteration t, the algorithm
determines the bottleneck port b, that is, the port ` for which the total expected completion time∑
k∈A µ`,k is maximum. It then determines the coflow k∗ with the largest weighted expected

processing time on the bottleneck. Coflow k∗ is assigned priority t with π(k∗) = t and it
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is removed from the set of unscheduled coflows A. Before that, the dual variable yb,A and
the primal variable Ck∗ are set to their final values and the weights of the coflows using the
bottleneck port are updated. As discussed in in [3] , the complexity of Algorithm 1 is O(n2).

Algorithm 1 Sincronia primal-dual algorithm with expected processing times µ`,k as inputs

1: y`,A ← 0 for all ` ∈ L and A ⊆ C.
2: A← C
3: for t = n . . . 1 do
4: b← argmax`∈L

∑
k∈A µ`,k . Bottleneck port

5: k∗ ← argmink∈A (wk/µb,k) . Largest weighted proc. time
6: Ck∗ ←

∑
k∈A µb,k . Set primal variable

7: yb,A ← wk∗/µb,k∗ . Set dual variable
8: wk ← wk − wk∗µb,k/µb,k∗ for all k ∈ A . Update weights
9: π(t)← k∗ . Set priority of coflow k∗

10: A← A \ {k∗} . Remove k∗ from unscheduled coflows
11: end for

The approximation ratio of Algorithm 1 is established in [3] and formally stated in Theorem
2 below.

Theorem 2. Algorithm 1 provides a feasible solution to problem LP-Primal such that CSINπ(t) =

max`
∑t
τ=1 µ`,π(τ) for t = 1, 2, . . . , n. Moreover, the cost of this solution is at most two times

CLP , that is,

n∑
t=1

wπ(t) max
`

t∑
τ=1

µ`,π(τ) ≤ 2CLP ≤ 2COPT . (9)

3.4 Performance guarantees for the Sincronia-based priority policy

Let π be the priority order computed by Algorithm 1 from expected processing times. We
now consider the greedy rate allocation of Sincronia (see Algorithm 2 in [3]). We let Ck be
the random completion time of coflow k under the greedy rate allocation when coflows are
processed in the priority order π. It is proven in [3] that cπ(t) ≤ 2 max`

∑t
τ=1 p`,π(τ) for any

fixed realization of flow volumes, so that

E
[
Cπ(t)

]
≤ 2E

[
max
`

t∑
τ=1

P`,π(τ)

]
for all t = 1, 2, . . . , n. (10)

In the following, in order to combine inequalities (9) and (10) so as to obtain an upper bound
on the approximation ratio of Sincronia, we define the quantity α as follows

α = max
t=1,...,n

E
[
max`

∑t
τ=1 P`,π(τ)

]
max`

(∑t
τ=1 µ`,π(τ)

) . (11)

Theorem 3. The weighted average CCT of the Sincronia-based priority policy is upper bounded
by 4× α times the optimal one.

Proof. We have

n∑
t=1

wπ(t)E
[
Cπ(t)

]
≤ 2×

n∑
t=1

wπ(t)E

[
max
`

t∑
τ=1

P`,π(τ)

]
, (12)

≤ 2α×
n∑
t=1

wπ(t) max
`

(
t∑

τ=1

µ`,π(τ)

)
, (13)

≤ 4α× COPT , (14)
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where the first inequality follows from (10), the second one follows from (11) and the last one
follows from (9).

In the next section, we derive upper bounds on the quantity α in (11). In view of Theorem
3, performance guarantees for the Sincronia-based priority policy directly follow from these
bounds.

4 Upper bounds on α

We first give in Section 4.1 an upper bound on α that holds for any distribution of the processing
times. Distribution-dependent upper bounds on α are derived in Section 4.3 for some specific
distributions.

4.1 Distribution-independent upper bound

For a given priority order θ, let the matrix Pθ
k = [P`,j ] denote the Lk × k matrix with the

processing times of flows ahead of coflow k on the Lk links used by coflow k in the order θ. For
ease of notation, we use k instead of θ(k). It will be apparent from the context that Pθ

k denotes
the P matrix for the kth coflow in the order θ which is in fact θ(k). Note that the matrix Pθ

k

can be written as Pθ
k = Mθ

k +Xθ
k, where Mθ

k = EPθ
k and Xθ

k is a zero-mean matrix. We observe
from (11) that

α = max
k

E‖Mπ
k + Xπ

k‖
‖Mπ

k‖
, (15)

where ‖ · ‖ is the induced ∞-norm and π is the order computed by Sincronia. An upper bound
for α can be obtained by taking the worst-case order and using the triangular inequality for
norms,

α ≤ max
θ

max
k

E‖Mθ
k + Xθ

k‖
‖Mθ

k‖
≤ 1 + max

θ
max
k

E‖Xθ
k‖

‖Mθ
k‖

. (16)

Thus, computing an upper-bound on α can be reduced to the problem of computing the expec-
tation of the∞-norm of random matrices whose elements are taken from the given distribution.
These bounds will depend on the probability distribution of X`,js. For a finite k but L going to
∞, one can use extreme-value theory [22] which models how the maximum of a certain number
of random variables behaves. When both k and L go to ∞, we refer the reader to [1] for results
on the asymptotic bounds on α. Below, we give an upper bound on α that is non-asymptotic
but less sharp and which only depends upon the existence of certain moments.

Let µmin = min{µ`,j : µ`,j > 0} and let p ∈ (1,∞) be such that mp := max`,j E|X`,j |p <∞.
That is, µmin is the smallest expected flow-size among those flows that are not always 0, and
mp is the largest pth moment of the flow-sizes provided that it is finite.

Theorem 4 (Upper bound). Let µmin = min`,j µ`,j and let mp := max`,j E|X`,j |p < ∞ for
p ∈ (1,∞). Then,

α ≤ 1 + L1/pm
1/p
p

µmin
.

This result says that if P`,j have a finite pth moment3, then the upper bound on approxima-
tion ratio is of the order of L1/p. This bound is independent of the distribution and just requires
a check on whether a certain moment exists or not. This bound is useful for distribution for
which it is not straightforward to obtain a bound from (16) or by using extremal value theory.

For the proof of this theorem, we need the following simple intermediate result giving an
upper bound on the second moment of the sum of absolute values of random variables in terms
of an upper bound on the second moments of the individual random variables.

3Note that P`,j having a finite pth moment is equivalent to |X`,j | having a finite pth moment. So, to invoke
Theorem 4 it is sufficient to perform the check on P`,j .
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Lemma 1. Let Yi, i = 1, 2, . . . , n be independent random variables with E|Yi|p ≤ mp,∀i. Then

E

(∑
i

|Yi|

)p
≤ npmp. (17)

Proof. The result is a consequence of the Cauchy-Schwartz inequality which applied on
∑
i |Yi|

gives (∑
i

|Yi|

)p
≤ np−1

(∑
i

|Yi|p
)

Now taking expectation on both sides and using the linearity of the expectation operator and
the fact that E|Yi|p ≤ mp, we obtain the claimed result.

That the above bound is tight follows by taking Yi = ±1 with probability 0.5.

Proof of Theorem 4. Let θ be an arbitrary order. We denote by µθ`,j the quantity µ`,θ(j). Using
the standard inequality that the∞-norm is a lower bound on the p-norm and the fact that µmin
is a lower bound on the means, we get

E‖Xθ
k‖

‖Mθ
k‖

=
Emax`

∑k
j=1 |Xθ

`,j |
max`

∑k
j=1 µ

θ
`,j

(18)

≤
E
(∑

`

(∑k
j=1 |Xθ

`,j |
)p)1/p

kµmin
(19)

≤

(∑
` E
(∑k

j=1 |Xθ
`,j |
)p)1/p

kµmin
(20)

≤
(
∑
` k

pmp)
p

kµmin
= L1/pm

1/p
p

µmin
, (21)

where (20) follows from Jensen’s inequality and linearity of expectation, and (21) follows from
Lemma 1 and the fact that E|X`,j |p = mp. The claimed results then follows from 16 since the
right-hand side of (21) is independent of θ and k.

Corollary 1 (p = 2). For p = 2, the upper bound becomes

α ≤ 1 + L1/2σmax
µmin

(22)

where σmax = max`,j σ`,j is the maximum standard deviation of the flow sizes P`,j.

This bound in Theorem 4 is consistent with Sincronia in the sense that if the flow sizes
are deterministic, then |X|p = 0 for all p > 1, and we recover the approximation factor of
Sincronia in the clairvoyant setting.

4.2 Asymptotically matching asymptotic lower bound

To show that the upper bound in Theorem 4 is asymptotically tight, we shall assume that P`,j
are Pareto random variables and give asymptotic bounds as Lk →∞.

Let k be finite and P`,j be independent and identically distributed random variables with
shape parameter ζ > 1. This last condition is required for the mean of these random variables
to be finite. We will need the fact that for the pth moment of P`,j to exist (and hence be able
to use the result of Theorem 4), ζ has to be strictly larger than p.
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A Pareto random variable of shape parameter ζ belongs to the class of regularly varying
random variables of index ζ (see [20] and references therein for the definition and properties of
the class of regularly varying random variables).

From the closure property of regularly varying random variables [20],
∑k
j=1 P`,j is again a

regularly varying random variable of index ζ (which is the shape parameter of the constituent

Pareto random variables). Further, both P`,j and
∑k
j=1 P`,j belong to the maximum domain of

attraction of the Fréchet distribution of index ζ.
For this class of distributions, the maximum grows as L1/ζ [20], that is,

max
`

∑k
j=1 P`,j∑k
j=1 µ`,j

= Θ(L1/ζ).

For a Pareto random variable with finite pth moment, ζ has to be greater than p. To get close
to the upper bound in Theorem 4, one can take then take an ζ > p but as close to p as desired.
This results in a small gap to the upper bound in Theorem 4 since we cannot set ζ = p. We
do not know how to bridge this gap either by improving the upper bound or by exhibiting a
sequence of random variables with finite pth moment that have a growth rate of exactly L1/p.
The finite pth moment requirement is needed since the bound of Theorem 4 is obtained under
that assumption. To keep the comparison fair, we need to take ζ strictly larger than p and incur
a small gap in the two bounds.

4.3 Distribution-dependent tighter upper bounds

The bounds on α in Sections 4.1 and 4.2 are proportional to L1/p and only require the existence
of the pth moment of the flow processing times. In practice, the processing times could be better
behaved with existence of exponential moments. We now investigate how tighter bounds can be
obtained when exponential moments (rather than just the pth moment) of P`,j are finite.

Gamma distributed processing times

We start with distributions with exponential tails, that is, P(X > t) ∼ exp(−ct). For these
distributions, the moment generating function has a non-zero radius of convergence. We focus
on gamma-distributed random variables that can also be seen as a sum of a finite number of
exponentially distributed random variables.

Lemma 2. Let P`,j be independent and follow a gamma distribution with scale parameter β`,j
and shape parameter s`,j. Then,

α ≤ c+ log
(
c+

√
c2 − 1

)
. (23)

where c = 1 + γ log(L), γ =
(
σmax
µmin

)2
with σ2

max = max`,j s`,jβ
2
`,j is the maximum variance of

the flows and µmin = min`,j s`,jβ`,j is the smallest non-zero mean of flow-size.

Proof. See appendix B

Combining Theorem 3 and Lemma 2, we have the following result regarding the approxima-
tion ratio of Sincronia for gamma-distributed processing times.

Corollary 2. If all random variables P`,j are independent and gamma-distributed, the approx-
imation of Sincronia with expected processing times as inputs is 4(c+ log

(
c+
√
c2 − 1

)
).

Remark 1. This bound on α does not directly depend upon CVmax. However, if CVmax = 0,
then γ = 1 which leads to α = 1. We thus recover the approximation ratio of 4 of Sincronia in
the clairvoyant setting.

Note in particular that for large number of ports, that is large L, this upper bound is roughly
Θ(log(L)). The upper bound therefore increases only slowly with the number of ports in contrast
to the Θ(L1/p) growth for the Pareto distribution in the previous subsection.
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Normally distributed processing times

We now obtain an upper bound on α when the processing times P`,j are normally distributed.

Lemma 3. If all random variables P`,j are independent and follow a normal distribution with

mean µ`,j and coefficient of variation CV`,j, then α ≤ 1 +
√

2 log(L)CVmax, where L = |L| is
the number of ports and CVmax = max`,j CV`,j.

Proof. See appendix C

As a direct consequence of Theorem 3 and Lemma 3, we have the following result regarding
the approximation ratio of Sincronia for normally distributed processing times.

Corollary 3. If all random variables P`,j are independent and and follow a normal distribution,

the approximation ratio of the Sincronia-based priority policy is 4
{

1 +
√

2 log(L)CVmax

}
.

Note in particular that when CVmax = 0, we retrieve the approximation ratio of Sincronia in
the clairvoyant setting. Further, the upper bound only grows as Θ(

√
log(L)) which is even slower

than the Θ(log(L) growth for the gamma distribution. This is to be expected since the normal
distribution has a lighter tail than the gamma distribution.

5 Numerical Results

In this section, we compare the average CCTs obtained with the Sincronia-based priority policy
against that of the clairvoyant Sincronia algorithm and the lower bound CLP on random problem
instances. We also include in the comparison the round robin scheduling policy and a random
order policy.

The random instances are generated using a coflow workload generator based on a real-world
trace with 526 coflows. The trace was obtained from a one-hour long run of Hive/MapReduce
jobs on a 3000-machine cluster with 150 racks at Facebook [12]. The workload generator allows
upsampling the Facebook trace to desired number of ports L and coflows n, while still keeping
workload characteristics similar to the original Facebook trace. The original workload generator,
which is publicly available [2], was slightly modified in order to be able to generate flow sizes
following a target probability distribution (e.g., a normal or Gamma distribution with specified
mean and standard deviation).

In order to compare the performance of scheduling algorithms under various conditions, we
generate multiple configurations by varying the following parameters:

• The number of ports is always assumed to be even (the first L/2 ports are input ports,
while the other ports are output ports) and can take values between 8 and 80.

• The number of coflows n is either n = L/2, n = L or n = 3L/2.

• When the flow sizes follow a specific target distribution, the mean flow size is 100 and the
coefficient of variation CV is either 1

2 , 1 or 2. Otherwise, flow sizes are drawn from the
empirical distribution of the Facebook trace.

• The weights wk of all coflows are set to 1.

For each possible configurations of these parameters, we randomly generate problem in-
stances. Note that in the non-clairvoyant setting, a problem instance specifies the set of ports
and their capacities as well as the set of coflows, with the respective flows of each coflow, but
does not specify the actual flow sizes which are unknown to a non-clairvoyant coflow scheduler.
We therefore apply the following procedure for evaluating the performance of coflow scheduling
algorithms:

1. We first generate 100 problem instances with the specified number of ports and number
of coflows by randomly generating the set of flows Fk of each coflow k. These problem
instances do not specify the actual flow sizes and thus represents the information available
to a non-clairvoyant coflow scheduler.

10



UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 8.6 1.01 0.06 0.97 1.06 1.08 0.06 1.02 1.11 1.55 0.12 1.48 1.67
8 4 10 1.07 0.06 1.03 1.11 1.11 0.08 1.06 1.14 1.71 0.19 1.60 1.83
8 8 10 1.05 0.05 1.01 1.08 1.09 0.05 1.06 1.13 2.08 0.17 2.01 2.19
16 8 11.2 1.09 0.04 1.06 1.12 1.11 0.05 1.08 1.15 2.23 0.18 2.10 2.34
16 16 11.2 1.09 0.03 1.06 1.11 1.12 0.05 1.08 1.15 2.80 0.20 2.66 2.94
32 16 12.4 1.10 0.03 1.08 1.13 1.12 0.04 1.08 1.15 2.92 0.24 2.78 3.03

Table 1: CALG/CLP for flow sizes following a Gamma distribution with CV = 0.5.

2. For each problem instance, we randomly generate 1000 realizations of flow sizes according
to the specified random distribution. Given a scheduling algorithm, the average CCTs
obtained with these traffic realizations are averaged to estimate the expected average
CCT of the algorithm over the corresponding problem instance.

5.1 Small instances

We first consider small instances for which the lower bound CLP can be computed using Gurobi
as linear-programming solver. This lower bound is directly computed for each of the 100 prob-
lem instances as this does not require the actual flow sizes, but only their mean values. For
each problem instance, we also estimate the expected average CCT CALG obtained with the
clairvoyant Sincronia (CL), with the non-clairvoyant Sincronia-based priority policy (NC), with
round-robin (RR) and with a random order policy (RO) by averaging over the 1000 traffic
realizations for this problem instance.

We present below the ratios CALG/CLP obtained for three different random distributions
of flow sizes (Gamma, Normal and Pareto) as well as for flow sizes following the empirical flow
size distribution in the Facebook trace. These ratios provide upper bounds on the empirical
approximation ratios of the considered algorithms.

Gamma distribution

Let us first consider the results obtained with a Gamma distribution for flow volumes. We
consider three different coefficients of variations: CV = 1

2 , CV = 1 and CV = 2.
The mean, standard deviation as well as the first and third quartiles of the ratios CALG/CLP

are reported in Tables 1, 2 and 3 for flow sizes following a Gamma distribution with CV = 0.5, 1,
and 2, respectively. Column UB in these tables shows the theoretical upper bound on CNC/CLP

computed using (23). For CV = 0.5, we observe that for all considered configurations of
the numbers of ports and coflows, non-clairvoyant Sincronia performs almost as well as the
clairvoyant one. We also note that the variability of the ratio CALG/CLP is also quite low for
both algorithms, indicating that they perform very well for the vast majority of our random
problem instances. We also observe that the ratio CRR/CLP has a much higher mean and
standard deviation, which shows that the round-robin allocation performs poorly as compared
to our NC priority policy when the variability of flow sizes is low. When the variability of the
flow sizes increases (i.e., CV = 1 or CV = 2), the performance of the non-clairvoyant Sincronia
degrades as compared to the clairvoyant one. The variability of the ratio CNC/CLP is also much
higher that that observed in the case CV = 0.5. Nevertheless, the performance of NC remains
fairly close to that of CL, and much better than that obtained with RR. For all three values
of CV , the upper bound UB is pessimistic with values much bigger than 4 while the empirical
ratios are between 1 and 2.

For a more detailed analysis, we also plot the histograms of the ratios CALG/CLP obtained
for the 100 random problem instances in the case L = 32 and n = 16 in Figure 1a and Figure
1b for CV = 0.5 and CV = 2, respectively. For CV = 0.5, clearly the histograms obtained for
ALG = CL and ALG = NC are very similar. The values obtained with RR are much higher,
and even higher than those obtained with a random priority order. For CV = 2, as compared
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UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 15.6 0.96 0.09 0.90 1.02 1.14 0.09 1.09 1.20 1.38 0.15 1.28 1.49
8 4 19.5 1.10 0.10 1.03 1.18 1.20 0.11 1.13 1.28 1.63 0.21 1.50 1.78
8 8 19.5 1.04 0.08 1.00 1.10 1.18 0.08 1.14 1.23 1.90 0.19 1.77 2.03
16 8 23.1 1.13 0.06 1.10 1.18 1.21 0.07 1.17 1.26 2.17 0.19 2.05 2.29
16 16 23.1 1.12 0.04 1.09 1.15 1.20 0.06 1.16 1.24 2.65 0.18 2.51 2.76
32 16 26.6 1.14 0.04 1.11 1.18 1.18 0.05 1.15 1.22 2.84 0.22 2.70 2.95

Table 2: CALG/CLP for flow sizes following a Gamma distribution with CV = 1.

UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 36.4 0.89 0.11 0.81 0.98 1.28 0.13 1.21 1.36 1.14 0.17 1.02 1.27
8 4 49.0 1.18 0.18 1.03 1.31 1.43 0.17 1.33 1.52 1.54 0.27 1.35 1.74
8 8 49.0 1.05 0.12 0.96 1.13 1.41 0.12 1.32 1.50 1.63 0.23 1.47 1.80
16 8 61.1 1.26 0.10 1.19 1.33 1.49 0.10 1.41 1.55 2.09 0.23 1.93 2.25
16 16 61.1 1.20 0.07 1.16 1.24 1.46 0.08 1.40 1.51 2.40 0.19 2.27 2.55
32 16 73.0 1.27 0.07 1.21 1.32 1.40 0.08 1.35 1.45 2.76 0.22 2.60 2.89

Table 3: CALG/CLP for flow sizes following a Gamma distribution with CV = 2.

to the histogram for CL, the most probable values for NC are slightly shifted to the right by
+0.15. As in the case CV = 0.5, the values obtained with RR are much higher, and even higher
than those obtained with a random priority order.

Figure 2 summarizes the above results. It shows the average values (over 100 random in-
stances) obtained for CL, NC, and RR. We first note that CL provides near-optimal results in
all cases. For CV = 0.5, NC performs almost as well as CL and much better than RR. For
CV = 2, there is a noticeable performance degradation as compared to CL, but the proposed
algorithm still outperforms significantly RR. We also note that the gap between CL and NC
decreases as the number of ports increases.

Normally distributed flow volumes

We now consider the results obtained for normally-distributed flow volumes. As before, we
consider three different coefficients of variations: CV = 1

2 , CV = 1 and CV = 2. The mean,
standard deviation as well as the first and third quartiles of the ratios CALG/CLP are reported
in Tables 4, 5 and 6 for CV = 1

2 , CV = 1 and CV = 2, respectively. Column UB in these tables
is the theoretical upper bound on CNC/CLP computed using Cor. 3.

As for the gamma distribution, UB is quite pessimistic compared to the observed ratios.
Regarding CALG/CLP , we observe that when the variability of flow sizes is low the NC performs
almost as well as CL and provides almost optimal solutions. We also observe that the variability
of the ratio CNC/CLP is quite low in all configurations and that NC provides much better results
than RR. These observations are confirmed by the histograms shown in Figure 3a which report
the ratios CALG/CLP obtained for the 100 random problem instances in the case L = 32 and
n = 16. Although the repartition is slightly different, CL and NC provide similar results, which
are much better than those obtained with RR or RO.

When the flow size variability increases, we observe, as in the case of the gamma distribution,
a slight performance degradation of NC as compared to CL. Nevertheless, the results obtained
with NC are much better than those obtained with RR. This can also be observed in the
histograms shown in Figure 3b for 32 ports and 16 coflows. We observe that in this configuration,
a random-order policy is much more efficient than RR.

Figure 4 shows the average values (over 100 random instances) obtained for CL, NC and
RR. The main observations are similar to those made for a gamma distribution of flow sizes.
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Figure 1: Histograms of the ratios CALG/CLP for CL, NC, RR and a random-order policy (RO)
for 100 random problem instances with L = 32 ports and n = 16 coflows. Flow sizes follow a
Gamma distribution with either (a) CV = 0.5 or (b) CV = 2.
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Figure 2: Average values of CALG/CLP for flow sizes following a Gamma distribution with
CV = 0.5 (left), CV = 1 (middle) or CV = 2 (right). The number of ports L and the number
n of coflows are indicated on the x-axis as L.n.

UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 7.3 1.02 0.06 0.98 1.08 1.09 0.06 1.04 1.12 1.58 0.13 1.51 1.69
8 4 8.1 1.08 0.06 1.04 1.13 1.12 0.08 1.06 1.15 1.74 0.19 1.62 1.86
8 8 8.1 1.05 0.05 1.02 1.09 1.10 0.05 1.06 1.13 2.12 0.18 2.03 2.23
16 8 8.7 1.09 0.04 1.07 1.12 1.12 0.05 1.08 1.15 2.27 0.18 2.14 2.36
16 16 8.7 1.09 0.03 1.07 1.11 1.12 0.05 1.08 1.15 2.84 0.20 2.70 2.98
32 16 9.3 1.11 0.04 1.08 1.13 1.12 0.04 1.08 1.15 2.95 0.24 2.80 3.06

Table 4: CALG/CLP for flow sizes following a Normal distribution with CV = 0.5.
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UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 10.7 1.08 0.09 1.01 1.13 1.22 0.08 1.17 1.27 1.58 0.17 1.50 1.69
8 4 12.2 1.20 0.09 1.13 1.25 1.27 0.10 1.19 1.33 1.83 0.22 1.69 1.98
8 8 12.2 1.14 0.07 1.10 1.19 1.24 0.07 1.20 1.29 2.16 0.21 2.05 2.30
16 8 13.4 1.21 0.05 1.17 1.25 1.26 0.07 1.22 1.30 2.40 0.20 2.27 2.53
16 16 13.4 1.20 0.04 1.17 1.22 1.26 0.06 1.22 1.29 2.98 0.21 2.83 3.13
32 16 14.5 1.22 0.04 1.19 1.25 1.25 0.05 1.21 1.28 3.15 0.25 3.00 3.27

Table 5: CALG/CLP for flow sizes following a Normal distribution with CV = 1.

UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 17.3 1.37 0.14 1.25 1.46 1.66 0.13 1.57 1.75 1.92 0.24 1.77 2.09
8 4 20.3 1.57 0.15 1.47 1.69 1.72 0.16 1.63 1.82 2.30 0.31 2.12 2.52
8 8 20.3 1.48 0.11 1.41 1.56 1.68 0.11 1.61 1.76 2.65 0.29 2.45 2.87
16 8 22.8 1.60 0.08 1.55 1.66 1.71 0.10 1.65 1.78 3.07 0.27 2.91 3.26
16 16 22.8 1.57 0.07 1.53 1.62 1.70 0.09 1.64 1.76 3.74 0.26 3.56 3.91
32 16 25.1 1.60 0.06 1.55 1.65 1.66 0.07 1.61 1.71 4.01 0.31 3.81 4.17

Table 6: CALG/CLP for flow sizes following a Normal distribution with CV = 2.
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Figure 3: Histograms of the ratios CALG/CLP for CL, NC, RR and RO for 100 random problem
instances with L = 32 ports and n = 16 coflows. Flow sizes follow a Normal distribution with
either (a) CV = 0.5 or (b) CV = 2.
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Figure 4: Average values of CALG/CLP for flow sizes following a Normal distribution with
CV = 0.5 (left), CV = 1 (middle) or CV = 2 (right). The number of ports L and the number
n of coflows are indicated on the x-axis as L.n.

UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 8.0 1.02 0.05 0.97 1.06 1.06 0.05 1.03 1.10 1.59 0.11 1.54 1.69
8 4 9.7 1.07 0.05 1.03 1.11 1.10 0.08 1.05 1.13 1.72 0.19 1.60 1.85
8 8 9.7 1.04 0.04 1.01 1.07 1.09 0.05 1.05 1.12 2.11 0.17 2.02 2.21
16 8 12.0 1.09 0.04 1.06 1.11 1.11 0.05 1.08 1.15 2.23 0.18 2.11 2.34
16 16 12.0 1.08 0.03 1.06 1.10 1.12 0.05 1.08 1.15 2.79 0.21 2.65 2.94
32 16 15.3 1.10 0.03 1.08 1.13 1.12 0.04 1.08 1.15 2.90 0.24 2.75 3.02

Table 7: CALG/CLP for flow sizes following a Pareto distribution with CV = 0.5.

Pareto distribution

The statistical results obtained for a Pareto distribution of flow sizes are reported in Tables
7, 8 and 9 for CV = 0.5, CV = 1 and CV = 2, respectively. Figures 5a and 5b show the
statistical distributions of the ratios CALG/CLP obtained for L = 32 ports, n = 16 coflows and
CV = 0.5 or CV = 2, respectively. Column UB in these tables is the theoretical upper bound
on CNC/CLP computed using (22).

As for the gamma and normal distributions, we observe that UB is pessimistic, and that
NC is near-optimal and performs almost as well as CL when the variability of flow sizes is
low, and remains quite close to it when the variability of flow sizes increases. In all considered
configurations, NC outperforms RR, which in most cases is worst than an random-order policy.

Figure 6 shows the average values (over 100 random instances) obtained for CL, NC and
RR. The main observations are similar to those made for gamma and normal distributions of

UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 12.0 0.99 0.05 0.94 1.03 1.08 0.06 1.03 1.11 1.52 0.11 1.47 1.62
8 4 15.3 1.08 0.06 1.03 1.13 1.14 0.09 1.08 1.19 1.69 0.20 1.56 1.82
8 8 15.3 1.04 0.05 1.01 1.08 1.13 0.06 1.10 1.18 2.03 0.17 1.96 2.13
16 8 20.0 1.10 0.04 1.08 1.13 1.17 0.06 1.13 1.21 2.19 0.18 2.05 2.29
16 16 20.0 1.09 0.04 1.07 1.11 1.17 0.06 1.13 1.21 2.71 0.20 2.57 2.85
32 16 26.6 1.12 0.04 1.09 1.15 1.18 0.05 1.14 1.21 2.85 0.24 2.69 2.96

Table 8: CALG/CLP for flow sizes following a Pareto distribution with CV = 1.
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UB CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

4 4 20.0 0.98 0.06 0.94 1.02 1.10 0.07 1.06 1.13 1.48 0.11 1.41 1.58
8 4 26.6 1.08 0.07 1.03 1.13 1.17 0.10 1.11 1.22 1.66 0.20 1.53 1.79
8 8 26.6 1.03 0.06 1.01 1.07 1.17 0.08 1.12 1.22 1.98 0.17 1.90 2.08
16 8 36.0 1.12 0.05 1.09 1.16 1.23 0.07 1.19 1.28 2.17 0.18 2.03 2.28
16 16 36.0 1.10 0.04 1.08 1.13 1.24 0.06 1.19 1.27 2.66 0.20 2.53 2.80
32 16 49.2 1.14 0.05 1.11 1.18 1.24 0.06 1.21 1.29 2.82 0.24 2.67 2.93

Table 9: CALG/CLP for flow sizes following a Pareto distribution with CV = 2.
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Figure 5: Histograms of the ratios CALG/CLP for CL, NC, RR and RO for 100 random problem
instances with L = 32 ports and n = 16 coflows. Flow sizes follow a Pareto distribution with
either (a) CV = 0.5 or (b) CV = 2.

flow sizes.

Facebook trace

We now present the results obtained with a flow size distribution derived from the empirical
distribution of flow sizes in the Facebook trace. The statistical results obtained in this case are
reported in Tables 10, and we show the specific distributions of the ratios CALG/CLP obtained
for L = 32 and n = 16 in Figure 7.Figure 8 shows the average values (over 100 random instances)
obtained for CL, NC and RR.

Those results are completely different from those obtained for synthetic distribution of flow
sizes. For all considered configurations, NC performs poorly as compared to CL, and is even
significantly worse than RR. The ratio CNC/CLP is also much more variable than for synthetic
distributions. For small values of L and n, both CL and RR provide average CCT which are
lower than CLP . We remark that RR can perform better than the lower bound of LP since it
falls outside the class of order-based policies. The LP bound is valid only for policies that are

CL NC RR

L n mean std Q1 Q3 mean std Q1 Q3 mean std Q1 Q3

2 2 0.71 0.02 0.70 0.73 1.00 0.02 0.99 1.02 0.76 0.02 0.75 0.77
4 4 0.72 0.10 0.65 0.79 1.26 0.17 1.14 1.36 0.83 0.12 0.73 0.90
8 4 1.02 0.19 0.90 1.13 1.55 0.30 1.36 1.74 1.16 0.23 1.03 1.31
8 8 0.79 0.11 0.72 0.85 1.58 0.22 1.43 1.74 1.01 0.17 0.91 1.11
16 8 1.23 0.17 1.14 1.34 2.11 0.34 1.87 2.36 1.56 0.25 1.38 1.72
16 16 0.99 0.10 0.93 1.06 2.09 0.19 1.95 2.23 1.47 0.17 1.36 1.61
32 16 1.48 0.14 1.39 1.58 2.70 0.27 2.51 2.90 2.16 0.24 1.95 2.35

Table 10: CALG/CLP for flow sizes distributed as in the Facebook trace.
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Figure 7: Histograms of the ratios CALG/CLP for CL, NC, RR and RO for 100 random problem
instances with L = 32 ports and n = 16 coflows. Flow sizes are distributed as in the Facebook
trace.

within this class.
In all cases, RR performs much better than NC, which is not much more better than a

random order scheduling. As is apparent from Figure 7, the performance of NC is similar to
that of a random-order policy. This can be explained by the extreme variability of the flow size
distribution in the Facebook trace which has a coefficient of variation of 3.27 for the aggregated
flow-sizes of a coflow at a port. While this quantity is not exactly the coefficient of variation
of the flow-sizes, we expect these two to be related. If the aggregate coefficient of variation is
high, we except that of the flow-sizes to be high as well.

In conclusion, for small instances and low variability flow-sizes, the proposed NC policy is
close to optimal and is better than RR. However, for high variability flow-sizes, RR outperforms
NC and can even be better than the lower bound obtained from LP.

5.2 Large instances

We now consider larger problem instances for which the lower bound CLP cannot be computed.
As the clairvoyant offline optimum is no more available, we choose as reference the clairvoyant
Sincronia (CL), and present the ratios CALG/CCL obtained with two different algorithms: the
non-clairvoyant Sincronia-based priority policy (NC) and the round-robin rate allocation (RR).
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NC RR

L n mean std Q1 Q3 mean std Q1 Q3

20 10 1.00 0.02 1.00 1.01 2.29 0.32 2.13 2.49
20 20 1.01 0.02 1.00 1.01 2.82 0.26 2.64 2.98
20 30 1.01 0.02 1.00 1.02 3.13 0.27 2.95 3.30
40 20 1.00 0.02 0.99 1.01 2.84 0.41 2.55 3.15
40 40 1.00 0.02 0.99 1.01 3.52 0.30 3.34 3.72
40 60 1.01 0.01 1.00 1.02 3.97 0.27 3.81 4.15
80 40 1.01 0.02 0.99 1.02 3.78 0.33 3.58 4.04
80 80 1.01 0.02 1.00 1.02 4.62 0.32 4.41 4.87
80 120 1.00 0.01 1.00 1.01 5.11 0.33 4.91 5.33

Table 11: CALG/CCL for flow sizes following a Gamma distribution with CV = 0.2.

As before, we average over 1000 random traffic realizations for each problem instance. We
present below the results obtained for a gamma distribution of flow sizes, as well as for flow
sizes distributed as in the Facebook trace. The theoretical upper bound (UB) is not shown here
since it was already quite pessimistic for small instances.

Gamma distribution

We consider three different coefficients of variations: CV = 0.2, CV = 1 and CV = 5.
The mean, standard deviation as well as the first and third quartiles of the ratios CALG/CCL

are reported in Tables 11, 12 and 13 for flow sizes following a Gamma distribution with CV = 0.2,
CV = 1 and CV = 5, respectively. For CV = 0.2 and CV = 1, we observe that for all
considered configurations of the numbers of ports and coflows, NC performs almost as well as
CL on average, and that the variability of the ratio CNC/CCL is quite low. We also observe
that the ratio CRR/CCL has a much higher mean and standard deviation, which shows that
the round-robin allocation performs poorly as compared to our NC policy when the variability
of flow sizes is low.

On the other hand, for CV = 5 (that is, flow sizes with high variability) and a switch with
fewer and equal to 40 ports, the average performance of RR is better than but close to that of
NC. However, for larger switches with 80 ports, RR becomes worse than NC. This observation
is similar to that for small instances and CV = 2 (see Table 3) for which RR was better for
smaller instances but worse for larger ones.

Figure 9 shows the histograms of the ratios CALG/CCL obtained for the 100 random problem
instances for a configuration with 80 ports and 120 coflows when CV = 0.2 (left) and when
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NC RR

L n mean std Q1 Q3 mean std Q1 Q3

20 10 1.06 0.04 1.03 1.08 1.94 0.20 1.82 2.10
20 20 1.08 0.03 1.06 1.10 2.37 0.18 2.29 2.51
20 30 1.09 0.03 1.07 1.11 2.64 0.16 2.54 2.74
40 20 1.05 0.02 1.04 1.06 2.36 0.30 2.16 2.58
40 40 1.06 0.02 1.04 1.07 2.94 0.22 2.82 3.08
40 60 1.07 0.01 1.06 1.08 3.30 0.21 3.17 3.44
80 40 1.04 0.02 1.03 1.05 3.13 0.21 3.02 3.27
80 80 1.05 0.02 1.04 1.06 3.83 0.24 3.67 4.02
80 120 1.05 0.01 1.04 1.06 4.24 0.25 4.08 4.40

Table 12: CALG/CCL for flow sizes following a Gamma distribution with CV = 1.

NC RR

L n mean std Q1 Q3 mean std Q1 Q3

20 10 1.53 0.13 1.44 1.62 1.24 0.06 1.19 1.28
20 20 1.80 0.13 1.71 1.86 1.40 0.06 1.37 1.45
20 30 1.94 0.13 1.85 2.01 1.53 0.06 1.50 1.57
40 20 1.49 0.10 1.43 1.57 1.33 0.07 1.28 1.38
40 40 1.66 0.09 1.60 1.72 1.56 0.06 1.53 1.61
40 60 1.75 0.08 1.70 1.80 1.70 0.06 1.67 1.74
80 40 1.37 0.06 1.32 1.40 1.52 0.07 1.47 1.57
80 80 1.52 0.07 1.47 1.56 1.80 0.08 1.75 1.86
80 120 1.60 0.07 1.54 1.64 1.97 0.08 1.93 2.02

Table 13: CALG/CCL for flow sizes following a Gamma distribution with CV = 5.

CV = 5 (right). It is clear that NC performs quite well in both cases, whereas RR performs
poorly for low variability flow sizes.

Figure 10 provides a synthetic view of the above results. It shows the average values (over
100 random instances) of CALG/CCL obtained for NC and RR.

Facebook trace

The statistical results for flow size distribution derived from the empirical distribution of flow
sizes in the Facebook trace is reported in Table 14, and we show the specific distributions of the
ratios CALG/CCL obtained for L = 80 and n = 120 in Figure 11.

For most configurations, NC performs poorly as compared to the CL, and is even significantly
worse than RR. However, for instances with 80 ports, NC outperforms (and only slightly) RR.
This observation is again similar to the one for small instances (see Table 10) for NC gets closer
RR in performance as the instances become larger. Again, RR is better for smaller instances
because of high variability of flow sizes. An intuitive explanation for this phenomenon is as
follows: as the number of flows increases, the aggregate coefficient of variation at a port will
decrease thus favoring NC over RR.

Figure 12 provides a synthetic view of the above results. It shows the average values (over
100 random instances) of CALG/CCL obtained for the non-clairvoyant Sincronia (NC) and the
round-robin allocation (RR).

6 Concluding remarks

We addressed the coflow scheduling problem in the stochastic setting, assuming that the objec-
tive is to minimize the weighted expected completion time of coflows. We proposed a simple
priority policy in which the priority order is computed with Sincronia using the expected
processing times instead of the unknown actual processing times. Performance guarantees are
established for this policy using a polyhedral relaxation of the performance space of stochastic
coflow scheduling policies, first for arbitrary probability distributions of processing times, and
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Figure 9: Histograms of the ratios CALG/CCL for NC and RR for 100 random problem instances
with L = 80 ports and n = 120 coflows. Flow sizes follow a Gamma distribution with either (a)
CV = 0.2 or (b) CV = 5.
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Figure 10: Average values of CALG/CCL for flow sizes following a Gamma distribution with
CV = 0.2 (left), CV = 1 (middle) or CV = 5 (right). The numbers of ports L and of coflows n
are indicated on the x-axis as L.n.

NC RR

L n mean std Q1 Q3 mean std Q1 Q3

20 10 1.70 0.12 1.62 1.76 1.25 0.06 1.21 1.30
20 20 2.15 0.14 2.05 2.24 1.45 0.06 1.42 1.50
20 30 2.43 0.16 2.29 2.52 1.61 0.06 1.57 1.65
40 20 1.65 0.10 1.57 1.71 1.36 0.08 1.31 1.41
40 40 1.98 0.11 1.92 2.05 1.62 0.07 1.58 1.66
40 60 2.17 0.11 2.09 2.24 1.80 0.07 1.75 1.84
80 40 1.57 0.07 1.52 1.62 1.56 0.09 1.49 1.61
80 80 1.81 0.08 1.75 1.86 1.86 0.09 1.80 1.92
80 120n 1.93 0.08 1.88 1.98 2.06 0.09 2.00 2.12

Table 14: Main statistical parameters of ratios CALG/CCL for flow sizes distributed as in the
Facebook trace.
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then for some specific distributions. Empirical results show that this priority policy performs
very well in practice, and much better than the theoretical upper bounds suggest.

We see the following possible future directions emanating from this work. First, we plan
to design preemptive scheduling policies leveraging the information on the attained service of
coflows. Another interesting direction will be to propose policies that choose between RR and
NC based on the variability of the flow-sizes. Further, it will also be interesting to compute the
approximation ratio for a richer class of policies than the order-based ones in this paper. As we
saw, certain policies like RR as not included in this class. Finally, we intend to establish tighter
bounds for some other specific distributions of processing times, and hope to propose methods
for computing the mean CCT in some asymptotic regimes such as large number of coflows and
ports.
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A Proof of Theorem 1

Proof. Let r be a work-conserving and nonanticipative rate-allocation policy and define the
random variable Z`,k = Ck(r) − P`,k. Consider any fixed realization of flow volumes. The
latter yields a specific realization of the processing times p`,k and of the completion times ck(r)
(we use lowercase letters to denote the particular values that our random variables take for
this specific realization of flow volumes). Assume that, for this realization, coflows complete in
the order π, that is, cπ(1)(r) ≤ cπ(2)(r) ≤ . . . ≤ cπ(n)(r). As coflow π(k) completes after all
coflows π(j), j = 1, . . . , k − 1, we clearly have cπ(k)(r) ≥

∑
j≤k p`,π(j) for all ports `. It yields

z`,π(k) ≥
∑
j<k p`,π(j)δ

A
π(j) for any subset A ⊆ C , where δAπ(j) is 1 if π(j) ∈ A and 0 otherwise.

We thus obtain
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A
π(k),
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∑
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and the lower bound is independent of the considered order. Conditioning on the order π and
taking expectation on both sides of (24), it follows that

E

∑
j∈A

P`,jZ`,j | order π

 ≥ 1

2

∑
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2
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2

(∑
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µ`,k

)2

− 1

2

∑
k∈A

µ2
`,k,

where the first equality follows from the independence of processing times. In general, for an
arbitrary rate-allocation policy r, several completion orders are possible. However, if we assume
that r is an order-based policy, the order π in which coflows complete is unique and depends
only on the partial order implemented by this policy, and not on the actual realization of the
processing times. Moreover, as processing times are independent, the random variables P`,k and
Z`,k are statistically independent in this case, so that E [P`,kZ`,k] = µ`,kE [Z`,k]. Hence

E

∑
j∈A

P`,jZ`,j | order π

 = E

∑
j∈A

P`,jZ`,j

 =
∑
j∈A

µ`,jE [Z`,j ] ,

so that

∑
j∈A

µ`,jE [Z`,j ] ≥
1

2

(∑
k∈A

µ`,k

)2

− 1

2

∑
k∈A

µ2
`,k,

and we can conclude the proof with E [Z`,j ] = E [Cj(r)]− µ`,j .

B Proof of Lemma 2

The proof follows the standard approach of using the moment generating function. We give the
details here since a similar proof is also used for Gaussian processing times.

Proof. First, observe that

max
`,j

β`,j = max
`,j

σ2
`,j

µ`,j
≤ γµmin. (25)
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Let X`,k =
∑k
j=1 P`,j and Yk = max`

X`,k∑
i µ`,i

. Using Jensen’s inequality we obtain

etE[Yk] ≤ E
[
etYk

]
= E

[
max
`
e
t
X`,k∑
i µ`,i

]
≤
∑
`

E
[
e
t
X`,k∑
i µ`,i

]

=
∑
`

k∏
j=1

E
[
e

t∑
i µ`,i

P`,j
]

(26)

with the last inequality following from the independence of P`,j . Since P`,j ∼ Γ(s`,j , β`,j),

E[etP`,j ] = (1− β`,jt)−s`,j = (1− β`,jt)
−
µ`,j
β`,j

≤ (1− γµmint)−
µ`,j
γµmin , t < γµ−1min, (27)

where the second equality follows from the fact that s`,jβ`,j = µ`,j and the last inequality
is a consequence of the fact that the RHS is increasing in β`,j and β`,j < γµmin (see (25)).
Substituting (27) in (26), for t < β−1max,

∑
`

k∏
j=1

E
[
e

t∑
i µ`,i

P`,j
]
≤
∑
`

(
1

1− γµmin∑
j µ`,j

t

)∑
j µ`,j

γµmin

≤ L
(

1

1− γt

) 1
γ

,

where the last inequality uses the fact that the RHS is decreasing in
∑
j µ`,j so that we can

substitute
∑
j µ`,j by µmin. Thus,

E[Yk] ≤ γ log(L)− log(1− γt)
γt

, for t < γ−1.

The minimum of the RHS is obtained for

γt̂ :
1

1− γt̂
=
γ log(L)− log(1− γt̂)

γt̂
(28)

and

E[Yk] ≤ 1

1− γt̂
.

We now show that the RHS in (23) is an upper bound for 1
1−γt̂ =: z. Rearranging (28), z is the

solution of
z − log(z) = 1 + γ logL. (29)

Note that the LHS is an increasing function of z and any z satisfying the equality is larger than
1. Applying the bound [30]

log(z) ≤ (z − 1)(z + 1)

2z
, for z ≥ 1,

in the LHS of (29) we get

z − (z − 1)(z + 1)

2z
≤ z − log(z) = c,

which leads to
z ≤ c+

√
c2 − 1⇔ log(z) ≤ log(c+

√
c2 − 1)

Substituting this bound for log(z) in (29), we obtain the stated result.
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C Proof of Lemma 3

Proof. To simplify notations, let X` =
∑k
j=1 P`,j and Y = max`X`. We follow a standard

approach by first deriving a bound on the moment-generating function of Y :

exp (tE[Y ]) ≤ E [exp(tY )] , (30)

= E
[
max
`
exp(tX`)

]
, (31)

≤
∑
`

E [exp(tX`)] , (32)

=
∑
`

E

 k∏
j=1

exp(tP`,j)

 , (33)

=
∑
`

k∏
j=1

E [exp(tP`,j)] , (34)

where inequality (30) follows from Jensen’s inequality and eqality (34) follows from the inde-
pendence assumption. As we assume a normal distribution for the P`,j , we have E [exp(tP`,j)] =

exp
(
tµ`,j +

σ2
`,j

2 t2
)

, where σ2
`,j = CV 2

`,jµ
2
`,j is the variance. It yields

exp (tE[Y ]) ≤
∑
`

exp

t k∑
j=1

µ`,j +
1

2

 k∑
j=1

σ2
`,j

 t2

 ,

≤ Lexp
(
tµ+

σ2

2
t2
)
,

where µ = max`
∑k
j=1 µ`,j and σ2 = max`

∑k
j=1 σ

2
`,j . By taking the logarithm on both sides,

we thus have E[Y ] ≤ 1
t log(L) + µ+ σ2

2 t for all t > 0. As the minimum of the right-hand side is

obtained for t =
√

2 log(L)/σ, we obtain E[Y ] ≤ µ+
√

2 log(L)σ, that is,

E

max
`

k∑
j=1

P`,j

 ≤ max
`

k∑
j=1

µ`,j +
√

2 log(L) max
`

√√√√ k∑
j=1

CV 2
`,jµ

2
`,j . (35)

It yields

E

max
`

k∑
j=1

P`,j

 ≤ max
`

k∑
j=1

µ`,j +
√

2 log(L)CVmax max
`

√√√√ k∑
j=1

µ2
`,j , (36)

≤ max
`

k∑
j=1

µ`,j +
√

2 log(L)CVmax max
`

k∑
j=1

µ`,j , (37)

so that α ≤ 1 +
√

2 log(L)CVmax, as claimed.
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