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Setpoint Tracking for a Class of Lur’e Discrete-Time Systems

F. Ferrante, M. Leomanni, M. L. Fravolini, and S. Tarbouriech

Abstract— Setpoint tracking for a class of discrete-time
nonlinear plants is addressed. The plant under consideration
is a feedback interconnection of a square linear system (with
the same number of inputs and outputs) and a nonlinearity
obeying to an incremental quadratic constraint. Within this
setting, we design a dynamic feedback controller ensuring,
for the closed-loop system, internal exponential stability and
output tracking of constant setpoints with tunable performance
guarantees. A proportional-integral feedback controller is pro-
posed. Combining Lyapunov theory and the use of a quadratic
Lyapunov function, sufficient conditions for the design of the
controller are stated in terms of linear matrix inequalities.
An optimal controller design algorithm based on semidefinite
programming is proposed to design the controller gains to
improve transient performance and limit the control effort. Two
numerical examples illustrate the application of the proposed
methodology.

I. INTRODUCTION

The setpoint tracking problem has been a central problem
in control theory due its practical relevance. This problem
consists of controlling a given plant to ensure its output
tracks a given constant reference. For linear plants, the
underlying theory is well established and rooted in the so-
called output regulation theory, which revolves on the notion
of internal model introduced in [1]. Whenever the plant is
nonlinear, the problem becomes notably harder and other
tools are needed. In this regard, an extension of the linear
internal model theory to nonlinear plants is presented in [2],
yet a general design methodology is still lacking. For the
specific case of setpoint tracking, output regulation theory
prescribes the use of controllers embedding an integral action
processing the tracking error. This led researchers to address
the problem of integral control of nonlinear plants. Funda-
mental results about this problem have been established in
[3], [4] for the case of continuous-time input-affine nonlinear
systems. More recently, the problem of integral control for
the same class of nonlinear systems has been revisited via
contraction theory in [5].

In several cases of practical relevance, the plant can be
modeled as the feedback interconnection of a linear system
and a sector bounded nonlinearity. This class of systems
is generally denoted as Lur’e systems. In the last two
decades, there has been a growing research interest in the
analysis, control, and observation of Lur’e systems, both in
continuous-time and discrete-time. A prominent advantage
of this class of systems is the possibility of representing
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the system nonlinearities via quadratic constraints. Taking
advantage of this feature, sufficient conditions guaranteeing
asymptotic stability can be expressed in terms of linear
matrix inequalities (LMIs) [6]. These conditions can be
efficiently solved through via interior point methods readily
available as off-the-shelf software.

Over the years, LMI-based controller design method-
ologies for Lur’e systems have been extensively used in
addressing stability analysis, stabilization, synchronization,
and observer design. Relevant results in these settings can be
found in [7], [8], [9], [10], [11], [12], [13], just to mention
a few. However, the setpoint tracking problem has received
comparatively less attention. One of the challenges in ad-
dressing this problem is that the extension from stabilization
to setpoint tracking is nontrivial, owning to the nonlinearity
of the plant. The problem of setpoint tracking for Lipschitz
nonlinear systems (a particular class of Lur’e systems) is
tackled in [14]. A similar problem is addressed in [15] and
[16] for linear systems in the presence of saturating input.
More recently, set point tracking for Lipschitz discrete-time
nonlinear systems has been addressed [17]. As opposed to
[14], in [17] the authors assume, similarly as in [8], that the
system nonlinearity depends both on the control and the plant
state. The approach [17] results into an optimization problem
involving bilinear matrix inequality (BMI) constraints for
the design of the controller. An iterative convex relaxation
scheme is proposed to solve the mentioned BMI optimization
problem. This, however requires an initial feasible solution
to the underlying optimization problem to be exploited.

Inspired by the setup in [17], in this paper we address
the problem of setpoint tracking for a class of discrete-
time Lur’e plants. In particular, we consider plants that are
modeled as a feedback interconnection of a linear system and
a nonlinearity obeying to an incremental quadratic constraint
as those considered in [18] and to some extent in [10]. The
feedback interconnection we consider is rather general as it
includes a feedthrough term depending on the control input.
Within this setting, we provide sufficient conditions in the
form of LMIs for the design of a state controller involving
a discrete-time integral action that ensure global exponential
internal stability and global exponential tracking of constant
setpoints. In addition, we formulate a suitable accompayining
optimal control problem that allows for balancing transient
performance against control effort. This problem is later cast
in terms of a semidefinite program, i.e, a convex optimiza-
tion problem over LMI constraints, that can be efficiently
exploited for the design of the proposed controller.

The remainder of the paper is organized as follows.
Section II illustrates and formalizes the problem we solve.



Section III contains the main results of the paper. Section IV
is devoted to optimal controller design. Finally, Section V
illustrates the applicability of our methodology in two nu-
merical examples.

A. Notation

The symbol N> denotes the set of nonnegative integers
and R is the set of real numbers. The Euclidean space of
dimension n is represented by R™, R™*™ is the set of n x m
real matrices, with n, m € N. Given A € R»*™, AT denotes
the transpose of A. When n = m, He(A) == A + AT and
specr(A) indicates the spectral radius of A. The symbol
ker A indicates the kernel of the matrix A. The n x n identity
matrix is denoted by I,,, while I indicates a suitably sized
identity matrix. The symbol S (S™) represents the set of
n X n symmetric positive (negative) definite matrices. For a
symmetric matrix A, A > 0 (A < 0) means that A is posi-
tive (negative) definite. The symbols Apyin (A) and Apax(A)
indicate, respectively, the smallest and largest eigenvalue of
the symmetric matrix A. The notation A; ® Ay @ --- D A,
indicates the block diagonal matrix with A7, As,..., A, on
the diagonal. The shorthand notation A" BA = ()" BA is
used throughout the paper. In partitioned symmetric matrices,
the symbol % represents a symmetric block. For a vector
x € R", |z| denotes its Euclidean norm. Given two vectors
x and y, we use the equivalent notation (z,y) = [z y']T.

B. Preliminaries

In this paper, we consider nonlinear discrete-time control
systems of the form

xt = g(z, )

y = h(z)

where x € R” is the system state, y € R? is a regulated
output and r € RY is a constant setpoint. In particular, given
r € RY a solution to (1) is any function z: N>q — R"™ such
that!

)

z(j+1) = g(x(h),r),

The following notion of stability is used throughout the
paper.

Definition 1 (0-input global exponential stability): The
origin of (1) is O-input globally exponentially stable if there
exist positive scalars x and A such that, for r = 0, the
unique solution x to (1) satisfies

Vi e Nzo.

|2 (5)| < we™ N |2(0)],

II. PROBLEM SETTING

Vj e N>o.

In this work, we consider the following class of nonlinear
square plants

x) = Apxp + Byu + Mpp(2)
2z = Gpzp + Npu (2)
y = Cpap

By definition, solutions to (1) are meant to be complete. This is not
restrictive since any maximal solution to (1) is complete.

where x, € R", u € R?, y € R are, respectively, the plant
state, control input, and regulated output. Matrices A, €
Rnxn’ Bp c Ran’ Mp c RnXp’ Gp c Rsxn, Np c RSX‘I,
Cp € RY*™ are assumed to be known. For the mapping
p: R® — RP a milder assumption is considered later (see
Assumption 2). Within this setting, our goal consists of
designing a feedback controller ensuring, for the closed-loop
system, internal exponential stability and output tracking of
constant setpoints with tunable performance guarantees. To
address this problem, we consider the following assumptions.

Assumption 1: For all r € RY, there exists a unique pair
(Zp,u) € R"" such that

Ty = ApZp + By + Mypp(GpT, + Npti)

CpZp =r.

3)

o
Assumption 1 ensures, for any value of the setpoint r, the
existence of a unique equilibrium pair (Z,, %) ensuring zero
tracking error.
Assumption 2: There exist S € S, T € R**P, and R €
S such that, for all z;, 2o € R?,

R
Moreover
¢(0) = 0. 5)

o
Assumption 2 is somewhat related to the notion of incremen-
tal sector boundedness considered in [10], [19] and it enables
to address the considered output regulation problem via the
use of LMIs. Assuming that ¢ vanishes at zero ensures that
the origin is a zero-input equilibrium for the plant.
Remark 1: Assumption 2 captures several nonlinearities
of interest such as Lipschitz and slope restricted functions;
see [18] for more details.

To solve the considered output regulation problem, in this
section we propose a feedback controller that asymptotically
stabilizes the unknown equilibrium point Z, characterized
in Assumption 1. To this end, we rely on the following
proportional-integral feedback controller:

+ +r—
{5 E+r—y ©
u:prp+KI§

where £ € RY is the controller state (integral of the tracking
error) and Kp € R™*"™ and K; € R?*? are the controller
gains to be designed. The interconnection of (2) and (6)
yields the following closed-loop system with state z =
(‘TIN g ) € Rn+q

z;r = (Ap + BpyKp)x, + B K€ + Myp(2)
Et=¢—Cpap +r

z = Gpl'p + Np(KpiL’p + K]f)

y = Cpy

(7



In particular, by defining

A 0 B
i, Y 2 e

M= [Aﬂ Q= [Gy O] N,K.J = m ®)
——

C = [Cp O],

closed-loop system (7) can be rewritten more compactly as
follows

T = (A+ BK)r + Mp(Qx) + Jr

y=Cuz. ®

We are now in a position to formally state the problem we
solve in this paper.
Problem 1: Design Kp and K such that the following
properties hold:
(i) the origin of the closed-loop system (9) is 0-input GES;
(#) for all r € RY, any solution x to (9) is such that
lim Cx(j) =r.

J—00

III. MAIN RESULTS
A. Sufficient Conditions

By leveraging Assumption 1, the following result can be
established.

Proposition 1: Assume that K7 is nonsingular. Let r €
RY. Then, there exists a unique Z € R™9 such that

Z=(A+BK)T+ Me(Qz) + Jr

r=C2.
Proof: From Assumption 1, there exists a unique pair
(Zp,u) € R"* such that

(10)

Zp = ApTp + By + Mp(GpZ, + Npti)
CpZp =1

From the nonsingularity of K, there exists a unique £ € RY
such that & = Kpz, + K€ In particular, £ = Kl_l(ﬂ —
K,Z,). Then, (10) follows with Z = (z,, §). [ |

Proposition 1 shows that under Assumption 1 the closed-
loop system admits a unique equilibrium ensuring zero
output tracking error. Building upon this property, next we
provide sufficient conditions to solve Problem 1.

Proposition 2: If there exist matrices P € Srfrq, K €
R9*(n+4) and a scalar 7 > 0 such that

T<0 (11)

where the matrix Y is defined in (12) (at the top of the next
page), then

[Kp Ki|=K (13)

solves Problem 1, with K being nonsingular.

Proof: The proof of the result relies on Proposition 1.
To this end, first we show that K; defined in (13) is
nonsingular. By contradiction, assume that K is singular and
that (12) holds. From the satisfaction of (11), since S € S9,
one has that

(A+ BK)"P(A+ BK) - P <0,

which in turn ensures

specr(A + BK) < 1. (14)

Let v € ker(K7) \ {0}. This selection is possible due to K;
being singular. Then

v [ = [ g B - )

which shows that 1 € spec(A + BK). This contradicts
(14), thereby showing that K is nonsingular. We are now
in a position to use Proposition 1 to conclude the proof.
Preliminary steps. Let  be defined as in (10). Define

T =x—x. (15)
Then, from (10)
it = (A+ BK)i+ Md,(Q%,Qx)
9(Z)

where, for all by, hy € R?, 6,(h1, he) = @(h1+ha)—p(h2).
In particular, observe that from Assumption 2, it follows that

(16)

Qr 1'[s T Q7 o
[@(Qi,@f)] [* R] [@(Qf,@a‘:)] =0 VCCER;:)

The latter, can be equivalently rewritten, for all & € R"T9,
as

anaal [0 ] fniora] 20
5,(Q#, Qx) « R ||5,(Qz.Qm) =
[

(18)
Notice that, under the nonsingularity of K;, from Proposi-
tion 1, for r = 0, z = 0. The satisfaction of items (¢) and (%)
in Problem 1 is equivalent to the GES of the origin of (16).
Next we show that this property holds. Let, for all # € R"*9,
V(%) = " PZ, with P = P" = 0. In particular, since
P € S, V is positive definite and radially unbounded.
Pick # € R""? and define x = (Z,0,(QZ, QZ)). Then,
from the definition of Y in (12), simple calculations yield

X' Tx =V(g(&) - V(&) +7x Px.

Hence, from (11), the latter gives V(g(z)) — V(&) +
X " ®x < —|Amax(Y)|ZTZ which, due to (18), gives

V(g(2)) = V() < ~[Amax(T)|7 " 7.

19)

(20)

Since the above inequality does not depend on the specific
selection of x, one can conclude that it holds for any ¥ €
R"T4, Hence, by invoking [20, Theorem 28] one has that
the origin of (16) is GES. This concludes the proof. |

B. Controller Design

Proposition 2 provides sufficient condition for the solution
to Problem 1. However, it is worth to notice that (11) is
nonlinear in the decision variables P, K, and 7. Therefore,
this condition is hard to exploit from a numerical standpoint.
To overcome this drawback, next we provide an equivalent
LMI condition.



T =
*

(WGT +YTNT
pR
*
*

-W
II .= *

*

*

Proposition 3: If there exist matrices W € S7"% and Y €
R2*("+9) and a positive scalar p such that

=<0 (22)

where the matrix II is defined in (21) (at the top of the page),
then,

[Kp K[ =YW (23)

solves Problem 1, with K being nonsingular.
Proof: Let A := W-le %I @ I & I. Then, from (22),
by congruence, one has

—w -t N (44 BR)T (G 4+ N, K) T

7 T
AlTIA=| * » M 0 ~<0.
* * -Ww 0
* * * —pS—1

From Schur complement, the latter inequality gives

W LG+ NK)' T
* %R

+[w=t o A+BK M
cor [N e b
Straightforward computations show that the matrix in the
left-hand side of the above inequality corresponds to the
matrix Y defined in (12) with P = W~! and 7 = p~! and
K as defined in (23). Therefore, by invoking Proposition 2
the result is established. |

IV. OPTIMAL CONTROLLER DESIGN
To ensure some level of performance, we introduce the
following quadratic cost

o0

T (x()or) =Y (2(j) = 2)TCJLCL(2(j) — 2)+

Jj=0

(Ka(j) —u) " H(Kz(j) - a)

(24)

where C,, € R0 [, ¢ S¥, H € S?, @ and 7 are
the values of w and z at the equilibrium point defined,
respectively, in Assumption 1 and Proposition 1. These
values depend on the selection of r, and impose that for any
r and any (maximal) solution z to (7), J(z(:),r) is upper
bounded. This leads to the following problem.

Problem 2: Let p > 0 be given. Design Kp and Kj
nonsingular such that the following properties hold:

() the origin of the closed-loop system (9) is O-input GES;

()T P(A+ BEK) — P+17(e)"S(G + N,K)

(A+BK)'PM +7(G+ N,K)'T

(¢)TPM + 7R (2)
WAT +YTBT WGT +YTNT
oM 0
W 0 (1)
* —pS—1

(7) for any r € R, any solution z to (9) is such that
lim Cz(j) =r
J—00

(#i7) for any r € RY, any solution z to (9) is such that

T (@(),r) < p(x(0) — )" (2(0) - ).

where 7 is defined in (10).
Proposition 4: Let L € S, H € S%, and p > 0. If there
exist matrices P € ST'Q, K € R9*(n+9) and a scalar 7 > 0
such that

CTLC,+KTHE 0

T+ 0 0

(25)
P—ul X0

where the matrix Y is defined in (12) (at the top of the page).
Then, K solves Problem 2, with K; being nonsingular.

Proof: Since the satisfaction of (25) implies (11), by
Proposition 2 items (i) and (i¢) in Problem 2 are fulfilled.
Hence, to conclude the proof, we show that item (i4¢) in
Problem 2 with y = Apax(P). To this end, let V(Z) =
T P, for all & € R™. Then, by following similar steps as
in the proof of Proposition 2, (25) yields, for all z € R™

V(g(2))-V(&) <2 (L+K"HK)Z (26)

with g being defined as in (16). Now observe that from the
proof of Proposition 2, it follows that the satisfaction of (25)
ensures that K7 is nonsingular. Therefore, by building upon
Proposition 1, given any r € R? and any trajectory z to (9),
the cost index defined in (24) can be rewritten as
J(@(),r) = () (C5LC, + KT HK)i(j)
j=0

27

where T is the unique trajectory of the error system (16) such
that Z(0) = 2(0) — Z. Notice that, as shown in the proof of
Proposition 2, one has that

lim z(j) =0.
j—o0

From, (26) it holds, for all j € N> that
V(2(j+1) =V (2(j)+2(j) " (C) LCu+K "HK)Z(j) < 0

(28)

which in turn, by simple manipulations, yields, for all j €
N>q,

V(i:(j))fV(:E(O))Jri #(k)"(C]LC,+KTHK)Z(k) < 0.
k=1



By taking the limit for j that goes to infinity from the latter,
by using (28) and the fact that V' is continuous and positive
definite, one gets

k)" (clLe, + KTHK)i#(k) < V(2(0)).
k=1

Hence, thanks to (27) and the definition of V, the proof is
completed. |

Similarly to Proposition 2, Proposition 4 cannot be ex-
ploited directly to design the controller gains Kp and K,
condition (25) being nonlinear in the decision variables.
To overcome this drawback, next we provide an equivalent
condition to (25) that is linear in the decision variables.

Proposition 5: Let L € S% and H € S% . If there exist
matrices W € S/1% and Y € R9*("+9) and a positive scalar
p such that

r T T
I Wocw Y
T s S <0 (29)
B * ~-H!
_fI —{4/] < 0. (30)

where the matrix II is defined in (21) (at the top of the
previous page). Then,

[Kp Ki=YW™

solves Problem 1, with K being nonsingular. |

The proof of Proposition 5 is wholly similar to the one of
Proposition 3, therefore it is omitted.

Although the value of the bound x introduced in Problem 2
is assumed to be given, in practice one may be interested in
designing the controller gains with the objective of minimiz-
ing this value. This can be achieved by consider the following
optimization problem.

e

subject to  (29), (30).

€2y

It is worth to mention that (31) is a semidefinite program,
i.e., a convex optimization problem over LMI constraints.
Therefore, it can efficiently solved by relying on off-the-shelf
software.

V. NUMERICAL EXAMPLES

In this section, we illustrate the effectiveness of the
proposed approach in two numerical examples. Example 1
is an academic example and is used to illustrate the results
in Section III.B. Example 2 is a more practically relevant
example and is used as a test-bed for the optimal design
presented in Section IV.

Example 1: We consider the plant in [17, Example 1] that
can be written as (2) with

1-2t, 3t o B
Ap - |: 3ts 1+tg:| ’ BP - |:t§:| ’ Cp - [1 O]

0
- [0

The scalar ¢, represents the sampling period introduced by
discretization of the original continuous-time plant and, as
in [17, Example 1], we select t; = 0.01. Concerning the
nonlinearity ¢, notice that since for all z € R, d%go(z) €
[—1, 1], from Cauchy’s mean value theorem one has that for
all z1 # 2o

] Ny =—-0.1,G, =[1 0],¢(z) = cos(z).

1< p(22) — p(21) <1

22 — 21

Namely for all 21,20 € R

L(z1,22) =(—p(22) + p(21) + 22 — 21) %
(p(z2) + (1) + 22 — 21) > 0.

Simple calculations show that

N | N

which reads as (4) with S = 1,7 = 0, and R = —1.
By solving the conditions in Proposition 3, one gets the
following controller gains Kp = [—100 —33] , K =64.
Fig. 1 shows the evolution of the regulated output and of the
control input with x,(0) = 0,£(0) = 0. Simulations clearly
show that the proposed control design ensures asymptotic
tracking of the setpoint.

|
|
|
|
|
|
|
0 50 100 150 200
J

£

0 50 100 150 200
J

Fig. 1: Example 1. Top picture: evolution of the regulated output ¥, (blue x) and of
the setpoint (orange solid-line). Bottom picture: evolution of the control input.

Example 2: We consider the discretized version of the
flexible link model in [21]. In particular, by using Euler
discretization with a sampling time 0.1 the model writes as
system (2) with

0 1 0 0 0
4, = —408.6 —10.25 4&(3).6 (1) B, =01 2%).6 ,
19.5 0 -195 0 0
0
Cpo=1[0 0 1 0],M,=01 8 N, =0
-3.33

Gp=10 0 1 0],p(2)=sin(z).



Similarly as in Example 1, ¢ satisfies (4) with S =1, R =
—1, and T' = 0. For this example, we design the controller
gains by solving optimization problem (31) with C,, =
0 0 1 0 1], L = 10I, and H € {0.01,0.1}. The
evolution of the tracking error and control signal for the two
designs are reported, respectively, in Fig. 2 and Fig. 3. In
these simulations, x,(0) = 0,£(0) = 0, and the setpoint
is selected as r = 3 for j € {0,1,...,44} and r = —3
for j € {45,46,...,90}. As it appears from the simulations,
the proposed optimization is effective in reducing the control
effort without impairing tracking performance.

e - oo
ol ‘ ,

0 20 40 . 60 80

‘ 555 I

40 j 60 80

-8 :
0 20

Fig. 2: Example 2. Evolution of the tracking error for H = 0.1 (top) and H = 0.01
(bottom).

-40 I I I I
0 20 40

Fig. 3: Example 2. Evolution of the control input for H = 0.1 (top) and H = 0.01
(bottom).

VI. CONCLUSION

The paper addressed the problem of setpoint tracking for
a class of discrete-time nonlinear plants. Considering a plant
resulting from a feedback interconnection of a linear system
and a nonlinearity obeying to an incremental quadratic
constraint, the design of a proportional-integral feedback
controller was proposed. A suitable optimal control problem
focusing on the satisfaction of a performance level with

respect to a quadratic cost was formulated and recast into
a semidefinite program. The results obtained open the door

for forthcoming works. In particular, the extension to non-
square, and possibly saturated, plants is currently part of our
research.
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