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Résumé

Les certificats de positivité ou Positivstellensdtze fournissent des représentations de polynémes
positifs sur des ensembles semialgébriques de basiques, c’est-a-dire des ensembles définis par un
nombre fini d’inégalités polynomiales. Le célebre Positivstellensatz de Putinar stipule que tout
polyndéme positif sur un ensemble semialgébrique basique fermé S peut étre écrit comme une com-
binaison pondérée linéaire des polynémes décrivant .S, sous une certaine condition sur .S légerement
plus forte que la compacité. Lorsqu’il est écrit comme ceci, il devient évident que le polynome est
positif sur .S, et donc cette description alternative fournit un certificat de positivité sur S.

De plus, comme les poids polynomiaux impliqués dans le Positivstellensatz de Putinar sont des
sommes de carrés (SOS), de tels certificats de positivité permettent de concevoir des relaxations
convexes basées sur la programmation semidéfinie pour résoudre des problémes d’optimisation
polynomiale (POP) qui surviennent dans diverses applications réelles, par exemple dans la gestion
des réseaux d’énergie et 'apprentissage automatique pour n’en citer que quelques unes. Développée
a lorigine par Lasserre, la hiérarchie des relaxations semidéfinies basée sur le Positivstellensatz de
Putinar est appelée la hiérarchie Moment-SOS.

Dans cette thése, nous proposons des méthodes d’optimisation polynomiale basées sur des
certificats de positivité impliquant des poids SOS spécifiques, sans ou avec dénominateurs.

La premieére partie de ce manuscrit se concentre sur les méthodes sans dénominateurs, et basées
sur le Positivstellensatz de Putinar.

Nous proposons une nouvelle hiérarchie Moment-SOS pour résoudre des problémes d’optimisation
de polynomes creux & grande échelle. Sa nouveauté est d’exploiter simultanément la parcimonie
corrélative et la parcimonie des termes en combinant les avantages de deux cadres existants pour
Poptimisation des polynémes creux. Ce faisant, nous obtenons (i) une hiérarchie & deux niveaux
de relaxations de programmation semidéfinies avec la propriété cruciale de comporter des blocs de
matrices SDP (au lieu d’une seule grande matrice), et (ii) la garantie de convergence vers I’optimum
global sous certaines conditions. Nous démontrons son efficacité et son évolutivité sur plusieurs
instances a grande échelle du célebre probleme Max-Cut et sur certaines instances de 'important
probléme industriel de flux de puissance optimal (OPF), impliquant jusqu'a six mille variables et
des dizaines de milliers de contraintes.

Ensuite, nous prouvons que chaque relaxation moment semidéfinie d'un POP contraint peut
étre reformulée comme un programme semi-défini faisant intervenir une matrice ayant la propriété
de trace constante (CTP). En conséquence, de telles relaxations peuvent étre résolues efficacement
par des méthodes du premier ordre qui exploitent le CTP, par exemple, la méthode de Lagrangien
augmenté basée sur le gradient conditionnel. Nous étendons également ce cadre d’exploitation de
CTP aux POPs a grande échelle avec différentes structures de parcimonie. L’efficacité de cette
méthode est illustrée sur des relaxations de moment de second ordre pour divers programmes
quadratiques a contrainte quadratique générés aléatoirement.

La deuxiéme partie de ce manuscrit porte sur les méthodes avec dénominateurs, basées sur les
certificats de positivité dus a Putinar et Vasilescu, Reznick, ainsi qu’a Pélya.

Nous revisitons deux certificats de positivité sur des ensembles semialgébriques basiques (éventuellement
non compacts) dus & Putinar et Vasilescu. Nous utilisons la technique de Jacobi pour fournir une
preuve alternative avec un degré effectif 1ié aux poids SOS dans de tels certificats. En conséquence,
nous pouvons définir une hiérarchie de relaxations semidéfinies pour les POPs généraux. La con-
vergence vers un voisinage de la valeur optimale et la dualité forte sont garanties. Dans une sec-
onde contribution, nous introduisons une nouvelle méthode numérique pour résoudre des systemes
d’inégalités et d’égalités polynomiales avec éventuellement un nombre indénombrable de solutions.
En prime, on peut appliquer cette méthode pour obtenir des optimiseurs globaux approchés en
optimisation polynomiale.

Nous fournissons ensuite une nouvelle borne sur le degré des poids SOS dans le Positivstellensatz
de Putinar—Vasilescu et obtenons le nouveau Positivstellensatz suivant:

Si f est un polynéme de degré au plus 2dy, positif sur I’ensemble semi-algébrique S := {x :



gi(x) > 0, i € [m]} A intérieur non vide (et avec g1 := R — ||x||3 avec R > 0), alors il existe des

constantes positives ¢ et ¢ dépendantes de f, g; telles que pour tout € > 0, pour tout k > ce™¢,

L+ [Ix[I3)*(f + ) = 00 + Zaigi ;
=1

pour des polynémes SOS o; avec deg(op) et deg(o;9;) au plus 2(dy + k). Ici || - |2 désigne la
norme vectorielle /5. En conséquence, nous obtenons une hiérarchie convergente de relaxations
semidéfinies pour les bornes inférieures en optimisation polynomiale sur des ensembles semi-
algébriques compacts basiques. La complexité de cette hiérarchie est O(¢~¢) pour une précision
prescrite € > 0. En particulier, si m = L = 1 alors ¢ = 65, ce qui donne une complexité de calcul
O(e7%) pour minimiser un polynéme sur la boule unité.

Dans une autre contribution, nous dérivons une variante creuse du Positivstellensatz de Reznick.
Si f est une forme définie positive, le Positivstellensatz de Reznick indique qu’il existe k € N tel
que [|x||3¥f est un SOS. Si nous supposons maintenant que f = > *_, f., ot chaque forme f.
dépend d’un sous-ensemble des variables initiales, et supposons que ces sous-ensembles satisfont
la propriété d’intersection courante (RIP). Alors il existe k € N tel que f = >F_, o./HEF, on
0. est une somme de carrés de polynoémes, H. est un dénominateur polynomial uniforme, et
les deux polynoémes o., H. dépendent uniquement des mémes variables que f., pour chaque ¢ €
[p]. En d’autres termes, le modele de parcimonie de f se reflete également dans cette version
parcimonieuse du certificat de positivité de Reznick. Nous utilisons ensuite ce résultat pour obtenir
également des certificats de positivité pour (i) les polynémes non négatifs sur tout l'espace et (ii)
les polyndmes positifs sur un ensemble semialgébrique basique (éventuellement non compact), en
supposant que les données d’entrée satisfont la RIP. Les deux sont des versions parcimonieuses du
Positivstellensatz de Putinar-Vasilescu.

Enfin, nous considérons la minimisation d’un polynéme sur un ensemble semialgébrique contenu
dans V'orthant positif. Il peut étre converti en un POP équivalent en élevant au carré chaque
variable. En utilisant la parité et le concept de largeur de facteur, nous proposons une hiérarchie
de relaxations semidéfinies basée sur I’extension du Positivstellensatz de Pélya par Dickinson—Povh.
Comme caractéristique distinctive et cruciale, la taille maximale de la matrice de chaque relaxation
semidéfinie résultante peut étre choisie arbitrairement. De plus, la suite de valeurs renvoyée par la
nouvelle hiérarchie converge vers la valeur optimale du POP d’origine au taux O(¢~) si 'ensemble
semialgébrique a un intérieur non vide. Nous appliquons la méme idée pour une extension du
Positivstellensatz de Handelman pour obtenir une autre hiérarchie de relaxations semidéfinies avec
une taille de matrice maximale prescrite. Lorsqu’elle est appliquée a la certification de la robustesse
des réseaux de neurones multicouches et au calcul de valeurs singuliéres maximales positives, notre
méthode basée sur le Positivstellensatz de Pélya fournit de meilleures bornes et s’exécute plusieurs
centaines de fois plus rapidement que la hiérarchie Moment-SOS standard.

Mots-clés: optimisation polynomiale, hiérarchie Moment-SOS, taux de convergence, program-
mation semidéfinie, Positivstellensatz de Putinar, Positivstellensatz de Putinar—Vasilescu, Posi-
tivstellensatz de Reznick, Positivstellensatz de Pélya, propriété de trace constante, parcimonie des
variables et des termes
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Abstract

Positivity certificates or Positivstellensitze provide representations of polynomials positive on
basic semialgebraic sets, i.e., sets defined by finitely many polynomial inequalities. The famous
Putinar’s Positivstellensatz states that every positive polynomial on a basic closed semialgebraic
set S can be written as a linear weighted combination of the polynomials describing S, under
a certain condition on S slightly stronger than compactness. When written in this it becomes
obvious that the polynomial is positive on S, and therefore this alternative description provides a
certificate of positivity on S.

Moreover, as the polynomial weights involved in Putinar’s Positivstellensatz are sums of squares
(SOS), such Positivity certificates enable to design convex relaxations based on semidefinite pro-
gramming to solve polynomial optimization problems (POPs) that arise in various real-life appli-
cations, e.g., in management of energy networks and machine learning to cite a few. Originally
developed by Lasserre, the hierarchy of semidefinite relaxations based on Putinar’s Positivstellen-
satz is called the Moment-SOS hierarchy.

In this thesis, we provide polynomial optimization methods based on positivity certificates
involving specific SOS weights, without or with denominators.

The first part of this manuscript focuses on methods without denominators, and based on
Putinar’s Positivstellensatz.

We propose a new Moment-SOS hierarchy for solving large-scale sparse polynomial optimiza-
tion problems. Its novelty is to exploit simultaneously correlative sparsity and term sparsity by
combining advantages of two existing frameworks for sparse polynomial optimization. In doing
so we obtain (i) a two-level hierarchy of semidefinite programming relaxations with the crucial
property to involve blocks of SDP matrices (instead of a single big matrix), and (ii) the guarantee
of convergence to the global optimum under certain conditions. We demonstrate its efficiency and
scalability on several large-scale instances of the celebrated Max-Cut problem and some instances of
the important industrial optimal power flow problem (OPF), involving up to six thousand variables
and tens of thousands of constraints.

Next, we prove that every semidefinite moment relaxation of a constrained POP can be refor-
mulated as a semidefinite program involving a matrix with constant trace property (CTP). As a
result, such relaxations can be solved efficiently by first-order methods that exploit CTP, e.g., the
conditional gradient-based augmented Lagrangian method. We also extend this CTP-exploiting
framework to large-scale POPs with different sparsity structures. Efficiency and scalability are
illustrated on second-order moment relaxations for various randomly generated quadratically con-
strained quadratic programs.

The second part of this manuscript focuses on methods with denominators, based on positivity
certificates due to Putinar and Vasilescu, Reznick, as well as Pélya.

We revisit two certificates of positivity on (possibly noncompact) basic semialgebraic sets due to
Putinar and Vasilescu. We use Jacobi’s technique to provide an alternative proof with an effective
degree bound on the SOS weights in such certificates. As a consequence, we can define a hierarchy
of semidefinite relaxations for general POPs. Convergence to a neighborhood of the optimal value
as well as strong duality and analysis are guaranteed. In a second contribution, we introduce a
new numerical method for solving systems of polynomial inequalities and equalities with possibly
uncountably many solutions. As a bonus, one can apply this method to obtain approximate global
optimizers in polynomial optimization.

We next provide a new degree bound on the SOS weights in Putinar—Vasilescu’s Positivstellen-
satz and obtain the following new Positivstellensatz:

If f is a polynomial of degree at most 2d;, nonnegative on the semialgebraic set S = {x :
gi(x) >0, i € [m]} with nonempty interior (and with g; :== R — ||x||3 for some R > 0), then there



exist positive constants ¢ and ¢ depending on f, g; such that for any € > 0, for all £ > ce™¢,

m

L+ X[ (f +2) =00+ > aigi,
=1

for some SOS polynomials o; with deg(og) and deg(o,g;) at most 2(ds + k). Here | - ||2 denotes the
{5 vector norm. As a consequence, we obtain a converging hierarchy of semidefinite relaxations for
lower bounds in polynomial optimization on basic compact semialgebraic sets. The complexity of
this hierarchy is O(e~*¢) for prescribed accuracy € > 0. In particular, if m = L = 1 then ¢ = 65,
which yields a O(e7%%) computational complexity for minimizing a polynomial on the unit ball.

In another contribution we derive a sparse variant of Reznick’s Positivstellensatz. If f is a
positive definite form, Reznick’s Positivstellensatz states that there exists k € N such that ||x||3* f
is an SOS. Namely, assume that f = >""_, f., where each form f. depends on a subset of the initial
variables, and assume that these subsets satisfy the so-called running intersection property (RIP).
Then there exists k € N such that f = Zfz:l o./H f, where o, is a sum of squares of polynomials,
H_ is a uniform polynomial denominator, and both polynomials o., H, involve the same variables
as fe, for each ¢ € [p]. In other words, the sparsity pattern of f is also reflected in this sparse version
of Reznick’s certificate of positivity. We then use this result to also obtain positivity certificates for
(i) polynomials nonnegative on the whole space and (ii) polynomials nonnegative on a (possibly
noncompact) basic semialgebraic set, assuming that the input data satisfy the RIP. Both are sparse
versions of Putinar—Vasilescu’s Positivstellensatz.

Finally, we consider the minimization of a polynomial on a semialgebraic set contained in the
nonnegative orthant. It can be converted to an equivalent POP by squaring each variable. Using
even symmetry and the concept of factor width, we propose a hierarchy of semidefinite relaxations
based on the extension of Pdlya’s Positivstellensatz by Dickinson—Povh. As its distinguishing and
crucial feature, the maximal matrix size of each resulting semidefinite relaxation can be chosen
arbitrarily. Moreover, the sequence of values returned by the new hierarchy converges to the optimal
value of the original POP at the rate O(¢~°) if the semialgebraic set has nonempty interior. When
applied to (i) robustness cerification of multi-layer neural networks and (ii) computing positive
maximal singular values, our method based on Poélya’s Positivstellensatz provides better bounds
and runs several hundred times faster than the standard Moment-SOS hierarchy.

Keywords: polynomial optimization, Moment-SOS hierarchy, convergence rate, semidefinite
programming, Putinar’s Positivstellensatz, Putinar—Vasilescu’s Positivstellensatz, Reznick’s Posi-
tivstellensatz, Pélya’s Positivstellensatz, constant trace property, correlative and term sparsity
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Chapter 1

Introduction

1.1 A brief history of positivity certificates

Deciding nonnegativity of a polynomial is an important and attractive problem throughout
history of the development of real algebraic geometry. In his famous and seminal work [79], Hilbert
characterized all cases where nonnegative polynomials are sums of squares (SOS) of polynomials.
They are the first positivity certificates without denominators. Later Blekherman showed in [19]
that there are significantly more nonnegative polynomials than SOS. In 1927 Artin proved in [7] that
every nonnegative polynomial can be decomposed as a sum of squares of rational functions, thereby
solving Hilbert’s 17th problem. Namely, f is nonnegative if and only if op f = oy for some SOS
polynomials o and op # 0. Accordingly, Hilbert—Artin’s Positivstellensatz has a non-prescribed
denominator. Nevertheless, in his celebrated work [I75] Reznick provides a representation that
involves a uniform denominator for positive definite forms. Later on, positivity certificates on a
general semialgebraic set, involving denominators, have been proposed by Stengle [192] (see also
Krivine [I0I]). A basic semialgebraic set S(g,h) can be written as

S(g,h) = {xeR": g;(x)>0,ie€[m]; hj(x)=0,j€[l]}, (1.1.1)

where n € N is the dimension of the ambient space, m,l € N are the number of inequality and
equality constraints, and (g;, h;) are polynomials, [m] := {1,...,m}. Stengle and Krivine rely on

l
P(g,bh) := > oagtt.gar 4 bihi 0a € I[x], ¢ €REX] p (1.1.2)
ac{0,1}™ j=1

a tool from real algebraic geometry called preordering, associated with the polynomials (g;, ;).
Here R[x] denotes the ring of real polynomials and 3[x] C R[x] stands for the set of SOS polyno-
mials. Krivine—Stengle’s Positivstellensatz (or representation of positive polynomials) states that

fZOOIl S(g»b) <~ 3‘11,(]2 ep(gah)a seN: Q1f:f2S+QZ, (113)
f>0o0nS(g,h) & 3,2 €P(g,bh): auf =1+¢.

Notice that the above representations involve a multiplier ¢; for f as well as cross-products of the

g's in (L12).
When S(g,b) is compact, Schmiidgen proves in [I85] that if f > 0 on S(g,bh), then f € P(g,b),
yielding the first Positivstellensatz without denominators over a general compact semialgebraic set.

Let

m l
Q(g, b) =400+ Zaigi + Z¢jhj 105 € E[XL gbj € R[X] . (115)
i=1 j=1

The set Q(g, h) is called the quadratic module associated with the polynomials (g;, ;). In 1993
Putinar [I68] refined Schmiidgen’s Positivstelensatz [I85] for compact basic semialgebraic sets
(1.1.1) that satisfies an Archimedean condition. The latter states that R — ||x||3 belongs to Q(g, b)

17
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Table 1.1: Some known Positivstellensitze.

Year| Author(s) | Statement Compact | Denominator
Hllt.)ert— If f is globally nonnegative, then opf = on for yes
1888| Artin no .
some op,on € X[x]. (non-prescribed)
79, [
Krivine- If a polynomial f is nonnegative on S(g), then o f = yes
1964| Stengle > (0a ], gi") for some 0,04 € L[x]. no (non-prescribed)
[TOT], 192 «€{0,1}m =1
1974 Pélya If f is a form and f > 0 on R} \{0}, then (ZJ z;)Ff o yes
[166] has nonnegative coefficients for some k € N. (prescribed)
Schmiidgen | If f is positive on S(g) and S(g) is compact, then
1991 - m o a; yes no
[185] f= Zae{o,l}m (o [~ gi") for some oo € X[x].
. If a polynomial f is positive on S(g) satisfying the
Putinar . . m
1993 168 Archimedean assumption, then f = oo + Zi:l 0igi | yes no
for some o; € X[x].
1995 Reznick If f is a positive definite form, then [x[|3* f € Z[x] o yes
[1I75] for some k € N. (prescribed)
. If a polynomial f is nonnegative on S(g), then for
Putinar— . k
. every € > 0, there exists k € N such that 0°(f + yes
1999 | Vasilescu d m no .
[70] e0?) = oo + Y " 0igi for some o; € X[x], where (prescribed)
d:= 1+ |deg(f)/2] and 0 := ||x||3 + 1.
If a polynomial f is nonnegative on S(g) C R,
Dickinson_. then for every ¢ > 0, there exists £ € N such that os
2015 Povh [45] 08 (f + 0% = oo + Z’;l 0ig; for some o; being | no %7 rescribed)
M SOS of monomials, where d := 1 + |deg(f)/2] and P
0= xI3 + 1.

for some R > 0; this can be automatically ensured by including the additional redundant constraint
gm+1(x) := R — ||x||3 > 0 in the definition of S(g,b). It avoids a multiplier for f and no cross-
product of the g;’s, a highly desirable feature for optimization purposes. Explicitly, Putinar’s
Positivstellensatz states the following result:

Theorem 1.1. (Putinar [168]) Let f, g1, ..., gm, 1, ..., hi € R[x]. Assume that O(g,b) is Archimedean
and f is positive on S(g,h). Then f belongs to Q(g,bh).

In Table Il we list some Positivstellensitze.

SOS decompositions of nonnegative polynomials have a distinguishing feature with impor-
tant practical implications: Indeed they are tractable because they can be obtained by solving
a semidefinite program. Semidefinite programming (SDP) is an important class of convex conic
optimization problems that can be solved efficiently, up to arbitrary precision, fixed in advance;
the interested reader is referred to, e.g., [16, Chapter 4]. Namely, writing a polynomial f € R[x]2q4
as an SOS boils down [I61] to computing the entries of a symmetric (Gram) matrix G with
only nonnegative eigenvalues (denoted by “G > 07) such that f = v;—Gvd, with vg being the
vector of all monomials of degree at most d. This connection between SOS and SDP promotes
many important applications of optimization, operations research, signal processing, computa-
tional geometry, probability and statistics, control, PDEs, let alone recent applications in quan-
tum information and computer vision. For more details the interested reader is referred to, e.g.,
[208 202, 2141 [184), [183) (36, [34, [194] [T54) [T93] and references therein.

1.2 A brief history on polynomial optimization
Optimization of polynomials on semialgebraic sets is an important area of applied mathemat-

ics, which initially motivated the introduction of the Moment-SOS hierarchy, based on positiv-
ity certificates with SOS weights. Indeed since the pioneer works of Lasserre [102] and Parrilo



1.3. OVERVIEW OF DEGREE BOUND AND CONVERGENCE RATE 19

[157], SOS have now become a powerful tool in polynomial optimization. Given polynomials

feR[x], 0= {9} CRx],h={h;}}_, C R[x], consider the following polynomial optimization
problem (POP):

*:= inf x), 1.2.1

[r= b ) (1.2.1)

with n variables, m inequality constraints, | equality constraints, and where S(g, ) is defined as
in (T.1.I). In general POP (1.2.1)) is non-convex and NP-hard (see Laurent [I10]).

Consider first the unconstrained case of POP corresponding to S(g,h) = R"™. If f — f*
(> 0 on R™) is an SOS polynomial then f* can be obtained by solving a single semidefinite program
(SDP). Obviously denominators are not required in this case. However in general f — f* is an SOS
of rational functions (not polynomials) due to Krivine—Stengle’s Positivstellensatz, and therefore
denominators are required, which yields:

f*= sup {AN:op(f—=A) =on; on,op € X[x]; op(0)=1}. (1.2.2)

A\, ON,0D

By fixing in advance a bound d on the degree of the denominator op, one may solve by SDP
combined with bisection search on A, and let d increase if there is no solution. The normalization
constraint op(0) = 1 ensures that neither the denominator op nor the numerator oy is the zero
polynomial.

In the constrained case, a basic idea is to rather consider

f*=sup{AeR: f—A>0onS(gh)} (1.2.3)

and replace the difficult constraint “f — XA > 0 on S(g,h)” with the stronger but more tractable
certificate of positivity on S(g, ) for f—A. For instance, if S(g,b) in is compact and assum-
ing with no loss of generality that the Archimedean assumption holds, Putinar’s Positivstellensatz
(Theorem provides the decomposition f — X = o9 + Y i~ 0;9;, with o; € X[x]. Then one
obtains the monotone non-decreasing sequence (pi)ren of lower bounds on f* defined by

pri=sup{A: f—A=00+ Zoigi7 o; € X[x], deg(oo) < 2k, deg(o:9:) < 2k}, (1.2.4)
A0 i=1

where denominators are not needed. Moreover, by invoking Putinar’s Positivstellensatz, one ob-
tains the convergence pr 1 f* as k increases. Introduced by Lasserre in [102], for each fixed k,
is a semidefinite program and is an SOS strengthening of (as we restrict the feasible
set). The dual of is also a semidefinite program which is a Moment relazation of (1.2.1)).
The Moment-SOS hierarchy is the sequence (indexed by k) of semidefinite programs d
their associated duals. As proved by Nie [147], convergence of (pi)ren to f* is finite for generic
constraints S(g, h), and with the numerical procedure of Henrion and Lasserre [77] one can extract
global minimizers from an optimal solution of the (exact) semidefinite relaxation (dual to (1.2.4))
in the hierarchy. It relies on the flat extension condition of Curto and Fialkow [40] ITI]. In the
above-mentioned frameworks, compactness of S(g, h) is crucial.

In this thesis, we treat the case where S(g, h) is not compact by an appropriate use of Putinar—
Vasilescu’s Positivstellensatz stated in Table [1.1) with the uniform denominator (1 + ||x[|3)*. Fur-
thermore, we discover and exploit that with this uniform denominator one may obtain different
types of Moment-SOS hierarchies with smaller computational complexity than standard ones, hence
with a better efficiency for solving POPs.

1.3 Overview of degree bound and convergence rate

The convergence rate of the Moment-SOS hierarchy to the optimal value of a POP inherently
depends on the complexity of the representation of positive polynomials. Roughly speaking, ob-
taining a lower degree bound on the SOS polynomials involved in the positivity certificate allows
one to improve the convergence rate of the corresponding Moment-SOS hierarchy. How to find
such lower degree bound is an interesting question and goes hand in hand with the quest of improv-
ing the convergence analysis of the Moment-SOS hierarchy. Let us review some of the standard
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results on degree bounds of positivity certificates and the corresponding convergence rates of the
associated Moment-SOS hierarchy.
We denote by S"~! the unit sphere in R". For each q € R[x], let

__sup {q(x) iX E S”fl}
@)= g0 i x e 1} -

In [I75] Reznick provides a Positivstellensatz involving a uniform denominator for positive definite
forms with an explicit degree bound:

Theorem 1.2. (Reznick [175, Theorem 8.12]) Suppose that q € R[x] is a positive definite form of
degree 2d, for some d € N. Then for k € N and

2nd(2d — 1)
4log?2

d(q) — ngm, (1.3.1)

||X||§kq is an SOS of polynomials.

In [I75, Theorem 3.12], Reznick guarantees that the SOS decomposition of ||x||3¥¢ is actually
a sum of powers of linear forms. The degree bound of Reznick’s Positivstellensatz yields a linear
convergence rate of O(e~!) for the minimization of a polynomial (see [I30, Theorem 6]).

Powers and Reznick [I67] improve the existing degree bound available for Pélya’s Positivstellen-
satz [165] which is associated with another uniform denominator. Explicitly, if ¢ is a homogeneous
polynomial of degree d positive on the simplex

Apn={xeR":2;20,j€n], Yjenz =1}, (1.3.2)

then for all £ € N satisfying
Lo _dd= 1|

_ 1.3.
~ 2mingea, q(x) 4, (1.3.3)

(Xjem z;)¥q has positive coefficients. Here for each h = Y _ hax® € R[x], we note ||| :=

maXe, “Z—"‘l with ¢q := allf’i‘; ; for each @ € N™. This yields a linear convergence rate of O(e™1)

for the minimization of a homogeneous polynomial on the simplex.
Applying the result of Powers and Reznick, Schweighofer [I88] obtains a degree bound for
Schmiidgen’s Positivstellensatz [I85] claiming that given a semialgebraic set

S(g) ={x€eR" : g;(x) >0, € [m]}, (1.3.4)

which is a subset of (—1,1)™ and a polynomial f having the minimal value f* > 0 on S(g), then
there exists a real ¢ > 0 depending on g = {gi }ic[m) such that for all k¥ € N satisfying

k> cd} <1 + (di.ndfwy) , (1.3.5)

one has f € Pi(g), where Pi(g) is the truncated preordering of order k € N associated with S(g):
Pr(@) = {Xacfo1ym Tadit - g ¢ 0a € E[X], deg(oagy™ ... gpm) < k}. (1.3.6)

Consequently, the corresponding SOS hierarchy of lower bounds (p})ken, with
pp = supyep{A 1 f A€ Pr(g)}, keN, (1.3.7)

converges to f* with the rate O(e~°). Observe that no denominator is required in this case.
Nevertheless, the representation of f — A in Py(g) involves 2™ SOS polynomials.

Recently, by relying on polynomial kernel methods, Fang and Fawzi [57] have explicited the
exponent ¢ := 1 in when S(g) is the unit sphere S?~1. It yields the optimal convergence rate
O(1/k?) for the minimization of a polynomial on this set by using Schmiidgen’s Positivstellensatz.
Following Fang—Fawzi’s method, Laurent and Slot obtain in [I12] [I91] similar convergence rates

when S(g) is one of the following sets: the standard hypercube [—1, 1], the unit ball B” and the
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Table 1.2: Recent fastest convergence rates in polynomial optimization.

] Author(s)  for . .

Year Autk.lor(s) for com- Positivstellen- Semialgebraic Cone Programming| Rate

plexity set

satz
1995| Reznick [175] Reznick [175] whole space SOS SDP O™
. . , . nonnegative 1

2001| Powers—Reznick [I67] | Pélya [160] simplex orthant LP OE™)
2004| Schweighofer [188] [Slc; 5rfudgen compact preordering| SDP O™

Fawzi—-Saunderson— Schmiidgen boolean . 1
2016 Parrilo [58] [185] hypercube preodering | SDP O™
2020| Fang—Fawzi [57] [Slc; 51}11udgen sphere preodering | SDP O Y?)
2021| Laurent—Slot [112] [Slc; 51}11udgen hypercube preodering | SDP O(e=1/?)
2021| Baldi-Mourrain [I3] Putinar [168] archimedean quadratic SDP O™

module

2021 Slot [197] [Slc;;}nudgen ball, simplex | preordering| SDP 0(871/2)

Mai-Magron [132] | Putinar— quadratic e
2022 (Proposition Vasilescu [170] general module SbP 0™)

contained in | Donnesative

9022 Mai-Magron— . Dickinson—Povh the nonnega- orthant , LP, SDP O

Lasserre—Toh [135] [45] . quadratic

tive orthant
module

unit simplex A™. Let Qg (g) denote the truncated quadratic module of order k € N associated with
S(g), that is:

Qi(g) :== {00+ >/, 0igi : 0; € B[x], deg(op) < k, deg(0ig;) < k}. (1.3.8)

Notice that Py (g) = Qk(g) if S(g) is the unit ball or the unit sphere.

Applying the degree bound of Laurent and Slot [I12], Baldi and Mourrain obtain in [I3] poly-
nomial degree bounds for Putinar’s Positivstellensatz which improves the exponential bound given
by Nie and Schweighofer [150].

Theorem 1.3. (Baldi-Mourrain [13]) Let f,g1,...,9m be in R[x]. Assume that § # S(g) C
(=1,1)™ is Archimedean and that the minimal value f* of f over S(g) is positive. Then there exist
real numbers ¢1,co,c3 > 0 depending on g such that for all k € N satisfying

k> ed (J{”) , (1.3.9)

one has f € Qi(g).
Accordingly, the corresponding SOS hierarchy of lower bounds (pg‘Od)keN, with

pznod = Sup,\e]R{)‘ : f — )€ Qk(‘g)}7 keN, (1310)

converges to f* with the rate O(e~¢). Moreover, the representation of f — X in Q(g) involves only
m+1 SOS polynomials which is in deep contrast with the exponential number of SOS polynomials
involved in the representation in Py (g). Moreover, no denominator is required in this case. Most
of recent convergence rates obtained for polynomial optimization are summarized in Table

Recent work by Lombardi, Perucci and Roy [I19] provides degree bounds in a quite general
situation. The best degree bounds for Hilbert’s 17th problem in three homogeneous variables
are actually due to Hilbert’s original 1893 paper [79]. Some lower bounds for Hilbert’s 17th
problem (quite far away from the upper bounds) were proved in [20] by Blekherman, Gouveia and
Pfeiffer. Hilbert’s 1893 result and sharp degree bounds for projective curves (i.e., curves defined
by homogeneous polynomials) were proved in [21I] by Blekherman, Smith and Velasco.
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Table 1.3: Complexity comparison (in terms of floating-point operations) of several methods for solving
SDP.

The most expensive part

Method Software SDP type | Convergence rate . .
per iteration
. . system of linear equations
IP [76] SDPT3 [196], _ i . ) :
(second-order) Mosek [6] arbitrary | O(log(1/¢)) [201] solving with complexity

O((s™2)%) [200} Table 1]

IP  with non-
symmetric cone
[158]

(second-order)

system of linear equations
alfonso [159] arbitrary | O(log(1/¢)) solving with complexity
o)

positive definite system of

ADMM [24] scs [156], . 1 linear equations solving by

(first-order) COSMO [60] arbitrary | O(e™") [E1] LDL"-decomposition with
complexity O((s™2*)%)

SBM [75] positive definite linear sys-

ConicBundle [74] | with CTP | O(log(1/e)/e) [A7] | tem solving with complex-
ity O((s™)%)
smallest eigenvalue com-
puting by the Arnoldi it-
eration with complexity
O(s™*) [113]

(first-order)

CCGAL [218] SketchyCGAL

i —2
(first-order) [219] with CTP | O(e™7)

1.4 Computational complexity of the Moment-SOS relax-
ations

So far we have discussed the complexity of each representation in term of degree bounds, which
basically translates to convergence rates for the values returned by the related relaxations. We
next consider the cost of the numerical resolution of a given relaxation.

Computational cost of moment relaxations. The k-th order moment relaxation for POP
(1.2.1) can be rewritten in compact form as the following standard SDP:

T= Xinf {C,X) : (A;,X) =b;, e[}, (1.4.1)
e

where (A,B) := trace(AB) is the standard Frobenius inner product, Sy is the set of positive
semidefinite (psd) matrices written in a block diagonal form as follows: X = diag(Xy,...,X,)
with X; being a block of size sU), j € [w], and ¢ is the number of affine constraints. We denote

the largest block size by s™** := max ¢/, s,
Note that SDP-relaxation of POP ([1.2.1)) at step k of the Moment-SOS hierarchy has
w = m + 1 blocks whose largest size is s™** = ("Zk) while the number of affine constraints is

¢ = O((":k)Q) Thus the computational cost for solving SDP (|1.4.1)) grows very rapidly with k.
We say that SDP has constant trace property (CTP) if there exists a positive real number
a such that trace(X) = a, for all feasible solution X of SDP (1.4.1). We also say that POP
has CTP when every moment relaxation of POP has CTP.

In Table are listed several available methods for solving SDP (|1.4.1). Here we set n :=
("';2]“). In particular, observe that two of them, CGAL and SBM, are first-order methods that ex-
ploit CTP. In [219], the authors combined CGAL with the Nystrom sketch (named SketchyCGAL),
which requires dramatically less storage than other methods and is very efficient for solving Shor’s
relaxation of large-scale Max-Cut instances.

SDP relaxations of non-convex quadratically constrained quadratic programs. A non-
convex quadratically constrained quadratic (QCQP) program is a special instance of POP (|1.2.1)
for which the degree of the input polynomials is at most two. Famous instances of non-convex
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QCQPs include the Max-Cut problem and the optimal power flow (OPF) problem [92]; in addition
we recall that linearly constrained quadratic programs have an equivalent Max-Cut formulation
[106]. They also have applications in deep learning, e.g., the computation of Lipschitz constants
[34] and the stability analysis of recurrent neural networks [54]. On the one hand, local optima
of non-convex QCQPs can be obtained by using local solvers; see e.g., [32]. On the other hand,
the global optimum of QCQPs can be approximated as closely as desired by using moment (SDP)
relaxations. In practice, non-convex QCQPs usually involve a large number of variables (say,
n > 1000) and their associated SDP relaxations can be classified in two groups as follows:

e The first order relaxation: k£ =1 (also known as Shor’s relaxation in the literature). In

this case the number of affine constraints in SDP is typically not exceeding the largest
block size, i.e., ( < s™®*. It can be efficiently solved by most SDP solvers, in particular with
SketchyCGAL [219]. Nevertheless the first order relaxation may provide only a lower bound
of the optimal value of POP . In this case one needs to solve the second and perhaps
even higher order relaxations to obtain tighter bounds on the global optimum.

The second and higher order relaxations: k£ > 2. In this case the number of affine
constraints in SDP (1.4.1) is typically much larger than the largest block size (¢ > ™).
Then unfortunately most SDP solvers cannot handle large-scale SDPs of this form.

Common issues of solving large-scale SDP relaxations. When solving the second and
higher order SDP relaxations, SDP solvers often encounter the following issues:

e Storage: Interior-point methods are often chosen by users because of their high accuracy.

These methods are efficient for solving medium-scale SDPs. However they frequently fail due
to lack of memory when solving large-scale SDPs (say, s™#* > 500 and ¢ > 2 x 10° on a
standard laptop). First-order methods (e.g., ADMM, SBM, CGAL) provide an alternative
to interior-point methods to avoid the memory issue. This is due to the fact that the cost
per iteration of first-order methods is much lower than that of interior-point methods.

At the price of losing convexity one can also rely on heuristic methods and replace the full
matrix X in SDP by a simpler one, in order to save memory. For instance, the Burer-
Monteiro method [28] considers a low rank factorization of X. However, to get correct results
the rank cannot be too low [205] and therefore this limitation makes it useless for the second
and higher order relaxations of POPs. Not suffering from such a limitation, CGAL not only
maintains the convexity of SDP but also possibly runs with implicit matrix X.

Accuracy: First-order methods have low convergence rates compared to the interior-point
methods. Their performance depends heavily on the problem scaling and conditioning. As
a result, in solving large-scale SDPs with first-order methods it is often difficult to obtain
numerical results with high accuracy. Therefore, we do not expect the relative gap of the
approximate value (valapprox) returned by first-order SDP solvers w.r.t. the exact value
(valexact ), defined by

|Valappr0x - Valexact| (1 4 2)
|Valcxact| ’ h

to be smaller than 108 (as for interior-point methods) but at least to be smaller than 1%.

1.5 Recent improvements on scalability and efficiency

Overcoming the scalability and efficiency issues mentioned in the previous section has become
a major scientific challenge in polynomial optimization. Many recent efforts in this direction are
mainly developed around the following ideas:

1.

SDP-relazations variants with small maximal matrix size solved efficiently by interior point
methods. This includes correlative sparsity [203] [103], term sparsity [212), 2111 [213], symmetry
exploitation [61] [I78], Jordan symmetry reduction [26], sublevel relaxations [35].

Exploit low-rank structures of SDP-relaxations; see, e.g., [215] 217].
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3. First-order methods to solve SDP-relaxations involving matrix variables of potentially large
size with constant trace [134] [131].

4. Develop convex relaxations that are based on alternatives to semidefinite cones. For example
this includes linear programming (LP) [109, B], second-order conic programming (SOCP)
[123) 207, B], copositive programming [162], non-symmetric conic programming [I158], relative
entropy programming [51], [142], geometric programming [52].

Sparsity exploitation is one of the notable methods without denominators for reducing the size of
the Moment-SOS relaxations. For POPs in the form

fr= xreng?g) f(x), (1.5.1)

where S(g) is defined as in (1.3.4), Waki et al. [203] (resp. Wang et al. [212]) have exploited
correlative (resp. term) sparsity to define appropriate sparse-variants of the associated standard
SOS-relaxations. Roughly speaking, in a given standard SOS-relaxation, they break each matrix
variable into many blocks of smaller sizes and solve the new resulting SDP via an interior-point
solver (e.g., Mosek [5] or SDPT3 [198]). It is due to the fact that the most expensive part of
interior-point methods for a standard SDP:

min ¢’z
z,AM
g
st. zeRY, AlY e R,

Al + > i1 szgt) =0,t¢€ul,

is solving a square linear system in every iteration. It has the complexity u(w3¢® + w?3q?), which
mainly depends on the matrix size q. Thus one can solve the above SDP efficiently by using
interior-point methods if ¢, w are small and u is large.

Modern SDP solvers via the interior-point method (e.g. Mosek [4]) can solve an SDP problem
involving matrices of moderate size (say, ¢ < 5,000) and variables of moderate number (say,
w < 20, 000) in reasonable time on a standard laptop [195]. The SDP relaxations arising from the
Moment-SOS hierarchy typically involve matrices of size ("Zk) and variables of number (";Lk%),
where k is the relaxation order and n is the number of variables for a given POP. For problems with
n =~ 200, it is thus possible to compute the first-order SDP relaxation of a quadratically constrained
quadratic problem (QCQP), as one can take k = 1, yielding (”zk) ~ 200 and (";sk) ~ 20,000
(in this case, this relaxation is also known as Shor’s relaxation [I89]). However, the quality of the
resulting approximation is often not satisfactory and it is then required to go beyond the first-order
relaxation. But for solving the second-order relaxation (k = 2) one is limited to problems of small
size, typically with (") < 20,000 (hence with n < 23) on a standard laptop. Therefore, in view
of the current state of SDP solvers, the dense Moment-SOS hierarchy does not scale well enough.

One possible remedy is to rely on alternative weaker positivity certificates, such as the hierarchy
of linear programming (LP) relaxations based on Krivine-Stengle’s certificates [I01], [192], [109] or
the second-order cone programming (SOCP) relaxation based on (scaled) diagonally dominant
sums of squares (DSOS/SDSOS) [3] to bound from below the minimum of f. Even though modern
LP/SOCP solvers can handle much larger size problems by comparison with SDP solvers, they
have been shown to provide less accurate bounds, in particular for combinatorial problems [110],
and do not have the property of finite convergence for continuous problems (not even for convex
QCQP problems [105], Section 9.3]). Below we outline some existing remedies to exploit sparsity
in different settings.

Unconstrained POPs. A first option is to exploit term sparsity for sparse unconstrained prob-
lems, i.e., when S(g) = R", and the objective f involves a few terms (monomials). The algorithm
consists of automatically reducing the size of the corresponding SDP matrix by eliminating the
monomial terms which never appear among the support of SOS decompositions [I74]. Other
classes of positivity certificates have been recently developed with a specific focus on sparse un-
constrained problems. Instead of trying to decompose a positive polynomial as an SOS, one can
try to decompose it as a sum of nonnegative circuits (SONC), by solving a geometric program [84]
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or a second-order cone program [9] 207], or alternatively as a sum of arithmetic-geometric-mean-
exponentials (SAGE) [33] by solving a relative entropy program. Despite their potential efficiency
on certain sub-classes of POPs (e.g., sparse POPs with a small number of variables and a high
degree), these methods share the common drawback of not providing systematic practical modeling
frameworks for constrained problems.

Correlative sparsity. In order to reduce the computational burden associated with the dense
Moment-SOS hierarchy while keeping its nice convergence properties, one possibility is to take
into account the sparsity pattern satisfied by the variables of the POP [103], [203]. The resulting
algorithm has been implemented in the SparseP0OP solver [204] and can handle sparse problems
with up to several hundred variables. Many applications of interest have been successfully handled
thanks to this framework, for instance certified roundoff error bounds in computer arithmetics
[1211 [120] with up to several hundred variables and constraints, optimal power flow problems [92]
(where a multi-ordered Lasserre hierarchy was proposed) with up to several thousand variables
and constraints. More recent extensions have been developed for volume computation of sparse
semialgebraic sets [194], approximating regions of attraction of sparse polynomial systems [193],
noncommutative POPs [100], Lipschitz constant estimation of deep networks [34] and for sparse
positive definite functions [I33]. In these applications, the cost polynomial and the constraint
polynomials possess a specific correlative sparsity pattern. The resulting sparse Moment-SOS hi-
erarchy is obtained by building blocks of SDP matrices with respect to some subsets or cliques of
the input variables. When the sizes of these cliques are reasonably small, one can expect to handle
problems with a large number of variables. For instance, the maximal size of cliques is less than
10 for some unconstrained problems in [203] or roundoff error problems in [I12I], and is less than
20 for the optimal power flow problems handled in [92]. Even though correlative sparsity has been
successfully used to tackle several interesting applications, there are still many POPs that cannot
be handled by considering merely correlative sparsity. For instance, there are POPs for which the
correlative sparsity pattern is (nearly) dense or which admits a correlative sparsity pattern with
variable cliques of large cardinality (say, > 20), yielding untractable SDPs.

Term sparsity To overcome these issues, one can exploit term sparsity as described in [206] 212
211]. The TSSOS hierarchy from [212] as well as the complementary Chordal-TSSOS from [211]
offers some alternative to problems for which the correlative sparsity pattern is dense or nearly
dense. In both TSSOS and Chordal-TSSOS frameworks a so-called term sparsity pattern (tsp)
graph is associated with the POP. The nodes of this tsp graph are monomials (from a monomial
basis) needed to construct SOS strengthenings of the POP. Two nodes are connected via an edge
whenever the product of the corresponding monomials appears in the supports of polynomials
involved in the POP or is a monomial square. Note that this graph differs from the correlative
sparsity pattern (csp) graph used in [203] where the nodes are the input variables and the edges
connect two nodes whenever the corresponding variables appear in the same term of the objective
function or in the same constraint. A two-step iterative algorithm takes as input the tsp graph
and enlarges it to exploit the term sparsity in . Each iteration consists of two successive
operations: (i) a support extension operation and (ii) either a block closure operation on adjacency
matrices in the case of TSSOS [212] or a chordal extension operation in the case of Chordal-TSSOS
[211]. In doing so one obtains a two-level Moment-SOS hierarchy with blocks of SDP matrices. If
the sizes of blocks are relatively small then the resulting SDP relaxations become more tractable
as their computational cost is significantly reduced. Another interesting feature of TSSOS is that
the block structure obtained at the end of the iterative algorithm automatically induces a partition
of the monomial basis, which can be interpreted in terms of sign symmetries of the initial POP.
TSSOS and Chordal-TSSOS allow one to solve POPs with several hundred variables for which
there is no or little correlative sparsity to exploit; see [212] 2T1] for numerous numerical examples.

1.6 Organization and summary of contributions

The aim of this thesis is to address the above-mentioned complexity and efficiency issues. It
consists of two parts related to positivity certificates without and with denominators, respectively:
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1.6.1 Positivity certificates without denominators

e We provide in Chapter [2] an overview of the concepts and mandatory background related to
the Moment-SOS hierarchy for polynomial optimization, which is of interest in this thesis.

e In Chapter [3] we exploit simultaneously correlative sparsity and term sparsity to improve
scalability issues: (i) Correlative sparsity occurs when a polynomial is a sum of polynomials
involving a subset of the initial variables. (ii) Term sparsity occurs when a polynomial
involves only a few nontrivial terms. The idea is to exploit these different sparsity structures
to derive specific relaxations, where one breaks each matrix variable of the standard (dense)
SDP-relaxation into many blocks of smaller sizes and solve the new resulting SDP via an
interior-point solver (e.g., Mosek, SDPT3). We apply this method to provide tight bounds for
some large-scale optimal power flow problem involving up to six thousand variables and tens
of thousands of constraints.

e In addition to size reduction of the SDP relaxations, as mentioned above, we introduce in
Chapter [4 a new method that enables us to speed up the resolution of the SDP relaxations.
Explicitly, if an equality constrained POP has a sphere constraint of the form R — ||x||3 =0
for some R > 0, the matrix variables involved in the relaxations have a constant trace, a
property that can be further exploited. In Chapter [5) we extend this property to the case
of POPs that have ball constraint of the form R — ||x||3 > 0 for some R > 0. The constant
trace property boils down to SDPs where the feasible set of solutions is the intersection of the
semidefinite cone (matrices with nonnegative eigenvalues) and the hyperplane of trace one
matrices. By using first-order methods, this property allows one to solve SDP-relaxations
involving matrix variables of potentially large size.

1.6.2 Positivity certificates with denominators

e Chapter [0] focuses on designing a hierarchy of semidefinite relaxations based on Putinar—
Vasilescu’s Positivstellensatz. It allows one to handle general polynomial optimization prob-
lems over possibly noncompact semialgebraic sets. This Positivstellensatz is obtained by
combining homogenization techniques with Putinar’s Positivstellensatz. FEach SOS polyno-
mial weight involved in the representation is replaced by an SOS of rational function with
(prescribed) denominator. We also provide a new numerical method to find a point in a given
basic semialgebraic set that possibly has positive dimension. This method is utilized to find
an approximate optimal solution of the initial POP, yielding more expressiveness.

e We provide in Chapter[7]an improved degree bound for Putinar—Vasilescu’s Positivstellensatz,
namely a polynomial degree bound in the input degrees. As a result (under some mild
conditions) we obtain an O(e~°) rate of convergence for the sequence of values returned by
the corresponding hierarchy. The methodology consists of the following two steps: First, we
provide a constructive proof of the Positivstellensatz. Then we provide degree bounds for its
explicit SOS weights.

e In Chapter |8 we state a sparse version of Reznick’s Positivstellensatz [I75]. The dense
version states that any positive definite form can be decomposed as an SOS of rational
functions with prescribed denominators. In the sparse setting, the form is a sum of forms,
where each summand only depends on a subset of the initial variables, and we obtain a
decomposition into a sum of sparse rational SOS.

e Chapter [9] is dedicated to the minimization of a polynomial over a semialgebraic set con-
tained in the nonnegative orthant. We provide a hierarchy of semidefinite relaxations based
on Pdlya’s Positivstellensatz and associated with sums of squares of s-nomials, i.e., linear
combinations of s monomials with real coefficients, where s is prescribed in advance. The
advantage of these SDP relaxations is that the maximal block size s is controllable so that we
can solve them efficiently by using interior-point methods. We also obtain a convergence rate
for this hierarchy which is similar to the one based on Putinar—Vasilescu’s Positivstellensatz.
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Chapter 2

Polynomial optimization and the
Moment-SOS hierarchy

2.1 General notation

With x = (21,...,%,), let R[x] stand for the ring of real polynomials and let X[x] C R[x]
be the subset of sum of squares (SOS) polynomials. Their restrictions to polynomials of degree
at most d and 2d are denoted by R[x]s and X[x]q respectively. For a = (a1,...,a,) € N, let
la] == a1+ +a,. Forde N, let N? := {a € N": |a] <d} and N*? := {u € N : uxd}, for
x € {>,<,> <} Forr e N°0 let [r] :== {1,...,7}. Let (x*)aen» be the canonical monomial
basis of R[x] (sorted w.r.t. the graded lexicographic order) and v4(x) be the vector of monomials of
degree up to d, with length b(n,d) := (":d). When it is clear from the context, we also write b(d)
instead of b(n,d). A polynomial ¢ € R[x]4 can be written as g(x) = ZaeNg fa X = q'vy(x),

where q = (¢a) € RY? is its vector of coefficients in the canonical monomial basis. For ¢ € R[x], let
[q] := [deg(q)/2]. The l;-norm of a polynomial ¢ is given by the I;-norm of its vector of coefficients
q, that is ||lqf1 ==, |ga|- Given a € R", the ly-norm of a is ||a2 := (a? + -+ +a2)'/2.

2.2 Riesz linear functional and moment /localizing matrices

Given a real-valued sequence y = (Yo )aenn, let Ly : R[x] — R be the Riesz linear functional
defined by g — Ly(q) := >_,, da¥a- Let d be a positive integer. A real infinite sequence (Yo )aenn
has a representing measure if there exists a finite Borel measure p such that yo = fRn x®du(x) for
every a € N". In this case, (Yo )aene is called the moment sequence of ;. We denote by supp(u)
the support of a Borel measure pu.

The moment matrix of order d associated with a real-valued sequence y = (Yo)aen» and
d € N*% is the real symmetric matrix My(y) of size b(d), with entries (Yo+p)a,gens. The
localizing matrix of order d associated with y = (ya)aen» and ¢ = }°_ ¢4x” € R[x], is the real
symmetric matrix Mq(qy) of size b(d) with entries (3 . ¢y¥Yy+ats)a,Beny-

Example 2.1. Consider the simple case wheren =1, ¢ =1—22 and y = (yo, y1, Y2, y3,y4). Then
Ly(q) = yo — v2,

ooy Yo—Y2 Y1 —Ys3
Ma(y) = |y1 v2 y3| and Mi(qy)= . (2.2.1)
Y1 —Ys Y2 —Ya
Y2 Ys Ya
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2.3 Quadratic module and ideal

Let g := {gi}iepm) C R[x] and b := {h;};epy € R[x]. Denote by S(g) and V(h) a basic
semialgebraic set and a real variety defined respectively by
S(g) = {xeR": gi(x)>0,i€[m]}and
V(h) = {xeR": hi(x)=0,ie[]}. (2.3.1)

Set S(g,h) := S(g) NV (h). In other words, we have
S(g,h) = {x€R": gi(x) 20,4 €[m]; hj(x) =0, €[]} (23.2)

The quadratic module associated with g is defined by

m

Q(g) := {00 + Zaigi . 00 € B[], 0; € D[x]} (2.3.3)

and for a positive integer k, the set
Qi(g) :=={o0+ 2121 0igi : 00 € L[X], 07 € B[X]p_[g1} (2.34)

is the truncation of Q(g) of order k.
Given b = {h;};ecp € R[x], the set

l
Z(h) = {D_ vy + v; € Rix]} (23.5)

is the ideal generated by b, and the set Z.(h) := {22:1 Yihj : ;€ R[X]og—ra,7)} is the truncation
of Z(h) of order k.
Set Q(g,b) = Q(g) + Z(h) and Qx(g,h) = Qi(g) + Zk(b) for k € N.

2.4 The Moment-SOS hierarchy

A polynomial optimization problem (POP) is defined as

*:= inf x), 2.4.1
[r= b ) (24.1)
where S(g,h) are defined as in (2.3.1) for some polynomial f € R[x], g and b defined as in the
previous section. We will assume that POP ([2.4.1) has at least one global minimizer.
Set

kIIlin = H}gx{ |—f‘|, [gl-‘, [h]] } (242)

Given a POP of the form (2.4.1)), consider the following associated hierarchy of SOS strengthenings
indexed by k € NZkmin;

pr = sup{{ ¢ [ —€€ Qx(g,h)}. (2.4.3)
£ER

For each o € X[x]4, there exists G »= 0 such that o = v] Gvy. Thus for each k € N=kmin | ([2.4.3)
can be rewritten as an SDP:

Gi =0, f—&=v[Govy
P = Ssup & + Zie[m] givg;r_ (gi]Gin—[gﬂ . (2.4.4)

€.Gia + 3 e hiVa a1

For every k € NZFmin the dual of (2.4.4) reads as
Mk(y) = Oa Yo = 1

T = ]ierlka) Ly(f) Mk—[gﬂ (gl- y) =0,1€ [m] . (245)
ve Mk—[hj] (hj y) = Ov ] € m
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This primal-dual sequence of semidefinite programs — is the so-called Moment-SOS
hierarchy for optimization (also known as “Lasserre’s hierarchy”). If Q(g,h) is Archimedean, i.e.,
R — |[x||3 € Q(g,h) for some R > 0, then (pi)penzkmn converges to f* by invoking Putinar’s
Positivstellensatz (Theorem [L.1)).

Here we slightly abuse terminology and say that there is a “zero duality gap” between
and if 7, = p, and 7, € R (the abuse of terminology is due to the fact that zero duality gap
can occur with both values being infinite). Slater’s condition, i.e., there exists a feasible point at
which inequality constrains are strict (see, e.g., |25, Section 5.2.3]), on either or is a
well-known sufficient condition to ensure zero duality gap. However, in case of equality constraints

in the description ([2.3.2)) of S(g,b), Slater’s condition does not hold for (2.4.5]).

Proposition 2.1. (Josz-Henrion [91]) Let f* be as in with S(g,h) # 0 as in (2.3.2).
Assume that R — ||x||? € g for some real R > 0. Zero duality gap between the primal (2.4.3)) and
dual holds for sufficiently large k € N, i.e., pp = 71 and 7, € R. Moreover, SDP ([2.4.5)
has an optimal solution.

In [9T] the authors prove that the set of optimal solutions of is compact and therefore
has an optimal solution. Although there exist situations where SDP has no optimal
solution (see for instance the end of [I47), Section 3]), the following proposition ensures the existence
of an optimal solution under mild assumptions:

Proposition 2.2. (Lasserre [102, Theorem 3.4 (a)]) If S(g,b) has nonempty interior, then Slater’s
condition on the dual (2.4.5) holds for k > kumin, where kyin is defined as in (2.4.2). In this case,
Pk = Tk, Tk € R and the primal (2.4.3)) has an optimal solution.

The convergence rate of O(k~°) for the sequence (pi)ken follows from Theorem For more
details on the Moment-SOS hierarchy and its various applications, the interested reader is referred
to [104).

2.5 Extraction of global minimizers

Let 04 stand for the Dirac measure at point a € R™. The following result is a consequence of
Curto-Fialkow’s Flat Extension Theorem [40), [TT1].

Proposition 2.3. Let y* be an optimal solution of the SDP (2.4.5)) at some order k € N, and
assume that the flat extension condition holds, i.e., rank(Mg_,,(y*)) = rank(Mg(y*)) =: r, with
w = max; ;{[g;],[h;]}. Then y* has a representing r-atomic measure j =y, _; X\;j0a), where
(A1,..., A\) belongs to the standard (r — 1)-simplex and {a(V),... aM} c S(g,h). Moreover,
e = f* and aM ... a(") are all global minimizers of POP .

Henrion and Lasserre [(7] provide a numerical algorithm to extract the r minimizers a® ... a
from My (y*) when the assumptions of Proposition hold.

2.6 Finite convergence

Second-order sufficient condition. Given (\;)ic}m) and (v;)iep, let:
x = LN y) = F(x)— Y Aigi(x) = Y vhi(x), xR
1€[m] JE[]
Given x € S(g,h), let J(x):={i € [m]:g:(x)=0}.

Definition 2.1. (see [152, Chapter 2]) The second-order sufficient condition (S2) holds at x* €
S(g,b) under the three following conditions.

e KKT-Lagrange multipliers: There exist A > 0, i € [m], and v; € R, j € [l], such that
VxL(x*, X", 4*) =0 and X} g;(x*) =0 for all i € [m)].
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e Linear independence constraint qualification: The family

{Vgi(x"), Vh;(x") biesx) el
is linearly independent.
e Strict complementarity: A\ + g;(x*) > 0, for all i € [m)].

o u' VZL(x*, A", v*)u > 0 for all u # 0 such that u'Vg;(x*) = 0 and u'Vh;(x*) = 0,
i € J(x*), for all j € [I].

We say that Z(h) is real radical if
Ih) ={f€R[x] : ImeN: —f> c S[x] +Z(h)}. (2.6.1)

The following proposition provides a sufficient condition to ensure finite convergence of the
sequence (T )keN-

Proposition 2.4. The following statements are true:
1. (Nie [T]7]) The equality T, = f* occurs generically for some k € N.

2. (Lasserre [105, Theorem 7.5]) If (i) Q(g,b) is Archimedean, (i) the ideal Z() is real radical,
and (iii) the second-order sufficient conditions (see Deﬁm’tion hold at every global mini-
mizer of POP (2.4.1)), then i, = pr = f* for some k € N and both primal-dual (2.4.3])-(2.4.5)

have optimal solutions.

3. (Lasserre et al. [108, Proposition 1.1] and [105, Theorem 6.13]) If V() defined as in (2.3.1)
is finite, T, = pr. = f* for some k € N and both primal-dual (2.4.3))-(2.4.5) have optimal

solutions. In this case, the flatness condition holds at order k.

The first statement of Proposition means that with fixed f € R[x], the equality 7, = f*
holds for k£ € N sufficiently large on a Zariski open set (the complement of the zeros of a polynomial)
in the space of the coeflicients of g;, h; with given degrees. Note that the real radical property is
not generic and so the condition “Z(h) is real radical” must be checked case by case. On the other
hand, if V() is the real zero set of a squared system of polynomial equations, i.e., I = n, then
generically V(h) has a finite number of points.



Chapter 3

Exploiting correlative and term
sparsity

Most of the content of this chapter is from [213].

This chapter is concerned with solving large-scale polynomial optimization problems. As is
often the case, the polynomials in the problem description involve only a few monomials of low
degree and the ultimate goal is to exploit this crucial feature to provide semidefinite relaxations
that are computationally much cheaper than those of the standard SOS-based hierarchy [102] or
its sparse version [103] 203] based on correlative sparsity.

Throughout this chapter, we consider large-scale instances of the following polynomial opti-
mization problem (POP):

fr= igf{f(x) :x €S(g) }, (3.0.1)

where the objective function f is assumed to be a polynomial in n variables x = (z1,...,z,)
and the feasible set S(g) C R™ is assumed to be defined by a finite conjunction of m polynomial
inequalities, namely

S(g) ={xeR":q1(x) > 0,...,gm(x) >0}, (3.0.2)

for some g = {g1,...,9m} C R[x]. Here “large-scale” means that the magnitude of the number of
variables n and the number of inequalities m can be both proportional to several thousands.

To tackle large-scale POPs, a natural idea is to simultaneously benefit from correlative and
term sparsity patterns. This is the spirit of our contribution. Also in the same vein the work
in [I4I] combines the (S)DSOS framework [3] with the TSSOS hierarchy but does not provide
systematic convergence guarantees.

Contribution. Our main contribution in this chapter is as follows:

I. For large-scale POPs with a correlative sparsity pattern, we first apply the usual sparse
polynomial optimization framework [I03] 203] to get a coarse decomposition in terms of cliques of
variables. Next we apply the term sparsity strategy (either TSSOS or Chordal-TSSOS) to each
subsystem (which involves only one clique of variables) to reduce the size of SDPs even further.
While the overall strategy is quite clear and simple, its implementation is not trivial and needs
some care. Indeed for its coherency one needs to take extra care of the monomials which involve
variables that belong to intersections of variable cliques (those obtained from correlative sparsity).
The resulting combination of correlative sparsity (CS for short) and term sparsity produces what
we call the CS-TSS0S hierarchy — a two-level hierarchy of SDP relaxations with blocks of SDP
matrices, which yields a converging sequence of certified approximations for POPs. Under certain
conditions, we prove that the corresponding sequence of optimal values converges to the global
optimum of the POP.

I1. Our algorithmic development of the CS-TSSOS hierarchy is fully implemented in the TSS0S
tool [124]. The most recent version of TSSOS has been released within the Julia programming
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language, which is freely available online and documentedE With TSS0S, the accuracy and scal-
ability of the CS-TSSOS hierarchy are evaluated on several large-scale benchmarks coming from
the continuous and combinatorial optimization literature. In particular, numerical experiments
demonstrate that the CS-TSSOS hierarchy is able to handle challenging Max-Cut instances and
optimal power flow instances with several thousand (~ 6,000) variables on a laptop whenever
appropriate sparsity patterns are accessible. We remark that the CS-TSSOS framework has been
recently extended to handle noncommutative polynomial optimization [210] and complex polyno-
mial optimization [209].

The rest of the chapter is organized as follows: in Section [3.I] we provide preliminary back-
ground on correlative and term sparsity. In Section we explain how to combine them to obtain
a two-level CS-TSSOS hierarchy. Its convergence is analyzed in Section [3.3] Eventually, we provide
numerical experiments for large-scale POP instances in Section

3.1 Preliminaries

A polynomial f € R[x] can be written as f(x) = > 4 fax® with A CN" and fo € R,x* =
- a8, The support of f is defined by supp(f) := {&@ € A | fo # 0}. We use | - | to denote
the cardinality of a set. For a finite set A C N", let x* be the |A|-dimensional column vector
consisting of elements x*, a € A (fix any ordering on N™). For a positive integer r, the set of r x r
symmetric matrices is denoted by 8" and the set of r x r positive semidefinite (PSD) matrices is
denoted by S%. A matrix A € S} is written as A = 0. For matrices A,B € S", let (A,B) € R
denote the trace inner-product, defined by (A,B) = trace(A'B), and let A o B € 8" denote
the Hadamard product, defined by [A o B|;; = A;;B;;. For d € N, let For a € N*, A, B C N",
let a+B:={a+B|BcBland A+B :={a+8]|acApBc B} Form e N\{0}, let
[m] :={1,2,...,m}.

3.1.1 Chordal graphs and sparse matrices

In this subsection, we recall some basic results on chordal graphs and sparse matrices which
are crucial for our subsequent development. Our notation and definitions here mostly follow from
[199].

An (undirected) graph G(V, E) or simply G consists of a set of nodes V and a set of edges
E C{{vi,v;} | vi #vj,(vi,v;) € V xV}. For a graph G, we use V(G) and E(G) to indicate the
node set of G and the edge set of G, respectively. The adjacency matriz of a graph G is denoted
by B¢ for which we put ones on its diagonal. For two graphs G, H, we say that G is a subgraph of
H, denoted by G C H, if both V(G) C V(H) and E(G) C E(H) hold.

Definition 3.1. A graph is called a chordal graph if all its cycles of length at least four have a
chord?]

The notion of chordal graphs plays an important role in sparse matrix theory. Any non-chordal
graph G(V, E) can be always extended to a chordal graph G'(V, E’) by adding appropriate edges
to E, which is called a chordal extension of G(V, E). As an example, in Figure the two dashed
edges are added to obtain a chordal extension. The chordal extension of G is usually not unique
and the symbol G’ is used to represent any specific chordal extension of G' throughout the chapter.
For graphs G C H, we assume that G’ C H' always holds in this chapter.

A complete graph is a graph in which any two nodes have an edge. A clique of a graph is a subset
of nodes that induces a complete subgraph. A mazimal clique is a clique that is not contained in
any other clique. It is known that for a chordal graph, its maximal cliques can be enumerated
efficiently in linear time in terms of the number of nodes and edges. See e.g. [18, 59} [65] for the
details.

From now on we consider graphs with the node set V' C N™. Given a graph G(V,E), a
symmetric matrix G with rows and columns indexed by V is said to have sparsity pattern G if
Gpy = Gyg = 0 whenever 8 # « and {8,~v} ¢ E. Let Sg be the set of symmetric matrices with

Thttps://github.com/wangjie212/TSSOS
2A chord is an edge that joins two nonconsecutive nodes in a cycle.
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Figure 3.1: An example of chordal extension

4 w 6

sparsity pattern G. For a matrix in Sg, its submatrices/blocks indexed by the maximal cliques of
G play a crucial role, especially in the case when G is a chordal graph (see Theorems and .
The maximal size of blocks is the maximal size of maximal cliques of GG, namely, the clique number

of G.

Remark 3.1. For a graph G, among all chordal extensions of G, there is a particular one G’
which makes every connected component of G to be a complete subgraph. Accordingly, the matrix
with sparsity pattern G' is block diagonal (after an appropriate permutation on rows and columns):
each block corresponds to a connected component of G. We call this chordal extension the maximal
chordal extension. In this chapter, we only consider chordal extensions that are subgraphs of the
mazximal chordal extension.

Given a graph G(V, E), the PSD matrices with sparsity pattern G form a convex cone
SVINSs ={Gesy| G =0} (3.1.1)

Once the sparsity pattern graph G(V, E) is a chordal graph, the cone SLVl NS¢ can be decomposed
as a sum of simple convex cones thanks to the following theorem and hence the related optimization
problem can be solved more efficiently.

Theorem 3.1 (]2], Theorem 2.3). Let G(V, E) be a chordal graph and assume that C4,...,Cy are
the list of mazimal cliques of G(V,E). Then a matriz G € SLV‘ N Sg if and only if G can be

written as G = Z§=1 G;, where G; € SL_Vl has nonzero entries only with row and column indices
coming from C; fori € [t].

Given a graph G(V, E), let Il be the projection from S!V! to the subspace Sg, i.e., for G € SV,

Ggy, ifB=~or{B,v}€E,
g (G = v 3.1.2
c(G)py { 0, otherwise. ( )

The set Hg(SLV‘) denotes matrices that are projections of PSD matrices onto Sg. More precisely,
(s = {lg(G) | G € 8! 3.1.3
¢V = {a(@) |G e sV, (3.1.3)

One can easily check that the cone Hg(SLV‘) and the cone SJ‘rvl N S¢ form a pair of dual cones in
S (see [199, Chapter 10]). Moreover, for a chordal graph G, the decomposition result for matrices

in SLV‘ NS¢ given in Theorem leads to the following characterization of matrices in the cone
e (s,

Theorem 3.2 ([69], Theorem 7). Let G(V, E) be a chordal graph and assume that Cy,...,Cy are
the list of mazimal cliques of G(V, E). Then a matriz G € Hg(SLV‘) if and only if G[C;] »= 0 for
i € [t], where G[C}] denotes the principal submatriz of G indexed by the clique C;.

By Theorem m to check G € Hg(SLV‘), it suffices to check the positive semidefiniteness of
certain blocks of G. For more details on chordal graphs and sparse matrices, the reader may refer
to [199].
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3.1.2 Correlative sparsity

To exploit correlative sparsity in the Moment-SOS hierarchy for POPs, one proceeds in two
steps: 1) decompose the set of variables into cliques according to the links between variables
emerging in the input polynomial system, and 2) construct a sparse Moment-SOS hierarchy with
respect to the former decomposition of variables [203].

More concretely, we define the correlative sparsity pattern (csp) graph associated with POP
to be the graph G°P with nodes V = [n] and edges F satisfying {i,j} € E if one of
following holds:

(i) there exists a € supp(f) s.t. a; > 0,5 > 0;

(ii) there exists k € [m] such that z;,z; € var(gx), where var(gy) is the set of variables involved
in gg.
Let (G*P)’ be a chordal extension of G*P and {I.}”_, be the list of maximal cliques of (G*P)’ with
ne := |I.|. Let R{x(I.)] denote the ring of polynomials in the n. variables x(I.) = {z; | j € I.}.
We then partition the constraint polynomials g1, ..., gm, into groups {g; | i € J.},¢ € [p] which
satisfy

(i) Ji,...,Jp C [m] are pairwise disjoint and UY_, J. = [m];
(ii) for any i € J., var(g;) C I, ¢ € [p].

Next, with ¢ € {1,...,p} fixed, for d € N and g € R[x(1.)], let My(y, I.) (resp. My(gy, I.)) be
the moment (resp. localizing) submatrix obtained from My(y) (resp. My(gy)) by retaining only
those rows and columns indexed by 8 = (8;) € NI of My(y) (resp. My(gy)) with supp(8) C I,
where supp(8) := {i | B # 0}.

Assume that f € R[x] can be written as f = fi +--- + fp, for some f. € R{x(I;)]. We denote
Emin := max{[f], [g:]}. Then with k > ky,in, the moment hierarchy based on correlative sparsity
for POP (3.0.1)) is defined as

pr =1inf Ly(f)
st. My(y, 1) =0, ce[pl,
My, 1g,1(9iy, Ic) = 0, i€ Je,cep),
yo = L.

In the following, we refer to (3.1.4)) as the CSSOS hierarchy for POP (3.0.1)).

(3.1.4)

Remark 3.2. As shown in [103] under some compactness assumption, the sequence (pr)k>k
monotonically converges to the global optimum f* of POP (3.0.1).

min

3.1.3 Term sparsity

In contrast to the correlative sparsity pattern which focuses on links between variables, the term
sparsity pattern focuses on links between monomials (or terms). To exploit term sparsity in the
Moment-SOS hierarchy one also proceeds in two steps: 1) decompose each involved monomial basis
into blocks according to the links between monomials emerging in the input polynomial system,
and 2) construct a sparse Moment-SOS hierarchy with respect to the former decomposition of
monomial bases [212] 211].

More concretely, let A = supp(f) UJ;~, supp(g;) and N} (6] be the standard monomial basis
fori=0,...,m. Fixing a relaxation order k > ky,in, we define the term sparsity pattern (tsp) graph
associated with POP or the support set A, to be the graph GZSP with node set V4 g := N}
and edge set

E(GP) = {{B.7} | B#7 € Vao, B+ €AUEN)"Y, (3.1.5)
where (2N)" := {2 | v € N"}.
For a graph G(V, E) with V. C N" let supp(G) := {8+~ | B =~ or {B,v} € E}. We define

the graphs Gg?é = Gf:p and, for i € [m)], Gg)z is the empty graph with node set V4, ; := NJI_ [g:]

and empty edge set. Note that supp(G,(f())) = AU2N} and supp(G,(C(’)z) = () for i > 1. Now for each
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i € {0} U [m], we iteratively define an ascending chain of graphs (G,(:i(V;m-7 E/E;tz))tZL To this end,
we start with the initial graph G](COZ)- and each iteration consists of two successive operations:

1) support extension. Define F,gtl) to be the graph with nodes Vi ; and with (recall go = 1)

E(F) ={{B.7} | B#7 € Via, (3.1.6)
(B + 7 +supp(g:)) N (Uosupp(G 1)) £ 0}, i € {0} U [m)].

2) chordal extension. Let
Gy = (F)), i€ {0}ulm). (3.1.7)

Note that F,glo) has edges {8,~} with 8+« € AU (2N)™. To summarise, the iterative process is

G}(CO) NN G/(:}-l) support extension F(t) chordal extension G(t)
)i

for each i € {0} U [m)].

Example 3.1 (support extension). Assume m = 0,k = 2, and consider the graph G with solid
edges shown in Figure [3.4 Then by support extension, the two dashed edges are added to G for
12223 € supp(QG).

Figure 3.2: The support extension of G

ATTs
A ® 6 e

Let r; := \Nz_rm| = (”;i?g[_%i]),i =0,...,m. Then with k¥ > ky;, and ¢ > 1, the moment

hierarchy based on term sparsity for POP (3.0.1)) is defined as

inf Ly (f)

s.t. BGij)o o My(y) € HG(t) (S+O),
BGS)l OMk—]’gi] (gz ) S HG(t) (S ), 1€ [m]7
Yo = 1.

The notation B o A in (3.1.8) refers to a matrix whose (8, v)-entry is Agy if 8 = or {8,~} €
E(G), and 0 otherwise. We call ¢ the sparse order and in the remainder of this chapter, the TSSOS

hierarchy for POP (3.0.1) refers to the hierarchy (3.1.8).

Remark 3.3. In , one has the freedom to choose a specific chordal extension for any involved
graph G;Ct)] As shown in [212)], if one chooses the mazimal chordal extension then with k fized,
the resulting sequence of optimal values of the TSSOS hierarchy (as t increases) monotonically
converges in finitely many steps to the optimal value of the corresponding dense moment relazation

for POP (30:1).

(3.1.8)

3.2 The CS-TSSOS Hierarchy

When applicable, one can significantly improve the scalability of the Moment-SOS hierarchy
by exploiting correlative sparsity or term sparsity. For large-scale POPs, it is then natural to ask
whether one can combine correlative sparsity and term sparsity to further reduce the size of SDPs
involved in the Moment-SOS hierarchy and to improve its scalability even more. As we shall see
in the following sections, the answer is affirmative.
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3.2.1 The CS-TSSOS Hierarchy for general POPs

Let us continue considering POP A first natural idea to combine correlative sparsity
and term sparsity would be to apply the TSSOS hierarchy for each subsystem (involving one
variable clique) separately, once the cliques have been obtained from the csp graph of POP (3.0.1)).
However, with this naive approach convergence may be lost and in the following we take extra care
to avoid this annoying consequence.

Let G*P be the csp graph associated with POP (3.0.1)), (G*P)’ a chordal extension of GP and
{I.}?_, Dbe the list of maximal cliques of (G®P)" with n. := [I.|. As in Section the set of
variables z is decomposed into x(I1),x(12),...,x(I,). Let Jy,...,J, be defined as in Section[3.1.2]

Now we apply the term sparsity pattern to each subsystem involving variables x(I.), ¢ € [p]
respectively as follows. Let

A = supp(f) U U supp(g;) and A, := {a € A | supp(ex) C I.} (3.2.1)

i=1

for ¢ € [p]. As before, we set kmin := max{[f],[g1],..-,[9m]} and go := 1. Fix a relaxation order
k > kmin and let Nj*  , be the standard monomial basis for i € {0} U J., ¢ € [p]. Let GpP be

the tsp graph with nodes Ny° associated with A, defined as in Section i.e., its node set is
Npe and {B,~} is an edge if B+~ € A. U (2N)". Note that we embed N™* into N via the map
a = (o;) € N — o' = (a}) € N" which satisfies

K2

) {a ifiel,

o, =
0, otherwise.

Let us define G,(foi o = G and G,(fi i

i € Je, ¢ € [p] are all empty graphs with nodes Nj'° TRE

Next, for an integer k > 1, for each i € {0} U J., ¢ € [p], we iteratively define an ascending chain
(t)

of graphs (G}, ., (Vi,c,is E,(:(): ))e>1 with Vi ¢ = NZC_W] via two successive operations:

t

1) support extension. Define F,g , to be the graph with nodes Vj, . ; and with

C,

B(F()) = B A B#7 € Vies (B+v+supp(g)) nel™ 20}, (322)
where
p
er ™" = |J Uicropuo. (supp(g:) +supp(Gy. ). (3.2.3)
c=1

2) chordal extension. Let

G\ = (BN, ie{0}uld., cepl. (3.2.4)
Example 3.2. Let f =1+ x% + x% + x% + z120 + X023 + 3 and consider the unconstrained POP:
min{f(x) : x € R"}. We have n = 3,m = 0 and take the relaxzation order k = kmin = 1. The
variables are decomposed into two cliques: {x1,x2} and {xa,x3}. The tsp graphs with respect to
these two cliques are illustrated in Figure [3.3. The left graph corresponds to the first clique: xy
and xo are connected because of the term x1xo. The right graph corresponds to the second clique: 1
and x3 are connected because of the term x3; ro and x3 are connected because of the term xoxs. If
we apply the TSSOS hierarchy (using the mazimal chordal extension in ) separately for each

clique, then the graph sequences (Ggf)c)tzl, ¢ =1,2 (the subscript j is omitted here since there is no
constraint) stabilize at t = 1. However, the added (dashed) edge in the right graph corresponds to
the monomial xo, which only involves the variable x5 belonging to the first clique. Hence we need
to add the edge connecting 1 and xo to the left graph in order to get the guarantee of convergence
as we shall see in Section . Consequently, the graph sequences (Ggf)c)tzl, c = 1,2 stabilize at
t=2.

3Though we only include inequality constraints in the definition of S(g) (8.0.2) for the sake of simplicity, equality
constraints can be treated in a similar way.
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Figure 3.3: The tsp graphs of Example The dashed edge is added after the maximal chordal
extension.

Let rc; = b(ne, k—[g;]) for all ¢,i. Then with & > 1, the moment hierarchy based on
correlative-term sparsity for POP (3.0.1)) is defined as

pg) =inf Ly (f) .
s.t. BG(t) o Mk(y, IC) c HG(t) (SJFC’O), c e [p],
BG(t) i © Mk*[g.;] (giya I ) e HG{t)@z (S:-C’i)7 (RS J07 ce [p]7
Yo = 1.

(3.2.5)

Proposition 3.1. Firing a relaxation order k > kuyin, the sequence (P;i))tzl is monotonically

non-decreasing and p,(:) < pi for allt.

ke C G, Hl) forall £, c ] and all ¢. It follows that each maximal

clique of Gk cjisa subset of some max1mal chque of Gk . j . Hence by Theorem |3 . with

value p( ) is a relaxation of (| with value p(t+ ) and is clearly also a relaxation of (3.1.4]) with

value py. Therefore, (,05C ))t>1 is monotomcally non-decreasing and p( ) < pi for all t. O

Proof. By construction, we have aW

Proposition 3.2. Fizing a sparse order t > 1, the sequence (P;(.:))kzkmm is monotonically non-
decreasing.

Proof. The conclusion follows if we can show that cht)c s G,(:H . for all k, ¢, j,t since by Theorem

this implies that (3.2.5) is a relaxation of (3.2.5)) with value p,i_?_l Let us prove Gk ej © G,(Q_l c
by induction on t. For ¢t = 1, from (3.1.5)), we have Gg)z’() GtSP C G;sfl .= G,(COJrl ¢.0» Which
together with (3.2.2)-(3.2.3) implies that F,glc)j C F,Sr)lcj for j € {0} U Je,e € [p]. Tt then

follows that G(l) (F,ilc)]) - (F,Ei)l ) G(l)1 . Now assume that G(i)c Gf:j_l .
je{0tul.,ce [p} holds for some ¢t > 1. Then by (3.2.2] | 3.2.3) and by the 1nduct10n hypothesm
we have F(H]l) - F,gfllzj for j € {0}UJ., ¢ € [p]. Thus thj; F,gtj]l) F,itjllgj)' = Gl(gt:ll,)c,j

which completes the induction.

From Proposition [3.1] and Proposition [3.2] we deduce the following two-level hierarchy of lower

bounds for the optimum f* of (3.0.1) (3.0.1):

A

i < < Pkmin
Al Al Al
1 2
/’l(c,jinﬂ < pl(cm)mﬂ < S Pl
Al Al Al
: : : : (3.2.6)
Al Al Al
1 2
Vo< )P < < gy
Al Al Al

The array of lower bounds (3.2.6) (and its associated SDP relaxations (3.2.5])) is what we call the
CS-TSSOS hierarchy associated with (3.0.1f) (3.0.1)).
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Example 3.3. Let f =1+ Z?=1 x? 4+ T1X9x3 + T3T4X5 + T3T4Tg + T3T5%6 + T4T5%g, and consider
the unconstrained POP: min{f(x) : x € R"}. We have n = 6,m = 0. Let us apply the CS-TSSOS
hierarchy (using the mazimal chordal extension in ) to this problem by taking the relazation
order k = kmin = 2 and the sparse order t = 1. First, according to the csp graph (see Figure s
we decomposes the variables into two cliques: {x1,x2,x3} and {xs,x4,x5,26}. Figure d
Figure [3.0 illustrate the tsp graphs for the first clique and the second clique, respectively. For the
first clique one obtains four blocks of SDP matrices with respective sizes 4,2,2,2. For the second
clique one obtains two blocks of SDP matrices with respective sizes 5,10. As a result, the original
SDP matriz of size 28 has been reduced to sixz blocks of mazximal size 10.

If one applies the TSSOS hierarchy (using the mazimal chordal extension in ) directly to
the problem by taking k = kmin = 2,t = 1 (i.e., without decomposing variables), then the tsp graph is
illustrated in Figure[3.] One obtains 11 SDP blocks with respective sizes 7,2,2,2,1,1,1,1,1,1,10.
Compared to the CS-TSSOS case, there are six additional blocks of size one and the two blocks with
respective sizes 4,5 are replaced by a single block of size 7.

Figure 3.4: The csp graph of Example [3.3]

Figure 3.5: The tsp graph for the first clique of Example [3.3]

RS

Figure 3.6: The tsp graph for the second clique of Example

The CS-TSSOS hierarchy entails a trade-off. Indeed, one has the freedom to choose a specific
chordal extension for any graph involved in . This choice affects the resulting size of blocks
of SDP matrices and the quality of optimal values of corresponding relaxations. Intuitively, chordal
extensions with small clique numbers lead to blocks of small size and optimal values of (possibly)
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Figure 3.7: The tsp graph without decomposing variables of Example [3.3

low quality while chordal extensions with large clique numbers lead to blocks of large size and
optimal values of (possibly) high quality.

For all ¢, i, write My_14.1(9:iy, L) = > D%y, for appropriate symmetry matrices {D%}.
Then for each k > 1, the dual of (3.2.5]) reads as:

sup p
ste Y01 Yo, (Gegi DSY) + pdoa = far Vo€ €, (3.2.7)

G ;€877 NS, , je{0}UT, celp],
k,c,j

where C?,(f) is defined in (3.2.3)).

Proposition 3.3. Let f € R[x] and S(g) be as in (3.0.2). Assume that S(g) has a nonempty
interior. Then there is no duality gap between (3.2.5)) and (3.2.7) for any k > kyin and t > 1.

Proof. By the duality theory of convex programming, this easily follows from Theorem 3.6 of [103]
and Theorem 3.2 m

Note that the number of equality constraints in ([3.2.7) is equal to the cardinality of C?;:). We

next give a description of the elements in G,(f) in terms of sign symmetries.

3.2.2 Sign symmetries

Definition 3.2. Given a finite set A C N", the sign symmetries of A are defined by all vectors
r € Z% := {0,1}" such that r"a =0 (mod 2) for all a € A.

For any a € N, we define (a)s := (1(mod 2),...,a,(mod 2)) € Z5. We also use the same
notation for any subset A C N”, ie., (A)2 := {(a)2 | &« € A} C Z%. For a subset S C Z7, the
orthogonal complement space of S in Z3, denoted by S+, is the set {ax € ZF | s = 0 (mod 2),Vs €
S}.

Remark 3.4. By definition, the set of sign symmetries of A is exactly the orthogonal complement
space (a)y in 75, which therefore can be essentially represented by a basis of the subspace (A)y

Y n
in Zy.

For a subset S C Z7, we say that S is closed under addition modulo 2 if s1,s2 € S implies
(s1 + s2)2 € S. The minimal set containing S with elements which are closed under addition
modulo 2 is denoted by (S)z,. It is easy to prove (S)z, = {(3_,;si)2 | s; € S} which is the subspace
spanned by S in Zj.

Lemma 3.1. Let S C Z%. Then (S1t)t = (S)z,.

Proof. 1t is immediate from the definitions. O

Lemma 3.2. Suppose G is a graph with V(G) C N"™. Then it holds (supp(G’))2 C ((supp(G))2)z, -
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Proof. By definition, we need to show (8 + )2 € ((supp(G))2)z, for any {8,v} € E(G’). Since in
the process of chordal extensions, edges are added only if two nodes belong to the same connected
component, for any {8,v} € E(G’) there is a path connecting 8 and v in G: {B,v1,...,v,,7}
with {ﬂ,vl},{vT,’y} € E(G) and {Ui7vi+1} S E(G),Z S [7“ — 1]. From (,8 + Ul)g, (’Ul + ’U2)2 S
(supp(G))2, we deduce that (8 + v2)2 € ((supp(G))2)z, because ((supp(G))2)z, is closed under
addition modulo 2. Likewise, we can prove (8 + v;)2 € ((supp(G))2)z, for i = 3,...,r + 1 with
vy = . Hence (8 + )2 € ((supp(G))2)z, as desired. O

Proposition 3.4. Let A be defined as in (3.2.1)), G,(:) be defined as in (3.2.3) and assume that
the sign symmetries of A are represented by the column vectors of a binary matriz, denoted by R.

Then for any k > 1 and any a € Gl(f), it holds RTa = 0 (mod 2). In other words, (Gg))g C R*,
where we regard R as a set of the column vectors of R.

Proof. By Lemma | we only need to prove (C( )) C ((A)2)z,. Let us do induction on ¢ > 0. For
t=0, by B23), ¢ = UL, supp(Giho) = Uz 1supp<Gz, ) € Ul (Ae U (2N)") C AU (2N)",
Hence (G,(CO))Q C ((A)2)z,- Now assume that ( ) ((

(

A)2)z, holds for some t>0. By (3:2.2),
for any ¢, and any {8,~} € E(F,gtjll)), we have (supp(g;) + B8 +~) N 6 # (), i.e., there exists
a € supp(g;) such that a + B+ v € G(t), which implies (o + 8 + v)2 ((3,(:))2. Hence by the
induction hypothesis, (a + 8+ )2 € ((A)2)z,- Since ((A)2)z, is closed under addition modulo 2
and ()2 € (A)z, we have (8 + v)2 € ((A)2)z,. It follows (supp(F(t+1))) C ((A)2)z,. Because

k,c,j
1 1 1 1
G = (F“+ )> . by Lemma B.2] we have (supp(GL'T1))s € ((supp(F o)z, € (A)a)za.
From this, and the fact t

at ((A)2)z, is closed under addition modulo 2, we then deduce
the mcluslon (Ck +1))2 C {(A)2)z, which completes the induction. O

Remark 3.5. Proposition[3.]] actually indicates that the block structure produced by the CS-TSSOS
hierarchy is consistent with the sign symmetries of the POP.

3.3 Convergence analysis

3.3.1 Global convergence

We next prove that if for any graph involved in (3.2.5)), the chordal extension is chosen to be

mazimal, then for any relaxation order k& > ki, the sequence of optimal values (pff))tzl of the
CS-TSSOS hierarchy converges to the optimal value p of the corresponding CSSOS hierarchy
(3.1.4). In turn, as the relaxation order k increases, the latter sequence converges to the global
optimum f* of the original POP (3.0.1) (after adding some redundant quadratic constraints) as
shown in [103].

Obviously, the sequences of graphs (GE: e

(Viyejr By, )cj))tzl stabilize for all j € {0} U J,, ¢ € [p]
after finitely many steps. We denote the resulting stabilized graphs by el j€{0}UJ.c € p

k,c,5°
and the corresponding SDP (3.2.5)) with value pf.

Theorem 3.3. Assume that the chordal extension in (3.2.4) is the maximal chordal extension.

Then for any k > kmin, the sequence (pff))tzl converges to py in finitely many steps.

Proof. Let y = (yo) be an arbitrary feasible solution of ( - ) with value p;. Note that {yq |
o e U (Uieqoyua, (supp(gs) + supp(G§C Z )} is the set of decision variables involved in ( zb;’*ts).
Let R be the set of decision variables involved in . We then define a vector ¥ = (§,,)acr as
follows:
_— {ya, if o € U7, (Uieqoyus, (supp(g:) + supp(Gy ),
* 0, otherwise.

By construction and since Gl k i stabilizes under support extension for all c7 z, we have My,_14.1(9:¥, L) =
BG( oy oMy _1g,1(9:y, Le)- As we use the maximal chordal extension in , the matrix BG; ), o

M,,_ Tgﬂ (g:y, I..) is block diagonal up to permutation (see Remark. So from B oMjg_rg; (giy, 1) €
k,c,i
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HG< ) (81") it follows My, _14,1(9:¥, L) = 0 for i € {0} U Je, ¢ € [p]. Therefore ¥ is a feasible solu-

tion of (3.1.4) and so Ly(f) = Ly(f) > px. Hence pj; > pj, since y is an arbitrary feasible solution
of (3.2.5) with value p}. By Proposition we already have pj < pg. Therefore, p} = ps. O

To guarantee the global optimality, we need the following compactness assumption on the
feasible set S(g).

Assumption 1. Let S(g) be as in (3.0.2). There exists an M > 0 such that ||x||.c < M for all
z € 5(g).

Because of Assumption 1, one has [|x(I.)||3 < n.M?2, ¢ € [p]. Therefore, we can add the p
redundant quadratic constraints

m+e(x) = neM? — [x(I)|53 > 0, c€ [p] (3.3.1)
in the definition (3.0.2)) of S(g) and set m’ = m + p, so that S(g) is now defined by
S(g) ={xeR"|gi(x) >0, ie[m]} (3.3.2)

Note that gm+. € R[x(I.)] for ¢ € [p].

Then by Theorem 3.6 in [I03], the sequence (pi)x>k,.;, converges to the globally optimal value

f* of POP (3.0.1)). So this together with Theorem gives the global convergence of the CS-TSSOS
hierarchy.

3.3.2 A sparse representation theorem

Proceeding along Theorem we are able to provide a sparse representation theorem for a
polynomial positive on a compact basic semialgebraic set.

Theorem 3.4 (sparse representation). Let f € R[x] and S(g) be as in (3.3.2) with the addi-

tional quadratic constraints (3.3.1). Let I.,J. be defined as in Section |3.2.1| and A = supp(f) U

U;il supp(g;). Assume that the sign symmetries of A are represented by the column vectors of the
binary matriz R. If f is positive on S(g), then

f Z (UC 0 + Z O¢ zgz> ) (333)

i€J.

for some polynomials o.; € N[x(I.)],i € {0} U J.,c € [p], satisfying RTa = 0 (mod 2) for any
a € supp(o..;), i.e., (supp(oei))2 € R*, where we regard R as a set of its column vectors.
That is, (3.3.3)) provides a certificate of positivity of f on S(g).

Proof. By Corollary 3.9 of [103] (or Theorem 5 of [68]), there exist polynomials oy, ; € X[x(/.)],i €

{0} U J;, c € [p] such that
f= Z ( Lot > U“gz> . (3.3.4)

i€J.

Let k = max{[deg(oy.,;9:)/2] : i € {0} U J.,c € [p]}. Let G.; be a PSD Gram matrix associated
with oy, ; and indexed by the monomial basis N, TRE Then for all ¢, i, we define G.; € S"* with
Tei = b(ne, k — [g;]) (indexed by Ny o ]) by

(G sy, HERT(B+7) =0 (mod 2),

(G, i]ﬁ‘y = ’ .
0, otherwise,

and let o.; = (xNZiM NTG.ix NiZlei1. One can easily verify that G.; is block diagonal up to

permutation (see also [212]) and each block is a principal submatrix of G/ ,. Then the positive

semidefiniteness of G/, ; implies that G, ; is also pos1t1ve semidefinite. Thus Jp i € X[x(1.)]

C,

By construction, substituting UCJ with Oc,j; in ) boils down to removing the terms with
exponents a that do not satisfy R a = 0 (mod 2) from the right hand side of (3.3.4]). Since any
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a € supp(f) satisfies RTa = 0 (mod 2), this does not change the match of coefficients on both
sides of the equality. Thus we obtain

[= Z <O'c,O + Z Uc,igi>

c=1 i€Je

with the desired property. O

3.3.3 Extracting a solution

In the case of dense Moment-SOS relaxations, there is a standard procedure described in [77]
to extract globally optimal solutions when the so-called flatness condition for the moment matrix
is satisfied. This procedure was partially generalized to the correlative sparsity setting in [103]
§ 3.3]. However, in the combined sparsity setting, the corresponding procedure cannot be applied
because we do not have complete information on the moment matrix associated with each clique.
In order to extract a solution in this case, we may add a dense moment matrix of order one for

each clique in (3.2.5)):

inf Ly (f)
s.t. BG;;,)C,U o Mk(y,fc) S HGS,L,O (S_T,,_C"O), ce [p],
Mi(y, 1) =0, ce€[p], (3.3.5)
BGS)H o My._r14:1 (9:y,1.) € HGf)u(S‘T*“)’ i€ J.,cé€lp,
yo = 1.

Let y* be an optimal solution of (3.3.5). Typically, My (y*,I.) (after identifying sufficiently
small entries with zeros) is a block diagonal matrix (up to permutation). If for all ¢, every block
of My (y*,I.)) is of rank one, then a globally optimal solution x* to which is unique up to
sign symmetries can be extracted, and the global optimality is certified (see [I03, Theorem 3.2]).
Otherwise, the relaxation might be not exact or yield multiple global solutions.

Remark 3.6. Note that (3.3.5) is a tighter relaxation of (3.0.1) than (3.2.5) and so might provide
50.1)

a better lower bound for |

3.4 Applications and numerical experiments

In this section, we conduct numerical experiments for the proposed CS-TSSOS hierarchy and
apply it to two important classes of POPs: Max-Cut problems and AC optimal power flow (AC-
OPF) problems. Depending on specific problems, we consider two types of chordal extensions
for the term sparsity pattern: maximal chordal extensions and approximately smallest chordal
extensionsﬂ The tool TSSOS which executes the CS-TSSOS hierarchy (as well as the CSSOS
hierarchy and the TSSOS hierarchy) is implemented in Julia. For an introduction to TSS0S, one
could refer to [124]. TSSOS is available on the website:

https://github.com/wangjie212/TSS0OS.

In the following subsections, we compare the performances of the CSSOS approach, the TSSOS
approach, the CS-TSSOS approach and the SDSOS approach [3] (implemented in SPOT [140]).
Mosek [6] is used as an SDP (in the CSSOS, TSSOS, CS-TSSOS cases) or SOCP (in the SDSOS
case) solver. All numerical examples were computed on an Intel Core i5-8265U@Q1.60GHz CPU
with 8GB RAM memory. The timing includes the time required to generate the SDP/SOCP and
the time spent to solve it. The notations used in this section are listed in Table

4A smallest chordal extension is a chordal extension with the smallest clique number. Computing a smallest
chordal extension is generally NP-complete. So in practice we compute approximately smallest chordal extensions
instead with efficient heuristic algorithms.
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Table 3.1: Notation

var number of variables
cons number of constraints
mc maximal size of variable cliques
mb maximal size of SDP blocks
opt optimal value
time running time in seconds
gap optimality gap
CE type of chordal extensions used in (3.2.4)
min approximately smallest chordal extension
max maximal chordal extension
0 a number whose absolute value less than le-5
- an out of memory error

3.4.1 Benchmarks for unconstrained POPs

The Broyden banded function is defined as

n

fon(x) =D (@:(2+527) +1= > (1+))z,)*,

i=1 JjET;

where J; = {j | j # i,max(1,7—5) < j < min(n,i+ 1)}.

The task is to minimize the Broyden banded function over R™ which is formulated as an
unconstrained POP. Using the relaxation order k = 3, we solve the CSSOS hierarchy , the
TSSOS hierarchy with t = 1 and the CS-TSSOS hierarchy with ¢ = 1. In the latter
two cases, approximately smallest chordal extensions are used. We also solve the POP with the
SDSOS approach. The results are displayed in Table

It can be seen from the table that CS-TSSOS significantly reduces the maximal size of SDP
blocks and is the most efficient approach. CSSOS, TSSOS and CS-TSSOS all give the exact
minimum 0 while SDSOS only gives a very loose lower bound —13731 when n = 20. Due to the
limitation of memory, CSSOS scales up to 180 variables; TSSOS scales up to 40 variables; SDSOS
scales up to 20 variables. On the other hand, CS-TSSOS can easily handle instances with up to
500 variables.

Table 3.2: The result for Broyden banded functions (k = 3)

CSSOS TSSOS CS-TSSOS SDSOS
var b opt | time | mb | opt | time | mb | opt | time opt time
20 | 120 | O 21.7 | 33 0 | 439 | 19 0 2.24 | —13731 | 374
40 | 120 | O | 44.6 | 52 0 231 | 19 0 6.95 - -
60 | 120 | O 81.8 - - - 19 0 13.0 - -
80 | 120 | O 116 - - - 19 0 19.6 - -
100 | 120 | O 151 - - - 19 0 27.0 - -
120 | 120 | O 195 - - - 19 0 34.4 - -
140 | 120 | O 249 - - - 19 0 43.1 - -
160 | 120 | O 298 - - - 19 0 50.2 - -
180 | 120 | O 338 - - - 19 0 63.8 - -
200 | 120 | - - - - - 19 0 72.9 - -
250 | 120 | - - - - - 19 0 106 - -
300 | 120 | - - - - - 19 0 132 - -
400 | 120 | - - - - - 19 0 220 - -
500 | 120 | - - - - - 19 0 313 - -
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3.4.2 Benchmarks for constrained POPs

e The generalized Rosenbrock function
fer(x) =1+ (100(z; — 27_1)* + (1 — 2:)%).
i=2

e The Broyden tridiagonal function

n—1
th(X) :((3 — 2:61)1‘1 — 2:132 + 1)2 + Z((S — 217i)$i —XTij—1 — 2JCZ‘+1 + 1)2
=2
+((3 = 2xp) Ty — 1 +1)2

e The chained Wood function

fCW(X) =1+ 2(100($2+1 - 1’?)2 + (]. - .’Ei)2 + 90(£E7;+3 - .’E12+2)2
i€
+ (1 - JUH_Q)Q + 10(],‘,‘4_1 + X3 — 2)2 + 0.1(1‘i+1 — $¢+3)2),

where J = {1,3,5,...,n — 3} and 4|n.
With the generalized Rosenbrock (resp. Broyden tridiagonal or chained Wood) function as the
objective function, we consider the following constrained POP:

{inf fer  (resp. fi or fow)

! 3.4.1
st 1= (%0107 20, j € [n/20], B4

where 20|n. The generalized Rosenbrock function, the Broyden tridiagonal function and the
chained Wood function involve cliques with 2 or 3 variables, which can be efficiently handled
by the CSSOS hierarchy; see [203]. For them, the CS-TSSOS hierarchy gives almost the same
results with the CSSOS hierarchy. Hence we add the sphere constraints in to increase the
clique size and to show the difference.

For these problems, the minimum relaxation order k = 2 is used. As in the unconstrained case,
we solve the CSSOS hierarchy , the TSSOS hierarchy with t =1 and the CS-TSSOS
hierarchy with ¢t = 1, and use approximately smallest chordal extensions. We also solve
these POPs with the SDSOS approach. The results are displayed in Tables

From these tables, one can see that CS-TSSOS significantly reduces the maximal size of SDP
blocks and is again the most efficient approach. For the generalized Rosenbrock function, CSSOS,
TSSOS and CS-TSSOS give almost the same optimum while SDSOS gives a slightly loose lower
bound (only for n = 40); for the Broyden tridiagonal function, CSSOS, TSSOS and CS-TSSOS
all give the same optimum while SDSOS gives a very loose lower bound (only for n = 40); for the
chained Wood function, CSSOS, TSSOS and CS-TSSOS all give the same optimum while SDSOS
gives a slightly loose lower bound (only for n = 40). Due to the limitation of memory, CSSOS scales
up to 180 variables; TSSOS scales up to 180 or 200 variables; SDSOS scales up to 40 variables.
On the other hand, CS-TSSOS can easily handle these instances with up to 1000 variables.

3.4.3 The Max-Cut problem

The Max-Cut problem is one of the basic combinatorial optimization problems, which is known
to be NP-hard. Let G(V, E) be an undirected graph with V' = [n] and with edge weights w;; for
{i,j} € E. Then the Max-Cut problem for G can be formulated as a QCQP in binary variables:

{max %Z{M}GE wij (1 — @z;)

3.4.2
st. 1—22=0, i€ln]. ( )

The property of binary variables in (3.4.2)) can be also exploited to reduce the size of SDPs arising
from the Moment-SOS hierarchy, which has been implemented in TSSOS.
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Table 3.3: The result for the generalized Rosenbrock function (k = 2)

var CSSOS TSSOS CS-TSSOS SDSOS
mb opt time | mb opt time | mb opt time opt time
40 231 | 38.051 | 126 41 | 38.049 | 0.61 | 21 | 38.049 | 0.23 | 37.625 | 115
60 231 | 57.849 | 232 61 | 57.845 | 3.31 | 21 | 57.845 | 0.32 - -
80 231 | 77.647 | 306 81 | 77.641 | 11.7 | 21 | 77.641 | 0.41 - -
100 | 231 | 97.445 | 377 | 101 | 97.436 | 31.3 | 21 | 97.436 | 0.54 - -
120 | 231 | 117.24 | 408 | 121 | 117.23 | 75.4 | 21 | 117.23 | 0.60 - -
140 | 231 | 137.04 | 495 | 141 | 137.03 | 190 21 | 137.03 | 0.75 - -
160 | 231 | 156.84 | 570 | 161 | 156.82 | 367 | 21 | 156.82 | 0.90 - -
180 | 231 | 176.64 | 730 | 181 | 176.62 | 628 21 | 176.62 | 1.09 - -
200 | 231 - - 201 | 196.41 | 1327 | 21 | 196.41 | 1.27 - -
300 | 231 - - - - - 21 | 295.39 | 2.26 - -
400 | 231 - - - - - 21 | 394.37 | 3.36 - -
500 | 231 - - - - - 21 | 493.35 | 4.65 - -
1000 | 231 - - - - - 21 | 988.24 | 15.8 - -
Table 3.4: The result for the Broyden tridiagonal function (k = 2)

CSSOS TSSOS CS-TSSOS SDSOS
var mb opt time | mb opt time | mb opt time opt time
40 231 | 31.234 | 168 43 | 31.234 | 1.95 | 23 | 31.234 | 0.64 | —5.8110 | 138
60 231 | 47.434 | 273 63 | 47.434 | 8.33 | 23 | 47.434 | 1.14 - -
80 231 | 63.634 | 413 83 | 63.634 | 33.9 | 23 | 63.634 | 1.50 - -
100 | 231 | 79.834 | 519 | 103 | 79.834 | 104 23 | 79.834 | 1.96 - -
120 | 231 | 96.034 | 671 | 123 | 96.034 | 199 23 | 96.034 | 2.30 - -
140 | 231 | 112.23 | 872 | 143 | 112.23 | 490 23 | 112.23 | 2.94 - -
160 | 231 | 128.43 | 1002 | 163 | 128.43 | 783 23 | 128.43 | 3.67 - -
180 | 231 | 144.63 | 1066 | 183 | 144.63 | 1329 | 23 | 144.63 | 4.46 - -
200 | 231 - - - - - 23 | 160.83 | 4.88 - -
300 | 231 - - - - - 23 | 241.83 | 8.67 - -
400 | 231 - - - - - 23 | 322.83 | 13.3 - -
500 | 231 - - - - - 23 | 403.83 | 19.9 - -
1000 | 231 - - - - - 23 | 808.83 | 57.5 - -

Table 3.5: The result for the chained Wood function (k = 2)

var CSSOS TSSOS CS-TSSOS SDSOS
mb opt time | mb opt time | mb opt time opt time
40 231 | 574.51 | 164 41 | 574.51 | 0.81 | 21 | 574.51 | 0.26 | 518.11 | 110
60 231 | 878.26 | 254 61 | 878.26 | 3.61 | 21 | 878.26 | 0.40 - -
80 231 | 1182.0 | 393 81 | 1182.0 | 15.3 | 21 | 1182.0 | 0.57 - -
100 | 231 | 1485.8 | 505 | 101 | 1485.8 | 43.2 | 21 | 1485.8 | 0.73 - -
120 | 231 | 1789.5 | 516 | 121 | 1789.5 | 88.4 | 21 | 1789.5 | 0.93 - -
140 | 231 | 2093.3 | 606 | 141 | 2093.3 | 195 21 | 2093.3 | 1.16 - -
160 | 231 | 2397.0 | 700 | 161 | 2397.0 | 403 21 | 2397.0 | 1.39 - -
180 | 231 | 2700.8 | 797 | 181 | 2700.8 | 867 | 21 | 2700.8 | 1.54 - -
200 | 231 - - 201 | 3004.5 | 1238 | 21 | 3004.5 | 1.91 - -
300 | 231 - - - - - 21 | 4523.6 | 3.39 - -
400 | 231 - - - - - 21 | 6042.0 | 5.72 - -
500 | 231 - - - - - 21 | 7560.7 | 7.88 - -
1000 | 231 - - - - - 21 | 15155 | 23.0 - -
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For the numerical experiments, we construct random instances of Max-Cut problems with a
block-band sparsity pattern (illustrated in Figure which consists of [ blocks of size b and two
bands of width h. Here we select b = 25 and h = 5. For a given [, we generate a random sparse
binary matrix A € S"*" according to the block-arrow sparsity pattern: the entries out of the
blue area take zero; the entries in the block area take one with probability 0.16; the entries in the
band area take one with probability 2/ V1. Then we construct the graph G with A as its adjacency
matrix. For each edge {7, j} € E(G), the weight w;; randomly takes values 1 or —1 with equal prob-
ability. Doing so, we build 10 Max-Cut instances with { = 20, 40, 60, 80, 100, 120, 140, 160, 180, 200,
respectivelyﬂ The largest number of nodes is 5005.

Figure 3.8: The block-band sparsity pattern
b h

—> —

[ blocks *

0]

[: the number of blocks; b: the size of blocks; h: the width of bands.

For each instance, we solve the first-order Moment-SOS relaxation (Shor’s relaxation), the
CSSOS hierarchy with £k = 2, and the CS-TSSOS hierarchy with & = 2,¢ = 1 for which the
maximal chordal extension is used. The results are displayed in Table From the table we can
see that for each instance, both CSSOS and CS-TSSOS significantly improve the bound obtained
by Shor’s relaxation. Meanwhile, CS-TSSOS is several times faster than CSSOS at the cost of
possibly providing a sightly weaker bound. In addition, CS-TSSOS yields smaller block sizes than
CSSOS.

Table 3.6: The result for Max-Cut instances

instance | nodes | edges | mc Shor CS508 CS-TSSOS
& opt | mb | opt | time | mb | opt | time
220 505 2045 14 | 570 | 120 | 488 | 51.2 | 92 488 | 19.6

g40 1005 | 3441 | 14 | 1032 | 120 | 885 | 134 | 92 | 893 | 41.1
g60 1505 | 4874 | 14 | 1439 | 120 | 1227 | 183 | 92 | 1247 | 71.3
g80 2005 | 6035 | 15 | 1899 | 136 | 1638 | 167 | 106 | 1669 | 84.8
g100 2505 | 7320 | 14 | 2398 | 120 | 2073 | 262 | 92 | 2128 | 112
g120 3005 | 8431 | 14 | 2731 | 120 | 2358 | 221 | 79 | 2443 | 127
g140 3505 | 9658 | 13 | 3115 | 105 | 2701 | 250 | 79 | 2812 | 153
g160 4005 | 10677 | 14 | 3670 | 120 | 3202 | 294 | 79 | 3404 | 166
g180 4505 | 12081 | 13 | 4054 | 105 | 3525 | 354 | 79 | 3666 | 246
g200 5005 | 13240 | 13 | 4584 | 105 | 4003 | 374 | 79 | 4218 | 262

In this table, only the integer part of optimal values is preserved.

5The instances are available at https://wangjie212.github.io/jiewang/code.html.
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3.4.4 The AC-OPF problem

The AC optimal power flow (AC-OPF) is a central problem in power systems. It can be
formulated as the following POP in complex variables V;, 57, S;;:

B Do (RSP + 1 (S + eny)
s.t. /V,. =0,
l u
89 < 59 < SI, Vged,

Ygeq, 5§ — 87 - Y3Vl = > (i jyepupr Sij, Vi €N, (3.4.3)
Sy = (g — %)Wl vr 0 v e E
9 ij 1 PRARE 7 P 1, s
* 'bfj * V,L-*V' .o
Sji= (Y5 —i )| V|2 -Y; szj, v(i,j) € E,

|Si;| < s, V(i,j) € EUER,
03 < Z(Vivy) < 65", V(ij) € E.

ij

The meaning of the symbols in is as follows: NV - the set of buses, G - the set of generators, G;
- the set of generators connected to bus 4, E - the set of from branches, E - the set of to branches,
E; and EF - the subsets of branches that are incident to bus i, i - imaginary unit, V; - the voltage
at bus i, SJ - the power generation at generator ¢, S;; - the power flow from bus ¢ to bus j, R(-)
- real part of a complex number, Z(-) - angle of a complex number, | - | - magnitude of a complex
number, (-)* - conjugate of a complex number, r - the voltage angle reference bus. All symbols
in boldface are constants (coq, €14, Caq, U}, U, S14, OiAjl, 03" € RS9, 894, 8¢, Y7, Yy5,bg;, Ty € C).
For a full description on the AC-OPF problem, the reader may refer to [10]. By introducing real
variables for both real and imaginary parts of each complex variable, we can convert the AC-OPF
problem to a POP involving only real variablesﬂ

To tackle an AC-OPF instance, we first compute a locally optimal solution with a local solver
and then rely on an SDP relaxation to certify the global optimality. Suppose that the optimal
value reported by the local solver is AC and the optimal value of the SDP relaxation is opt. The
optimality gap between the locally optimal solution and the SDP relaxation is defined by

AC — opt

gap i= —m— X 100%.

If the optimality gap is less than 1.00%, then we accept the locally optimal solution as globally
optimal. For many AC-OPF instances, the first-order Moment-SOS relaxation (Shor’s relaxation)
is already able to certify the global optimality (with an optimality gap less than 1.00%). Therefore,
we focus on the more challenging AC-OPF instances for which the optimality gap given by Shor’s
relaxation is greater than 1.00%. We select such instances from the AC-OPF library PGLiB, [10].
Since we shall go to the second-order Moment-SOS relaxation, we can replace the variables S;;
and Sj; by their right-hand side expressions in and then convert the resulting problem to
a POP involving real variables. The data for these selected AC-OPF instances are displayed in
Table [3.7], where the AC values are taken from [PGLiB.

We solve Shor’s relaxation, the CSSOS hierarchy with £ = 2 and the CS-TSSOS hierarchy
with £ = 2,t = 1 for these AC-OPF instances and the results are displayed in Tables 3.8
For instances 162_ieee_dtc, 162_ieee_dtc_api, 500_tamu, 1888_rte, with maximal chordal extensions
Mosek ran out of memory and so we use approximately smallest chordal extensions. As the tables
show, CS-TSSOS is more efficient and scales much better with the problem size than CSSOS. In
particular, CS-TSSOS succeeds in reducing the optimality gap to less than 1.00% for all instances.

6The expressions involving angles of complex variables can be converted to polynomials by using tan(/z) = y/x
for z=x +iy € C.
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Table 3.7: The data for AC-OPF instances

case name var cons | mc AC Shor
opt gap
3_Imbd_api 12 28 6 | 1.1242e4 | 1.0417e4 | 7.34%
5_pjm 20 55 6 | 1.7552e4 | 1.6634e4 | 5.22%

24 ieee_rts_api 114 315 10 | 1.3495e5 | 1.3216e5 | 2.06%
24 _ieee_rts_sad 114 315 14 | 7.6943e4 | 7.3592e4 | 4.36%
30_as_api 72 297 8 | 4.9962e3 | 4.9256e3 | 1.41%
73_ieee_rts_api 344 971 16 | 4.2263e5 | 4.1041e5 | 2.89%
73_ieee_rts_sad 344 971 16 | 2.2775e5 | 2.2148e5 | 2.75%
162_ieee_dtc 348 1809 | 21 | 1.0808e5 | 1.0616e5 | 1.78%
162_ieee_dtc_api | 348 1809 | 21 | 1.2100e5 | 1.1928e5 | 1.42%
240_pserc 766 3322 | 16 | 3.3297e6 | 3.2818¢6 | 1.44%
500_tamu_api 1112 | 4613 | 20 | 4.2776e4 | 4.2286e4 | 1.14%
500_tamu 1112 | 4613 | 30 | 7.2578e4 | 7.1034e4 | 2.12%

793_goc 1780 | 7019 | 18 | 2.6020e5 | 2.5636e5 | 1.47%
1888_rte 4356 | 18257 | 26 | 1.4025e6 | 1.3748e6 | 1.97%
3022_goc 6698 | 29283 | 50 | 6.0143e5 | 5.9278e5 | 1.44%

Table 3.8: The result for AC-OPF instances

CSSOS CS-TSSOS
case name - -
mb opt time gap mb opt time gap CE
3_Imbd_api 28 1.1242e4 | 0.21 | 0.00% | 22 | 1.1242e4 | 0.09 | 0.00% | max
5_pjm 28 1.7543e4 | 0.56 | 0.05% | 22 | 1.7543e4 | 0.30 | 0.05% | max

24_ieee_rts_api 66 1.3442e5 | 5.59 | 0.39% | 31 | 1.3396e5 | 2.01 | 0.73% | max

24 _ieee_rts_sad 120 | 7.6943e4 | 94.9 | 0.00% | 39 | 7.6942e4 | 14.8 | 0.00% | max

30_as_api 45 4.9927e3 | 4.43 | 0.07% | 22 | 4.9920e3 | 2.69 | 0.08% | max

73_ieee_rts_api 153 | 4.2246e5 | 758 | 0.04% | 44 | 4.2072e5 | 96.0 | 0.45% | max

73_ieee_rts_sad 153 | 2.2775e5 | 504 | 0.00% | 44 | 2.2766e5 | 71.5 | 0.04% | max

162_ieee_dtc 253 34 | 1.0802e5 | 278 | 0.05% | min

162_ieee_dtc_api | 253 — — 34 | 1.2096eb 201 0.03% | min

240_pserc 153 | 3.3072e6 | 585 | 0.68% | 44 | 3.3042e¢6 | 33.9 | 0.77% | max
500_tamu_api 231 | 4.2413e4 | 3114 | 0.85% | 39 | 4.2408e4 | 46.6 | 0.86% | max
500_tamu 496 — — — 31 | 7.2396e4 | 410 | 0.25% | min
793_goc 190 | 2.5938e5 | 563 | 0.31% | 33 | 2.5932e5 | 66.1 | 0.34% | max
1888_rte 378 — — — 27 | 1.3953e6 | 934 | 0.51% | min

3022_goc 1326 — — — 76 | 5.9858e5 | 1886 | 0.47% | max




Chapter 4

Exploiting the constant trace
property: Equality constraints

Most of the content of this chapter is from [134].

In the previous chapter, we have combined correlative and term sparsity exploitation to improve
the scalability of the Moment-SOS hierarchy for POP.

Another complementary workaround to improve further the scalability is by exploiting a Con-
stant Trace Property (CTP) of semidefinite relaxations associated with POPs coming from combi-
natorial optimization [75] 219]. This permits to solve a given semidefinite relaxation with ad-hoc
methods, like, e.g., limited-memory bundle methods, instead of the costly interior-point methods.

The present chapter is part of this effort.

Background on SDP with CTP

One way to exploit the CTP of matrices in SDPs is to consider the dual which reduces to
minimize the maximum eigenvalue of a symmetric matrix pencil [75]. For problems of moderate
size one may solve the latter problem with interior-point methods [I6]. However for larger-scale
instances, running a single iteration becomes computationally too demanding and therefore one
has to use an alternative method, and in particular first-order methods.

To solve large-scale instances of this maximal eigenvalue minimization problem, two types of
first-order methods can be used: subgradient descent or variants of the mirror-prox algorithm [144],
and spectral bundle methods [75]. In other methods of interest based on non-convex formulations
[27, [93], the problem is directly solved over the set of low rank matrices. These latter approaches
are particularly efficient for problems where the solution is low rank, e.g., for matrix completion
or combinatorial relaxations.

Despite their empirical efficiency, the computational complexity of spectral bundle and low
rank methods is still not completely understood. This is in contrast with methods based on
stochastic smoothing results for which explicit computational complexity estimates are available.
For instance in [42] smooth stochastic approximations of the maximum eigenvalue function are
obtained via rank-one Gaussian perturbations. In [I55] Newton’s method is used, assuming that
the multiplicity of the maximal eigenvalue is known in advance.

By combining quasi-Newton methods (e.g. Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
or its so-called “Limited-memory” version (L-BFGS) [I51]) with adaptive gradient sampling [30),
99], convergence guarantees are obtained for certain non smooth problems while keeping good
empirical performance [116, [39].

Another hybrid method is the Limited-Memory Bundle Method (LMBM) which combines L-
BFGS with bundle methods [71], [70]: Briefly, L-BFGS is used in the line search procedure to
determine the step sizes in the bundle method. LMBM enjoys global convergence for locally
Lipschitz continuous functions which are not necessarily differentiable.

Finally the more recent SketchyCGAL algorithm [219] also uses limited memory and arithmetic.
It combines a primal-dual optimization scheme together with a randomized sketch for low-rank
matrix approximation. Assuming that zero duality holds, it provides a near-optimal low-rank
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approximation. A variant of SketchyCGAL can handle SDPs with bounded (instead of constant)
trace property.

Concerning SDPs coming from relaxations in polynomial optimization, Malick and Henrion [78],
Section 3.2.3] have used the CTP to provide an efficient algorithm for unconstrained polynomial
optimization problems. At last but not least, the CTP trivially holds for Shor’s relaxation [I89)
of combinatorial optimization problems formulated as linear-quadratic POPs on the discrete hy-
percube {—1,1}™. This fact has been exploited in Helmberg and Rendl [75] to avoid solving the
associated SDP via interior-point methods.

Contribution

A novelty with respect to previous efforts is to show that every POP on a compact basic
semialgebraic set has an equivalent equality constrained POP formulation on an Euclidean sphere
(possibly after adding some artificial variables) such that each of its semidefinite relaxations in the
Moment-SOS hierarchy has the CTP. We call CTP-POP such a formulation of POPs. Therefore to
solve each semidefinite relaxation of a CTP-POP one may avoid the computationally costly interior-
point methods in some cases. Indeed as the dual reduces to minimize the largest eigenvalue of a
matrix pencil, one may rather use efficient ad-hoc non smooth methods as those invoked above.

I. In Section [4.2.1} we prove that each semidefinite moment relaxation indexed by k € N:

—Tk = Sup {<Ck,X> : AkX = bk, X t 0}, (401)
XeSk)

of the Moment-SOS hierarchy associated with an equality constrained POP on an Euclidean sphere
of R™ has CTP (see Lemma , ie.,

VX e8®  A4X =by = trace(X) = a,

where Aj, : S®) — R™* is a linear operator with S(*) being the set of real symmetric matrices
2
of size (”Ik), Cr € S® and b, € R™ with m; = O ((":k) ) Following the framework by
Helmberg and Rendl [75], SDP (4.0.1)) boils down to minimizing the largest eigenvalue of a matrix
pencil:
_ gyt T
—Tp = Zel]%rf% agMi(Cr — A, z) + b, 2z, (4.0.2)

where A;(A) stands for the largest eigenvalue of A and A; denotes the adjoint operator of Ay.

Hence (4.0.2) form what we call a hierarchy of (non smooth, convex) spectral relazations of
the equality constrained POP on a sphere. Convergence of (7% )gen to the optimal value f* of the
initial POP is guaranteed with rate at least O(k~¢) (see Theorem , where ¢ depends only on
the polynomials describing the cost and constraints of the POP.

In addition, existence of an optimal solution of the spectral relaxation (4.0.2)) is guaranteed for
sufficiently large k under certain conditions on the POP (see PropositionF inally, when the
set of global minimizers of the equality constrained POP on the sphere is finite, we also describe
how to obtain an optimal solution x* via an optimal solution z of .

II. In Section we prove that any POP on a compact basic semialgebraic set (including a
ball constraint R — ||x||3 > 0) has an equivalent equality constrained POP (called CTP-POP) on
a sphere of R"*™*! where m is the number of inequality constraints of the initial POP. This
CTP-POP can be solved by using spectral relaxations (4.0.2)).

ITI. We describe Algorithm [3] to handle a given equality constrained POP on the sphere. It
consists of handling each semidefinite relaxation by solving the spectral formulation ,
with a nonsmooth optimization procedure chosen in advance by the user in our software library,
called SpectralSOS,. This library supports the three optimization subroutines LMBM [71] [70],
proximal bundle (PB) [75], and SketchyCGAL [219]. Our default method in Algorithm [3|is LMBM.

IV. Finally, efficiency and robustness of SpectralPOP are illustrated in Section [£.3]on extensive
benchmarks. We solve several (randomly generated) dense equality constrained QCQPs on the
unit sphere by running Algorithm [3] and compare results with those obtained with the standard
Moment-SOS hierarchy. Suprisingly SpectralPOP can provide the optimal value as well as an
optimal solution with high accuracy, and up to twenty five times faster than the semidefinite
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hierarchy. For instance, SpectralPOP can solve the first relaxation of minimization problem of
dense quadratic polynomials on the unit sphere with up to n = 500 variables in about 35 seconds
and up to 1500 variables in about 7000 seconds on a standard laptop computer. We emphasize
that for some problems not randomly generated and scaled so as to fit our optimization framework
on the unit sphere, we could observe a lack of high precision after transferring results (of the scaled
formulation) back to the unscaled initial formulation.

We also provide extended applications of spectral relaxations to the following three decision
problems: deciding nonnegativity of even degree forms, deciding convexity of even degree forms
and deciding copositivity of real symmetric matrices, with very satisfactory results.

In [75], Helmberg and Rendl propose a spectral bundle method (based on Kiwiel’s proximal
bundle method [97]) to solve an SDP relying on the maximal eigenvalue minimization problem
of the form . This method works better than interior-point algorithms for very large-scale
SDPs, when the number of trace equality constraints is not larger than the size of the positive
semidefinite matrix (e.g., Shor’s relaxation of MAXCUT problems). However this method is not
always more efficient than interior-point solvers (e.g., SDPT3) for instance when the SDPs involve
a number of trace equality constraints which is larger than the size of the positive semidefinite
matrix, as reported in [74, Table 1-6]. Unfortunately this latter type of SDP is the generic form
of Moment-SOS relaxations for POPs and thus is not suitable to be solved by Helmberg-Rendl’s
spectral bundle method. By contrast with previous works, our numerical results show that the
combination between Helmberg-Rendl’s spectral formulation and LMBM is cheaper and faster
than Mosek (the currently fastest SDP solver based on interior-point method) while maintaining
the same accuracy when solving moment relaxations of equality constrained POPs on a sphere.

4.1 Background and Preliminary Results

4.1.1 General POPs on basic compact semialgebraic sets

We recall that a POP is of the form

f i=inf{f(x) : x€S5(g,h)}, (4.1.1)
where S(g,b) is a basic semialgebraic set defined as follows:
S(g,h) = {xeR": ¢g;(x) >0,i€[m]; hj(x) =0,j5€l]} (4.1.2)

for some polynomials f,g;,h; € R[x]. Here g := {gi}ictm) and b := {h;};ep. Set [gi] =
[deg(gi)/2] and [h;] i [deg(h;)/2].

If S(g,b) is nonempty and compact, then f* < oo and POP has at least one global
minimizer. Next, as we are concerned with POPs on compact feasible sets, we assume that S(g, ) C
B(0, R), where B(0,R) := {x € R" : R — ||x]|3 > 0}. In addition, if m # 0 then we may and will
assume that g; := R — ||x]|3.

4.1.2 POPs on a variety contained in a sphere
We consider a special form of POP (4.1.1]) which is of the form

ffe=inf{f(x) : xeV(h)}, (4.1.3)

where V() is the real variety defined by:
V() = {xeR": hj(x) =0;j€]l]}, (4.1.4)
for some set of polynomials f := {hj}é»:l C R[x]. We assume that h; := R — ||x||3 for some

R > 0, so that V(h) C dB(0, R), where B(0, R) := {x € R" : R — ||x||2 = 0}. By assuming that
V(h) #0, f* < oo and POP (4.1.3)) has at least one global minimizer.
Given k € N, define the truncated preordering of order k associated with the variety V(h) in

[@.1.4) as follows:

l
Pr(h) := § o0 + Z¢jhj 2 00 € B[xk, ¥ € R[X]ok—1n,;1), 7 €[]
=1
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Remark 4.1. For ecvery k € N, Pi(h) is also the truncated quadratic module Qi (h) associated
with the semialgebraic set V() = S(0,h).

As a consequence of Schweighofer’s main result in [I88, Theorem 4], one obtains the following
result:

Lemma 4.1. Let f* be as in (4.1.3) with V() as in (4.1.4). There exists ¢ > 0 depending on V
such that for k € N with k > ¢d*n®, one has

(f = f*) + cd*n®| |k~ € Pr(h).

Note that in the case of polynomial optimization on the sphere (i.e., h = {R — ||x||3} for some

R > 0), one can take ¢ = § in Lemma as a consequence of the convergence result from [57].

Next, consider the hierarchy of semidefinite programs (SDP) indexed by k € N:

pr ;= sup{EeER : f—E&e€Prh)}. (4.1.5)
For every k € N, the dual of (4.1.5) reads
TR 1= yeﬁg}g%) Ly(f)
st. Mi(y) =0;90 = 1 (4.1.6)

My n;1(hj y) =0,5€]].

By invoking Lemma and Proposition [2.4] one obtains the convergence behavior of the sequence
(pr)ken in the following result.

Theorem 4.1. Let f* be as in [£.1.3) with V() # 0 as in (4.1.4). Then:
1. Forallk e N, pr, < pr+1 < f*.
2. The sequence (py)ren converges to f* with rate at least O(k=1/°).

3. If the ideal 1(h) is real radical and the second-order sufficiency conditions (Deﬁm’tion

hold at every global minimizer of POP (4.1.3) then 17, = px, = f* for some k and (4.1.5)) has
an optimal solution, i.e., f — f* € Pr(h).

4. If V(b) defined as in (4.1.4)) is finite, 7, = pr = f* for some k € N and both primal-dual
(2.4.3)-(2.4.5) have optimal solutions. In this case, the flatness condition holds at order k.

With V(h) in lieu of S(g, ), zero duality gap as well as analogues of Proposition and
also hold.

4.1.3 Spectral minimizations of SDP

Let s,1,87 € N>° j € [l], be fixed such that s = Z;Zl s(). Let S be the set of real symmetric
matrices of size s in a block diagonal form:

X = diag(X1,..., X)), (4.1.7)

such that X is of size s\9), j € [I]. Let ST be the set of all X € S such that X = 0, i.e., X has only
nonnegative eigenvalues. Then S is a Hilbert space with scalar product (A, B) = trace(BT A) and
Sy is a self-dual cone.

Let us consider the following SDP:

—r7=sup {(C,X) : AX=b,X >0}, (4.1.8)
XeSs

where A : S — R™ is a linear operator of the form
AX = [(A,X), ..., (A, X)],

with A; € S, i € [m], C € § is the cost matrix and b € R™ is the right-hand-side vector.
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The dual of SDP (4.1.8) reads:

—p:ir;f{bTZ :ATz—-C =0}, (4.1.9)
where AT : R™ — S is the adjoint operator of A, i.e., ATz = ot zA;. The following assumption
will be used in the next two sections:

Assumption 4.1. Consider the following conditions:

1. Zero duality gap of primal-dual — holds, i.e., T =p and T € R.
Primal attainability: SDP has an optimal solution.
Dual attainability: SDP has an optimal solution.

™o e

Constant trace property (CTP): There exists a > 0 such that

VXeS, AX =b = trace(X) =a. (4.1.10)

5. Bounded trace property (BTP): There exists a > 0 such that

VXeS, AX =b = trace(X) < a. (4.1.11)

In Assumption conditions 1 and 5 (or conditions 1 and 4) imply condition 2. Indeed, if
condition 5 holds, the feasible set of is compact and if condition 1 holds, the feasible set
of is nonempty. Moreover, conditions 2 and 5 (or conditions 2 and 4) imply condition
1. Indeed, if conditions 2 and 5 hold, the set of optimal solutions of is nonempty and
bounded. Then Trnovska’s result [197] Corollary 1] yields condition 1.

Remark 4.2. If condition 5 of Assumption holds, by adding a slack variable y and noting
Y = diag(X,y), we obtain an equivalent SDP of (4.1.8)) as follows:

—7=sup{(C,Y) : (A;,Y)=b,;, Y >0, trace(Y) = a}, (4.1.12)
YeS
where 8 = {diag(X,y) : X € S, y € R}, C = diag(C,0) and A; = diag(A;,0). Obviously, SDP
(4.1.12) has CTP.

SDP with Constant Trace Property (CTP)
Recall that A1 (A) stands for the largest eigenvalue of a real symmetric matrix A.

Lemma 4.2. Let conditions 1 and 4 of Assumption[{.1) hold and let ¢ : R™ — R be the function:
z— p(z) == a\(C—A"z)+b'z. (4.1.13)

Then:
—r=inf{¢(z) : z€R™}. (4.1.14)

Moreover if condition 3 of Assumptz'on holds, i.e., SDP (4.1.9) has an optimal solution then
problem (4.1.14) has an optimal solution.

The proof of Lemma is available in [134] Appendix].

Next, we describe Algorithm |1f to solve SDP , which is based on nonsmooth first-order
optimization methods (e.g., LMBM [71, Algorithm 1]). As shown later on in Section this
algorithm works well in almost all cases and with significantly lower computational cost when
compared to the (currently fastest) SDP solver Mosek 9.1.

For X € &, the Frobenius norm of X is defined by [|X||r := 1/(X,X). We denote by ||.A| the
operator norm of A, i.e., [|A| := maxxes || AX]2/]|X]| F.

Remark 4.3. Before running Algorithm |1, we scale the problem’s input as follows: ||C||r =
[All=a=1 and |As]p == [[An]F.
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Algorithm 1 SDP-CTP
Input: SDP (4.1.8]) with unknown optimal value and optimal solution;
method (T) for solving convex nonsmooth unconstrained optimization problems (NSOP).
Output: optimal value —7 and optimal solution X* of SDP (4.1.8)).
1: Compute the optimal value —7 and an optimal solution z of the NSOP by using
method (T);
2: Compute a normalized eigenvector u corresponding to A\;(C — A'Z) and set X* = quu .

The fact that Algorithm [I]is well-defined under certain conditions is a corollary of Lemma [4.2]
and [134, Lemma A.22].

Corollary 4.1. Let conditions 1 and 4 of Assumption hold. Assume that the method (T) is
globally convergent for NSOP (e.g., (T) is LMBM). Then output —1 of Algorithm || is
well-defined. Moreover, if condition 3 of Assumption[{.1] holds, the vector z mentioned at Step 1
of Algom'thm exists. In this case, if \{(C — AT Z) has multiplicity 1, the output X* of Algorithm
is well-defined.

When \; (C—.ATZ) has multiplicity larger than 1, one can obtain a dual matrix G corresponding
to an optimal solution X* of SDP (4.1.8)) as in the following corollary:

Corollary 4.2. Let condition 4 of Assumption[{.1 hold. Let z be an optimal solution of the NSOP
(4.1.14). Define

U.=C-A"Z,

G = \(U)[- U, (4.1.15)
where 1 is the identity matrix. Then G is positive semidefinite and satisfies

G=A"z"-C, (4.1.16)

for some optimal solution z* of (4.1.9).

Proof. Tt is not hard to prove that G > 0. Let us prove the other statement. By using Farkas’
lemma, there exists y € R™ such that ATy = I and y'b = a (see [74, Section 2]). Then
G=MUAy—-C+A'z=AT(\(U)y +2) — C=A"Tz* — C, where z* := \;(U)y + Z. Since
b'z* =X\ (U)b"y +b'Z=p(z) = —7, z* is an optimal solution of (4.1.9). O

Largest eigenvalue computation: Step 1 of Algorithm [I] requires the largest eigenvalue and
corresponding eigenvectors of C — A"z to evaluate the function ¢ (resp. ) and a subgradient of
the subdifferential d¢ (resp. d%) given in [134) Proposition A.1] (resp. [I34, Proposition A.2]) at
z. Fortunately, solving the eigenvalue problem for C — A"z € S can be done on every block of

C — A" z. Indeed, with X € S as in ([#.1.7)),
AX) = AXy) U+ UAX),

where A\(A) is the set of all eigenvalues A;(A) > --- > A\ (A) for every real symmetric matrix A
of size t. In particular,

)\1(X) = max{)\l(Xl), ey )\1(Xl)} .

IfueR" is an eigenvector of X; corresponding to the eigenvalue \;(X;) for some i € [s)] and
J € [l], by adding zero entries in u,

u=(0p41,6-1, 005 G, )

is an eigenvector of X = diag(Xy,...,X;) corresponding to A;(X;).
The interested reader can refer to [I81] [IT5] to solve largest eigenvalue problems of symmetric
matrices of large sizes.



4.1. BACKGROUND AND PRELIMINARY RESULTS 99

Remark 4.4. Let conditions 1, 2 and 5 of Assumption[{._1 hold. We keep all notation from Remark

, By applying Lemmafor SDP (4.1.12) with CTP, one has
—r=inf{ a\(C—ATz)+b'z : zeR"}, (4.1.17)

where ATz = >y ziA;. Note that C — ATz = diag(C — AT 2,0). It implies that \;(C — ATz) =
max{\(C — A"z),0}. Thus, (4.1.17)) can be rewritten as

—7 = inf{ amax{\,(C —.A"2),0} +b'z : z€ R™}. (4.1.18)

In the next section, we consider the spectral formulation (4.1.18)) introduced by Ding et al. in
[48, Section 6].

SDP with Bounded Trace Property (BTP)

In the last subsection, we have seen that SDPs with CTP can be solved efficiently with first-order
methods. Similar results can be obtained for the larger class of SDPs with the weaker bounded trace
property (BTP). In particular the semidefinite relaxations of the Moment-SOS hierarchy associated
with a POP on a compact semialgebraic set have the BTP. So in principle there is no need to add
auxiliary “slack” variables to obtain an equivalent CTP-POP, as shown in Remark However,
numerical experiments of Section [£.3] suggest that the CTP is a highly desirable property that
justifies addition of auxiliary variables.

The analogue of Lemma [1.2] for BTP reads:

Lemma 4.3. Let conditions 1, 2 and 5 of Assumption hold, and let ¥ : R™ — R be the
Sfunction:
z+— Y(z) = amax{\;(C - A'2),0} +b'z. (4.1.19)

Then
—7=inf{¢(z) : z€R™}. (4.1.20)
Moreover if condition 3 of Assumption holds, then problem (4.1.20) has an optimal solution.

The proof of Lemma, can be found in [I34) Appendix].
We next describe Algorithm [2f to solve SDP (4.1.8). As Algorithm (1} it is also based on
nonsmooth optimization methods such as LMBM.

Algorithm 2 SDP-BTP
Input: SDP (4.1.8]) with unknown optimal value and optimal solution;
method (T) for solving convex NSOP.

Output: optimal value —7 and optimal solution X* of SDP (4.1.8]).

1: Compute the optimal value —7 and an optimal solution z of NSOP (4.1.14) by using method

T);
2: E}o)mpute A1 (C — ATZ) and a corresponding normalized eigenvector u;
3: Let & > 0 such that

0 ifM(C-ATz)<0,
§={Ca ifN(C—-ATZ)=0, (4.1.21)

a otherwise ,

for some ¢ € [0,1] such that X* = éuu ' satisfies AX* = b.

The next result is a consequence of Lemma and [I134, Lemmas A.3, A.4].

Corollary 4.3. Let conditions 1, 2 and 5 of Assumptz'on hold. Assume that method (T) is
globally convergent for NSOP (e.g., (T) is LMBM). Then the output —7 of Algorithm
is well-defined. Moreover, if condition 3 of Assumption [{.1] holds, the vector z from Step 1 of
Algom'thm@ exists. In this case, if \{(C — ATZ) has multiplicity 1, the output X* of Algom'thm
1s well-defined.
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4.2 Application to polynomial optimization

We consider the following POP:

fF=inf{f(x) : x€S5(g,h)}, (4.2.1)

where S(g, ) is defined as in (4.1.2)) with m (resp. [) being the number of inequality (resp. equality)
constraints. Assume that S(g,h) C B(0, R).

Remark 4.5. By setting X := diag(My(y), Mi_1,1(91¥) - - -, Mi_r4,.1(9my)) and using the
upper bound trace(X) < ay, with

ay = RF (b(n, k) + Z llgill1b(n, k — |—g1—|)> , (4.2.2)

SDP (2.4.5)) can be converted to an equivalent SDP with BTP, thanks to the absolute upper bound
for each moment variable |yq| < RI®/2 o e N™. In principle, we can solve this SDP by applying
directly Algorithm[2 However, in our experiments presented in Section[{.3 this method is not only
inefficient but also provides output with low accuracy.

In order to overcome the accuracy issue mentioned in Remark we convert every POP to
a CTP-POP (i.e., a new POP formulation with CTP) by adding slack variables associated with
inequality constraints. In the sequel, we consider three particular cases: equality constrained POPs
on a sphere in Section constrained POPs with single inequality (ball) constraint in Section
4:2.2] and constrained POPs on a ball in Section

4.2.1 Equality constrained POPs on a sphere

Assume that m = 0 and h; = R — |x||3. Note that ||x||3 = 2? 4+ --- + 22 is a quadratic
polynomial. In this case, we consider equality constrained POPs on a sphere, presented in Section

We propose to reduce SDP (4.1.6)) to an NSOP. For each k € N, let (04,a)aeny be a sequence
of positive real numbers such that

(L [x[3)* = Y Orax™,

aeNy
and define the diagonal matrix
P, . = diag((0;/2)aeny) (4.2.3)
For every k € N, since P,, , > 0, SDP is equivalent to SDP:

T et ()

st. yo =1; PpiMp(y)Prr =0, (4.2.4)
My _p,1(hjy) =0, 5 €[l].

For every k € N, let ay, := (R + 1)*. We will use the following lemma:

Lemma 4.4. For all k € N,

M1 (R~ [Ix]13) ¥)

Mt =0, } = trace(Pn’kMk(y)Pn’k) =aqay.

Proof. Let k € N be fixed. From Mj;_1((R — ||x[|3) y) = 0, Ly(p(R — ||x||3)) = 0, for every
p € R[x]o(_1). For every r € NS*=1 by choosing p = [|x||3",

Ly (Ix[37) = =Ly (Ix)13"(R — [|x|[2)) + RLy (||x]3") = RLy (||x|[2").
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By induction, Ly(||x||2") = RLy(|x[3" ") = -+ = RFLy(|x[|2*°) = RFyo = R", for every
r € NSk, Thus,
trace(P,, 1 My (y Z 91/§y2a ;1/2 =Ly Z 0k,ax2°‘
aEN” aEN”

= Ly((1+[Ix][3)"* Ly< I€/13 )

=3 ()0 Z’“) (R+1)".

r=0 r=0
O
For each k € N, we denote by S(*) the set of symmetric matrices of size b(k) and let (A, B) =
trace(BT A) be the usual scalar product on S®). For every k € N, letting
X =P, iMy(y)Prnk, (4.2.5)
(4.2.4)) can be written in the form:
-7, = sup {(Cg,X) : 41X =by, X >0}, (4.2.6)

XeSk)
where A;, : S*) — R™* is a linear operator of the form
AkX = [<Ak,17 X> P <Ak,mk7X>] )

with Ag; € Sk e [mg], Ck € S®) is the cost matrix and by € R™* is the right-hand-side

vector. [I34, Appendix A.2] describes how to reduce SDP (4.2.4)) to the form (4.2.6).
For every k € N, the dual of SDP (4.2.6]) reads:

—pp=inf{blz : Alz—-Cy>=0,} (4.2.7)
where Az :R™ — S g the adjoint operator of Ay, i.e., A;—z =3 2 Ak
From Lemma and since h; = R — ||x||3, it implies that for every k € N,
VX eS8®  AX =bg= trace(X) = a . (4.2.8)

We guarantee zero duality gap, primal attainability, and dual attainability for primal-dual

(4.2.6)-(4.2.7) in the following proposition:

Proposition 4.1. Let f* be as in . Then:
1. Zero duality gap holds for primal-dual - for large enough k € N.
2. SDP has an optimal solution for large enough k € N.
3. Assume that one of the following two conditions holds:

(a) I1(b) is real radical and the second-order sufficiency conditions (Definition[2.1)) hold at
every global minimizer of (4.1.3));

(b) V(b) is finite.
Then SDP (4.2.7) has an optimal solution for large enough k € N. In this case, T, = pr. = f*.

Proof. Since 6) (resp. (4.1.5)) and (4.2.6) (resp. (4.2.7)) are equivalent, the first and second
statements follow from Proposition [2.1] The third statement is due to Theorem [4.1] O

By replacing (Alm Ak,ia bk7 Cka S( )a b(k)7 M, Tk, Pk, ak) by (Aa Ai7 b7 C, Sa s, M, T, p, a’)ﬂ primal_

dual (4.2.6))-(4.2.7) becomes primal-dual (4.1.8))-(4.1.9), we then go back to Section with ! = 1.
We illustrate the conversion from SDP (4.1.6) to SDP (4.2.6)) in the following example.
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Example 4.1. Consider a simple example of POP (4.1.3) with n = 1:
~1=inf{z : 1-2?=0}.
Then the second order moment relazation (k =2) has the form:

To =inf g
y

Yo Y1 Y2 . .
s.t. Y1 Y2 ys3| =0, Z;_Z; z;_zi =0,y =1.
Y2 Y3 Y4

It can be rewritten as
7o =inf g
y

1 Y1 1
s.t. v 1 oy =0,
1 Y1 1

by removing equality constraints. Obviously, the positive semidefinite matrix of this form has trace
3.
In a different way, according to [134], Appendiz A.2], let us note

1 0 0 Yo U Y2 1 O 0
X=10 v2 0| |y1 v ws| |0 V2 0],
0 0 1] |y2 y3 wa] |O O 1
to obtain
—75 = sup {{C,X) : (A;,X)=10;,1€[5],X =0},
XeS,
where by = ---=by =0, b5 =1 and
01 0 0 0 1 2 0 -1
C=-¥2110 0| ,A=%20 -1 0| ,A2=%|0 0 0],
0 0 O 1 0 0 -1 0 O
0 1 0 0 0 1 1 0 0
Az =¥211 0 -1/ ,A,=1l00 0|,A=]0 0 0
0 -1 0 1 0 -2 0 0 O

Remark that for any X € 8@,
((A;,X) =b;, i € [5]) = trace(X) = 4.

Next, we present an alternative iterative method, stated in Algorithm [3] to solve (4.1.3)), based
on nonsmooth optimization methods, e.g., LMBM. It performs well in practice for most cases and
with significantly lower computational cost when compared to the (currently fastest) SDP solver
Mosek 9.1.

Algorithm 3 SpectralPOP-CTP
Input: POP (4.1.3) with unknown optimal value f* and optimal solutions;
method (D) for solving SDP with CTP.
Output: increasing real sequence (73)ren and x* € R™.
1: for kK € Ndo
2: Compute the optimal value —7;, and an optimal solution X* of SDP by using method
(D);
3: Set My (y*) := P} X*P,} (relying on ([#235)) and extract an atom x* by using Henrion-
Lasserre’s algorithm in [77] from My, (y*);

4: If x* exists, set Tj4; = T, j € N”Y) and terminate.

Note that one can choose method (D) in Algorithm [3| as Algorithm 1| with LMBM solver or
SketchyCGAL.
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Remark 4.6. In practice, to verify that an atom x* extracted in Step 3 of Algorithm [3 is an
approximate optimal solution of POP (4.1.3)), with given € € (0,1), we check the following inequal-
ities:
[f(x*) = 7k| < el fllmax and |h;(x*)] < ellhjllmax , 5 € [m],
where ||p||max = maxq |pa| for any p € R[x]. We take e = 0.01 for the experiments in Section [{.3}
Following Proposition Corollary .1l and Proposition we obtain the following corollary:

Corollary 4.4. (i) Sequence (7 )ken of Algorithm|3 is well defined and 7, T f* as k — oc.

(ii) Assume that condition (a) or (b) of Propositz'on.f)’ holds. If there exists an optimal solution
y* of SDP for some order k € N such that the flat extension condition holds, X* exists at
the k-th iteration of Algorithm[3 In this case, if X* in the first step of Algorithm|[3 is well-defined,
Algom'thm@ terminates at the k-th iteration, X* is an optimal solution of POP and f* = 1.

In Corollary the flat extension condition implies that the SOS problem has an
optimal solution (due to [102, Theorem 3.4 (b)] and 7, = py), so that SDP has an optimal
solution. In this case, X* exists, which in turn implies the existence of x*. In Step 4 of Algorithm
3, if the atom x* exists, then we do not need to increase the relaxation order k. It is due to the
fact that f* =7 < 7ppq < - < f*.

Remark 4.7. When Algom'thm with LMBM solver is used for method (D) in Algorithm @ we
have the following cases:

1. If the SDP relazation (4.1.6) is exact then the value is f* and one indeed may expect that
generically the moment matriz is rank-one, which will yield X* = uu' for some u. Thus,
X* in the first step of Algorithm[3 is well-defined.

2. If the SDP relaxzation (4.1.6) is not exact then we only use the relazation value as a (suppos-
edly accurate) lower bound on the global minimum f*.

Remark 4.8. In practice, we use the following heuristic extraction algorithm when method (D)
in Algorithm[3 is Algorithm [1] with LMBM solver:

1. Obtain a dual matriz G corresponding to an optimal solution X* of SDP (4.2.6) based on
Corollary[{.3

2. Set (_; = Pn,kGPn,k;

3. Obtain an atom x* by using the extraction algorithm of Henrion and Lasserre in [Td], where
the matriz V in [77, (6)] is taken such that the columns of V form a basis of the null space
{ue R : Gu=0};

4. Verify that x* is an approzimate optimal solution of POP (4.1.3)) as in Remark .

This heuristic extraction algorithm performs practically well when the moment matrices are not
rank-one. Note that G obtained in Step 2 is a Gram matriz corresponding to some moment matriz
My (y*). Step 8 is well-defined when the complementary slackness, i.e., G My (y*) = 0, and the
strict complementarity, i.e., rankG + rankMy(y*) = b(k), hold (see [48, Section 1.8]). In this
case, the range of My (y*), which is the linear span of the columns of V in [T7, (6)], is identical

with the null space of G.

In the two following subsections, we consider POPs on general compact sets as stated in Section

ZRmI)

4.2.2 Constrained POPs with a single inequality (ball) constraint

Assume that m = 1 and g; = R — [|x||3. In this case, g = {R — ||x||3}. Let us show that
POP can be reduced to an equality constrained POP on a sphere. By adding one slack
variable x,, 11, the inequality constraint R — ||x||3 > 0 can be rewritten as an equality constraint
R —|x||3 — 27, =0 and so

fFi=inf{ f(x) : (x,2n41) €V(H)}, (4.2.9)
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where = hU {R — |x]3 — a2} C Rx, 2n11].
Notice that:

o If x* = (x*,25,,) is an optimal solution of POP (4.2.9), x* is an optimal solution of POP
@E11).

e Conversely, if x* is an optimal solution of POP (4.1.1)), then x* := (x*, R— ||x*||§) is an
optimal solution of POP (4.2.9)).

Let us define n :=n+ 1 and X := (X, Zp+1) to ease notation. For every k € N, consider the
order k£ moment relaxation of (4.2.9):

eI
k= il y(f)

st yo =1, My(y) =0, (4.2.10)
M1 (R = [[x[)3) ) =0,

My _n(hiy)=0,5€(].
The corresponding dual SOS problem indexed by k € N reads:

pr i=sup{EE€R : f—£cPr(h)}, (4.2.11)

where Py (h) is the truncated preodering of all polynomials of the form
!
o0 + o (R —[IX[3) + > w;h;
j=1

with og € E[X]k, Py € R[X]2(k—1), and 'L/)j € R[i]g(k_ [h;71) jEe m
The following lemma will be used later on:

Lemma 4.5. If f — f* € Qk(g,b) for some k € N then f — f* € Pr(h).

Proof. By assumption, there exist oo € X[x|y, 01 € X[x]—1, and ¥; € R[x]yk—fn,7), J € [I] such
that

l l
f=f =00+ o (R—|x[3)+ > th; = 00+ orzp sy +or(R—X[3) + D ¥y,
j=1

j=1
yielding the result. O

Zero duality gap, primal attainability, and dual attainability for primal-dual (4.2.10))-(4.2.11]
are guaranteed in the following proposition:

Proposition 4.2. Let f* be as in ([#.1.1) with g = {R — ||x||3}. Then:

1. Zero duality gap holds for primal-dual (4.2.10)-(4.2.11)) for large enough k € N.
2. SDP (4.2.10) has an optimal solution for large enough k € N.

8. Assume that one of the following two conditions holds:

(a) Q(g,b) is Archimedean, the ideal I1(h) is real radical, and the second-order sufficiency
conditions (Deﬁm’tion hold at every global minimizer of POP (4.1.1);

(b) V(b) is finite.
Then SDP (4.2.11)) has an optimal solution for large enough k € N. In this case, T, = pr, =
I

Proof. The first and second statement follow from Proposition after replacing S(g, h) by V(b).
The third statement is due to Proposition and Lemma [4.5 O
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For every k € N, according to Lemma if My_1((R—||%x/2) y) = 0 and yo = 1, then one
has
trace(Ps 1 My, (y)Prk) = (R+1)F, (4.2.12)

where Py 1 is defined as in after replacing n by n. Thus SDP has the CTP. We
now do a similar process as in Section [£:2.1]

Next, we present an iterative method, stated in Algorithm |4 to solve with g = {R —
|x]|3}, based on a nonsmooth optimization method such as LMBM.

Algorithm 4 SpectralPOP-CTP-WithSingleBallConstraint
Input: POP with g = {R — ||x||3}, unknown optimal value f* and optimal solutions;
method (D) for solving SDP with CTP.
Output: increasing real sequence (7 )reny and x* € R™.
1: for £k € N do
2: Compute the optimal value —7, and an optimal solution y* of SDP with CTP
by using method (D);

3: Extract an atom X* = (x*,z},,) by using Henrion-Lasserre’s algorithm in [77] from
M (y*);
4: If X* exists, set Tp4j = Tk, J € N>0 and terminate.

Note that one can choose method (D) in Algorithm [4] as Algorithm [1| with LMBM solver or
SketchyCGAL.
Following Proposition 2.3] Corollary [I.I]and Proposition 1.2} we obtain the following corollary:

Corollary 4.5. (i) Sequence (Tx)ken of Algorithm|4| is well defined and 7, T f* as k — oc.

(ii) Assume that condition (a) or (b) of Pmpositz'on.é’ holds. If there exists an optimal solution
y* of SDP for some order k € N such that the flat extension condition holds, x* exists at
the k-th iteration of Algorithm[]} In this case, if Algorithm[]] terminates at the k-th iteration, x*
s an optimal solution of POP @ and f* = Ty.

4.2.3 Constrained POPs on a ball

Assume that m > 1 and g3 = R — ||x||3. Let us show that POP (4.1.1]) can be reduced to
an equality constrained POP on a sphere. After adding m slack variables x,;, i € [m], every
inequality constraint g;(x) > 0 can be rewritten as an equality constraint g;(x) = z7,,, and so

=i f(X) @ (X Zngts- - Tnem) € V(D)},

where §:=h U {g; — a3, i€ [ml} CRX, g1, Tngm]-
Let us take upper bounds b; > sup{g;(x) : z € S{¢},b)}, i € [m]. For every i € [m], the
bound b; can be computed by solving the order ¥ moment relaxation:

—bi = ye]Rbl(Iv}fH.Zk) Ly(_gz)

st. yo=1, Mg(y) =0, (4.2.13)
M1 (R = [[(x, zn41)[13) ¥) = 0,
My _n,1(hjy) =0, 35 €[l],

based on the spectral minimization method presented in the previous section.
For every (X,Zn41,---:Zntm) € V(b), @ € S(g,h) and z7,; = gi(x) < b, i € [m)], since
S(g,h) € S({g1},h). Therefore

m m

I3+ 22, <R with R:==R+ b;. (4.2.14)
i=1

Equivalently V (h) C B}?’m and after adding one more slack variable 2, ym11:

fF=inf{f(x) : xeV(h)}, (4.2.15)



66 CHAPTER 4. EXPLOITING THE CONSTANT TRACE PROPERTY: EQUALITY CONSTRAINTS

where X := (X, Zy41,- -+, Tntm+1) and
h:i=HU{R— %[5} = bU{gi— a7, :i€[m]}U{R—|%[3} CR[X].
Notice that:

o If x* = (x*, 2} ,q,..., 2} 1) is an optimal solution of POP (4.2.15)), x* is an optimal
solution of POP (4.1.1)).

e Conversely, if x* is an optimal solution of POP (4.1.1)), then

X = [ XV (), Vg (), [ R =Y i) — [x*|3
1=1

is an optimal solution of POP (|4.2.15)).

Note n := n + m + 1 for simplicity. For every k € N, consider the order £ moment relaxation
of (4.2.15):

. eI
= y(f)

s.t. yozlka(y)to,
M 14,1 ((9 —_xzm) y)=0,i€[m], (4.2.16)
M1 (R~ [I%]3) y) =0,
M —n;1(h; y) =0, j €[]

The corresponding dual SOS problem indexed by k € N reads:
pr=sup{E€R : f—£€Prbh)}, (4.2.17)

where Py (h) is the truncated preodering of all polynomials of the form

0o + Z 1/}1 9i n+z =+ ﬂ}m-&-l( ”X” + Z ¢m+1+1

J=1
with 09 € X[X]x, ¥i € R[X|a—14,7), % € [Mm], Yims1 € R[X]ok—1), and Pmi11; € R[X]or—1n,7),
Jj el
We will use the following lemma later on:

Lemma 4.6. If f — f* € Qu(g,b) for some k € N then f — f* € P(h).

Proof. By assumption, there exist 0g € X[x|x, 0; € X[X]p_[g,7, @ € [m], and ¥; € R[X]ap—[n,7)s
J € [I] such that

m l
f=1r :JO+ZJi9i +Z¢jhg
i=1 j=1

It implies that

1
- —GO+ZJZ z+n+zaz i = 23,) + 0 (R—||%][3) + ) shy,
j=1

yielding the result. O

Zero duality gap, primal attainability, and dual attainability for primal-dual (4.2.16])-(4.2.17))
are guaranteed in the following proposition:

Proposition 4.3. Let f* be as in (4.1.1). Then:
1. Zero duality gap holds for primal-dual (4.2.16)-(4.2.17)) for large enough k € N.
2. SDP (4.2.16]) has an optimal solution for large enough k € N.
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8. Assume one of the following two conditions holds:

(a) Q(g,bh) is Archimedean, the ideal Z(h) is real radical, and the second-order sufficiency
conditions (Definition[2.1) hold at every global minimizer of POP (£.1.1));

(b) V(b) is finite.

Then SDP (4.2.17)) has an optimal solution for large enough k € N. In this case, Ty, = py, =
I

Proof. The first and second statement follow from to Proposition after replacing S(g,b) by
V(h). The third statement is due to Proposition [2.4] and Lemma O

For every k € N, according to Lemma if My_1((R—||%]|3)y) =0and yo =1,

trace(Ps 1 My (y)Prx) = (R+ 1)F, (4.2.18)

where P 5, is defined as in with n replaced by n. Thus SDP (4.2.16) has the CTP. It
remains to follow a process which is similar to the one from Section [£.2.1]

Next, we present an iterative method, stated in Algorithm |5 to solve POP with g =
{R — ||x||3}, based on nonsmooth optimization methods such as LMBM.

Algorithm 5 SpectralPOP-CTP-WithBallConstraint

Input: POP (4.1.1) with ¢; = R — ||x||3, unknown optimal value f* and optimal solutions;
method (D) for solving SDP with CTP.
Output: increasing real sequence (7 )rey and x* € R™.
: for k € N do
2: Compute the optimal value b; of SDP with CTP, ¢ € [m], by using method (D)
and set R:= R+ 1" b
3: Compute the optimal value —7; and an optimal solution y* of SDP (4.2.16) with CTP

(4.2.18)) by using method (D);

—_

4: Extract an atom X* = (x*, 2}, 1,..., 2} ,,,1) by using Henrion-Lasserre’s algorithm in [77]
from My (y*);
5: If X* exists, set Ty4; = T, j € N°Y) and terminate.

As in the single (ball) constraint case, one can choose method (D) in Algorithm [5|as Algorithm
[[] with LMBM solver or SketchyCGAL.
Following Proposition 2.3 Corollary [I.I] and Proposition [.3] we obtain the following corollary:

Corollary 4.6. (i) The sequence (7y)ren of Algorithm[3 is well defined and 7, 1 f* as k — oc.
(ii) Assume that either condition (a) or condition (b) of Proposition[].3 3 holds. If there exists an
optimal solution y* of SDP at order k € N such that the flat extension condition holds,
then x* exists at the k-th iteration of Algorithm [5 . In this case, Algorithm [j terminates at the
k-th iteration, x* is an optimal solution of POP and f* = Ty.

4.3 Numerical experiments

Let us report numerical results obtained while relying on algorithms from Section [£:2] to solve
equality constrained QCQPs on a sphere, quartic minimization problems on the unit sphere as well
as further applications to three well-known NP-hard optimization problems on the unit sphere :
deciding nonnegativity /convexity of even degree forms and copositivity of real symmetric matrices.

The experiments are performed in Julia 1.3.1 with the following packages:

e SumOfSquare.jl [216] is a modeling library to write and solve SDP relaxations of POPs, based
on JuMP.jl and the SDP solver Mosek 9.1.

e LMBM.jl solves unconstrained NSOPs with the limited-memory bundle method of Haarala
et al. [71} [70]. LMBM.jl calls Karmitsa’s Fortran implementation of LMBM algorithm [95].
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Table 4.1: Notation

n the number of variables of the POP
m the number of inequality constraints of the POP
l the number of equality constraints of the POP
k the order of the Moment-SOS relaxation or the iteration of Algorithm
s the size of the positive semidefinite matrix involved in the SDP relaxation
m the number of trace equality constraints of the SDP relaxation
Sum0fSquares | SDP relaxation modeled by SumOfSquares.jl and solved by Mosek 9.1
CTP the method described either in Section |4.2.1L Section |4.2.2| or Section |4.2.3|
BTP the method described in Remarkl@l
LMBM SDP relaxation solved by spectral minimization, described in Section m with the
LMBM solver
SketchyCGAL SDP relaxation solved by SketchyCGAL
SpectralPOP SDP relaxation handled by CTP or BTP method, with LMBM or SketchyCGAL solver
val the optimal value of the SDP relaxation
the relative optimality gap w.r.t. SumOfSquares, defined by
gap gap — |val — val(SumOfSquares)|
|val(SumOfSquares)|
" there exists at least one optimal solution of the POP, which can extracted by Henrion-
Lasserre’s algorithm in [77]
time the total computation time of the SDP relaxation in seconds
— the calculation did not finish in 3000 seconds or ran out of memory

e SketchyCGAL is a MATLAB package to handle SDP problems with CTP/BTP, implemented
by Yurtsever et al. [219]. We have implemented a Julia version (SketchyCGAL.jl) of SketchyCGAL
to ensure fair comparison with LMBM.jl and SumOfSquare.jl. In this section, SketchyCGAL
is used as a solver for SDP in Algorithm (3| instead of Algorithm [1|or

We also use the package Arpack.jl, which is based on the implicitly restarted Lanczos’s algorithm,
to compute the largest eigenvalues and the corresponding eigenvectors of real symmetric matrices
of (potentially) large size.

When POPs have equality constraints, SumOfSquare.jl uses reduced forms with Groebner basis
instead of creating SOS multipliers, in order to reduce solving time.

The implementation of algorithms described in Section can be downloaded from the link:
https://github.com/maihoanganh/SpectralSOS.

We use a desktop computer with an Intel(R) Core(TM) i7-8665U CPU @ 1.9GHz x 8 and 31.2
GB of RAM. The notation for our numerical results are given in Table

4.3.1 Random dense equality constrained QCQPs on the unit sphere
Test problems: We construct several instances of POP (4.1.3) as follows:
1. Take hy = 1 — ||x||3 and choose f, hj, j € [I]\{1} with degrees at most 2;

2. Each coefficient of the objective function f is taken randomly in (—1,1) with respect to the
uniform distribution;

3. Select a random point a € R™ in the unit sphere;

4. For every j € [I]\{1}, all non-constant coefficients of h; are taken randomly in (—1,1) with
respect to the uniform distribution, and the constant coeflicient of h; is chosen such that
hj (a) =0.

Note that by construction, a is a feasible solution. We use the method presented in Section
(actually the k-th iteration of Algorithm [3)) to solve these problems. Numerical results are displayed
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Table 4.2: Numerical results for random dense equality constrained QCQPs on the unit sphere, described
in Section {4.3.1} with (m,l) = (0,1) and k = 1.

. Sum0fSquares SpectralPOP (CTP
POP size (Mosek) LMBM (Sketc)hyCGAL
n val time val time val time
50 -6.24844" 0.3 -6.24844" 0.7 -6.11351 0.7
75 -7.25323" 2 -7.25326™ 0.7 | -6.95325 | 0.8
100 -7.00957* 8 -7.00957* 0.9 | -6.75991 1
125 -9.76963" 23 -9.76963" 1 -9.39907 1
150 -8.49449” 64 -8.49449” 1 -8.15382 2
175 -10.7286" 140 | -10.72866" 1 -10.1323 2
200 -11.3521" 300 -11.3521" 2 -10.4724 3
250 -13.8881* | 1152 | -13.8881" 4 -13.5571 5
300 -13.9957* | 3708 | -13.9958* 6 -13.8327 12
400 — - -15.7584* 15 -15.5036 28
500 — — -17.5838" 35 -17.2513 65
700 — — -22.3584" 218 | -22.0710 355
900 — — -25.6117* 621 -25.2435 947
1200 — - -28.3170" | 1401 | -27.8270 | 2074
1500 — — -30.8475" 7120 | -30.2347 | 9020
3,500 — . . 0.1~ i T
—— Sum0fSquares —— Sum0fSquares
— LMBM — LMBM
SketchyCGAL 8-1072 | SketchyCGAL i
© 2,000 + e
E g 51077 .
1000 i 2.5-1072 A
500 | ) 1102 g
0 1 1 I I — 1 0 I 1 1 1 1
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n n

Figure 4.1: Efficiency and accuracy comparison for Table

in Table for the case [ = 1 and Table for the case | = [n/4]. For these results, we
use the Julia version of SketchyCGAL, which runs much faster than the MATLAB version without

compromising accuracy.

Efficiency comparison: In Table we minimize quadratic polynomials on the unit sphere.
The SDP relaxation for a POP in n variables involves a matrix of size n + 1 and 2 trace equality
constraints. In this table, LMBM is the fastest SDP solver while Mosek (the SDP solver used by
Sum0OfSquares) is the slowest. It is due to the fact that Mosek relies on interior-point methods based
on second order conditions to solve SDP while LMBM and SketchyCGAL only rely on algorithms
based on first order conditions. Note that we use the same modeling technique to generate the
SDP-CTP relaxation solved with either SketchyCGAL or LMBM, so both related modeling times
are the same. The solving time of SketchyCGAL is a bit larger than the one of LMBM in this case.

In Table and Table we consider random equality constrained QCQPs and solve their
first (k = 1) and second (k = 2) order moment relaxation, respectively. In Table the size
of the positive semidefinite matrix (resp. the number of trace equality constraints) involved in
the SDP relaxation is equal to n + 1 (resp. [+ 1). In Table the matrices involved in the
SDP relaxation have size b(n,4) and the number of trace equality constraints is O(b(n,4)?), due
to [I34) Appendix A.2]. Thus, the number of trace equality constraints for these SDP relaxations
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Table 4.3: Numerical results for random dense equality constrained QCQPs on the unit sphere, described

in Section [4.3.1} with (m,l) = (0, [n/4]) and k = 1.

i, Sum0fSquares SpectralPOP (CTP)
POP size (Mosek) LMBM SketchyCGAL
n l val time val time val time

50 14 -4.26516 0.4 -4.26516 1 -4.24511 1

60 16 | -6.42900" 1 -6.42929" 1 -6.36177 2
70 19 -5.08320 3 -5.08322 2 -5.01911 3
80 21 -5.35178 5 -5.35178 2 -5.29900 4
100 | 26 -7.50097 15 -7.50097 10 -7.42432 11

120 | 31 -5.89903 33 -5.89903 12 -5.81244 18
150 | 39 -7.44920 127 -7.44921 26 -7.32154 36
200 | 51 -8.93976 363 -8.93976 51 -8.79487 71
300 | 76 -12.4295 | 3753 | -12.4295 530 | -12.2180 | 480

400 | 101 - - -14.7190 | 2553 | -14.4830 | 2318
1072
3,500 — T T 3T T I
—— Sum0OfSquares —— Sum0OfSquares
— LMBM — LMBM
SketchyCGAL SketchyCGAL
2,500 ]
2 - -
] a
=] <
E 1,500 . 0
1 |- -
500 |-
_— / =
[ )= t ———————— | = | | | | |
50 100 150 200 250 300 50 100 150 200 250 300

n n

Figure 4.2: Efficiency and accuracy comparison for Table

Table 4.4: Numerical results for random dense equality constrained QCQPs on the unit sphere, described

in Section [4.3.1] with (m,l) = (0, [n/4]) and k = 2.

. . Sum0fSquares SpectralPOP (CTP
POP size SDP size (Mosqek) LMBM éketcLyCGAL
n l s m val time val time val time
5 3 21 169 -2.43822* | 0.04 | -2.43823" 1 -2.43982 1
10 4 66 1475 -1.42006* 0.4 -1.42013* 1 -1.41268 1
15 5 136 6121 -2.87129* 7 -2.87142* 2 -2.86744 6
20 6 231 17557 | -3.28734" 73 -3.28736" 5 -3.27733 26
25 8 351 40834 | -3.32902* 592 | -3.32918* 13 -3.31634 65
30 8 496 81345 | -4.34398" | 4678 | -4.34407" 60 -4.32974 | 294
35 10 666 | 146521 — — -4.77580" 275 | -4.75946 | 450
40 11 861 | 244812 — — -2.95099 390 | -2.91856 | 1225

45 13 1081 | 386999 — — -3.95743 | 1588 | -3.88533 | 2905
50 | 14 1326 | 582115 — — -4.01846 | 6126 — —
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Figure 4.3: Efficiency and accuracy comparison for Table [£.4]

is more than 200 times larger than the matrix size, for almost all instance of Table [£.4. LMBM
and SketchyCGAL still happen to be faster than SumOfSquares in both Table and Table [£:4]
but LMBM is not much more efficient than SketchyCGAL. The most expensive step performed
by Mosek (used by SumOfSquares) is to solve a system of linear equations coming from certain
complementarity conditions (see page 13 in [4I] for more details). The linear system becomes
harder to solve when the number of trace equality constraints is larger. This is in contrast with
LMBM, which does not need to solve any such large size linear system of equations. By comparison
with LMBM, SketchyCGAL may perform a larger number of operations [219, Algorithm 6.1], as
emphasized later on.

Accuracy comparison: When n < 300 in Table @, n < 300 in Table @ or n < 30 in
Table [4.4) LMBM converges to the exact optimal value of POPs with high accuracy, similarly to
Sum0fSquares. Both LMBM and SumOfSquares can extract at least one approximate optimal
solution by Henrion-Lasserre’s algorithm [77], when n < 300 in Table or n < 35 in Table
Moreover, LMBM can provide an approximate optimal solution even for large-scale problems with
n = 1500 in Table (resp. m = 40 in Table and in a case in Table Unfortunately
SketchyCGAL cannot do the extraction procedure successfully, because of its inaccurate output.

Storage and evaluation comparisons: In Table [£.5] and we display some additional in-
formation related to Mosek, LMBM and SketchyCGAL, for the rows n = 5,10, 15, 20,25 of Table
291

e storage;
e #A: the number of evaluations of the linear operator A in SDP (4.1.8);

#AT: the number of evaluations of the adjoint operator A ;

Smax: the largest size of symmetric matrices of which eigenvalues and eigenvectors are com-
puted;

® Ngig: the number of symmetric matrices of which eigenvalues and eigenvectors are computed.

Table [L.5] indicates that SumOfSquares requires a bit lower storage than LMBM only for the
cases n = 5,10. However, SketchyCGAL requires a bit smaller storage than LMBM. Note that
SketchyCGAL performs a large number of evaluations of both A and AT while relying on three
specific primitive computations (see [219] Section 2.3]). Compared to SketchyCGAL, LMBM per-
forms a smaller number of evaluations of both A and A". For instance, the number of evaluations
of LMBM is ten times smaller than the one of SketchyCGAL for the row n = 25 of Table [.6]
Because of the large number m of trace equality constraints, the evaluations of A and AT in SDP
relaxations of POPs is more expensive than the simple one related to the first order SDP relaxation
of MAXCUT, which is solved very efficiently by SketchyCGAL (see [219, Section 2.5]).
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Table 4.5: Storage comparisons for the rows n = 5, 10, 15, 20, 25 of Table

Sum0OfSquares SpectralPOP (CTP)
(Mosek) LMBM | SketchyCGAL

n storage storage storage
5 80.21 k 1.19 M 679.48 k
10 803.00 k 1.02 M 881.75 k
15 3.74 M 244 M 229 M
20 12.06 M 6.51 M 6.46 M
25 32.67 M 19.04 M 19.02 M

Table 4.6: Evaluation comparisons for the rows n = 5,10, 15, 20, 25 of Table

SpectralPOP (CTP)

LMBM SketchyCGAL

n #.A #.AT Smax Neig #.A #AT Smax Neig
5 18 19 21 19 191 2036 12 192
10 26 27 66 27 108 1350 14 109
15 | 404 405 136 405 205 3383 19 206
20 | 469 470 231 470 | 328 6605 24 329
25 | 336 337 351 337 | 292 6134 25 293

These specific behaviors mainly come from the subroutines used by LMBM and SketchyCGAL to
compute eigenvalues and eigenvectors. While LMBM computes directly the largest eigenvector (and
corresponding eigenvalue) of the matrix C—.A4 "z involved in the nonsmooth function from 7
SketchyCGAL computes indirectly the smallest eigenvalue of the matrix C + A" (y + 8(z — b)) in
Step 8 of [219] Algorithm 6.1] while relying on the so-called “ApproxMinEvec” subroutine. When
the ApproxMinEvec subroutine is implemented via [219, Algorithm 4.2], SketchyCGAL provides
approximations of the smallest eigenvalue and eigenvector of each matrix C + A" (y + 8(z — b))
by using the randomized Lanczos method. It only requires to compute the smallest eigenvalue and
eigenvector of a tridiagonal matrix of small size (e.g. Smax = 42 when n = 25 in Table while
the value sya, of LMBM is 351). Besides, SketchyCGAL computes v, (C + A" (y + 8(z — b))v;
within the loop from Step 5 of 219, Algorithm 4.2] while relying on three primitive computations
(see [219, (2.4)] for more details), which yields a large number of evaluations of A'". For instance,
#AT = 6134 for SketchyCGAL when n = 25 while the value #A" is 337 for LMBM. Because of
its slow convergence, SketchyCGAL also performs a larger number of iterations in Step 6 of [219]
Algorithm 6.1].

Based on the above comparison, we emphasize that LMBM is cheaper and faster than Mosek
or SketchyCGAL while LMBM ensures the same accuracy as Mosek when solving SDP relaxations
of equality constrained QCQPs on the unit sphere.

4.3.2 Random dense QCQPs on the unit ball
Test problems: We construct several samples of POP (4.1.1)) as follows:
1. Take g; = 1 — ||x||3 and choose f, g;, i € [m]\{1}, and h;, j € [I] with degrees at most 2;

2. Each coefficient of the objective function f is taken randomly in (—1,1) with respect to the
uniform distribution;

3. Select a random point a € R™ in the unit ball, with respect to the uniform distribution;

4. For each i € [m]\{1}, all non-constant coefficients of g; are taken randomly in (—1,1) with
respect to the uniform distribution, and the constant coefficient of g; is chosen such that

Lthe vector v; is updated in Step 6 of [219, Algorithm 4.2]
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Table 4.7: Numerical results of random dense QCQPs on the unit ball, described in Section |4.3.2] with
(m,l) = (1, [n/4]), and k = 2.

POP size SDP size SumOfSquares SpectralPOP
(CTP) (Mosek) CTP (LMBM) BTP (LMBM)
n l s m val time val time val time
5 2 28 281 -0.33125" | 0.07 | -0.33126" 1 -0.98254 0.7
10 3 78 2029 -2.30410" 0.5 | -2.30411" 1 -3.64371 5
15 4 153 7702 -2.26182* 10 -2.26195" 2 -4.21202 134
20 5 253 21000 | -2.24031* 112 | -2.24033" 4 -5.77860 | 1722
25 7 378 47251 | -2.88952" | 1484 | -2.88770" 15 -6.81243 | 16185
30 7 528 92049 | -4.15791* | 4694 | -4.15798" 49 - —
35 9 703 | 163097 - — -4.10015 150 - -
40 10 903 | 269095 - — -4.47927 694 - -
45 12 1128 | 421121 — — -5.50988 849 — —
50 13 1378 | 628369 — - -5.52884 | 2086 - —
140 T T

—— Sum0OfSquares / —— SumOfSquares

— CTP (LMBM) —— CTP (LMBM)

~BTP (LMBM) | / ~ BTP (LMBM)
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Figure 4.4: Efficiency and accuracy comparison for Table [£.7}

gi(a) > 0;

5. For j € [l], all non-constant coefficients of h; are taken randomly in (—1,1) with respect to
the uniform distribution, and the constant coefficient of h; is chosen such that hj(a) = 0.

Numerical results are displayed in Table for the case (m,1) = (1,[n/4]) and Table for the
case (m,l) = ([n/8], [n/8]). We recall the following notation:

e CTP (LMBM): the SDP relaxation is solved via the method described in Section (the
k-th iteration of Algorithm 4)) or Section (the k-th iteration of Algorithm [5)) with the
LMBM solver.

e BTP (LMBM): the SDP relaxation is solved via the method described in Remark with
the LMBM solver (Algorithm [2).

In Table [4.7) and Table Sum0fSquares and BTP solve relaxations involving matrices with the
same size, corresponding exactly to the size of the moment relaxation (2.4.5).

Efficiency and accuracy comparisons: In Table[L.7] we consider POPs which involve a single
inequality (ball) constraint. In this case, CTP (LMBM) is the most efficient and accurate solver.
Numerical results emphasize that SumOfSquares and CTP (LMBM) behave in a similar way as
in Table This indicates that converting a POP with a single inequality (ball) constraint to a
CTP-POP by adding one slack variable, and solving the resulting SDP-CTP relaxation by means
of spectral methods allows one to reduce the computing time while ensuring the same accuracy as
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Table 4.8: Numerical results of random dense QCQPs on the unit ball, described in Section [4.3.2] with
(m,1) = ([n/8],[n/8]), and k = 2.

POP size SDP size SumOfSquares SpectralPOP
(CTP) (Mosek) CTP (LMBM) BTP (LMBM)
n | m|l s m val time val time val time
10 | 2 | 2| 105 | 3711 | -3.17792 0.2 | -3.18434 31 -4.71914 6
15| 2 | 2| 190 | 11781 | -2.14424 6 -2.16250 69 -4.45435 | 649
20 | 3 | 3] 190 | 11781 | -2.92513 | 190 | -3.09124 | 469 | -81.3719 | 2573
2,500 T 2 1
—— Sum0fSquares —— SumOfSquares “
—— CTP (LMBM) ——CTP (LMBM) | |
~ BTP (LMBM) —— BTP (LMBM) | |
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Figure 4.5: Efficiency and accuracy comparison for Table [£.8]

the one obtained with SumOfSquares (Mosek). Note that when we use the method described in
Section [4.2.2] the constant trace in ([4.2.12)) is always equal to 2%, which is independent of n.

In Table CTP (LMBM) provides inaccurate output as it only yields lower bounds, while
Sum0f Squares still preserves accuracy. Moreover, CTP (LMBM) is less efficient than Sum0fSquares.
We also emphasize that when one relies on the method stated in Section [£.2.3] we obtain a value
of R, in 7 for the sphere constraint of CTP-POP, which becomes larger when n increases.
It implies that the constant trace factor (R 4 1) in ([#.2.18) has a polynomial growth rate in R.
Thus we minimize a nonsmooth function of the form (4.1.13]) with a large constant trace factor a.
The norm of the subgradient of this function at a point near its minimizers is rather large, which
prevents LMBM to perform properly its minimization, by contrast with Table [£.7} This difference
of magnitude is shown in Table where we compute the subgradient norms during the last 10
iterations of CTP (LMBM) for the experiments from Table and Table with n = 10.

In both Table and Table BTP (LMBM) has the worst performance in terms on effi-
ciency and accuracy. The trace bound obtained in Remark is usually much larger than
the “exact” trace of the optimal solution of the SDP relaxation. The same issue occurs for the
subgradient norm of the nonsmooth function at a point near its minimizers.

According to our experience, LMBM is suitable for spectral minimization of SDP problems with
trace bounds which are small enough and close to the exact trace value of the optimal solution.

Table 4.9: Subgradient norms computed during the last 10 iterations of CTP (LMBM) for the experiments
from Table £.1 and Table .8 with n = 10.

Table

4.7

0.035

0.033

0.028

0.022

0.024

0.019

0.015

0.009

0.007

0.004

Table

4.8

0.871

0.959

0.947

0.792

1.684

0.794

0.579

0.559

0.230

0.916
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Table 4.10: Numerical results for random dense quartics on the unit sphere, described in Section
with (m,l) = (0,1) and k = 2.

. . SumOfSquares SpectralPOP (CTP)
POP size | SDP size (Mosek) LMBM SketchyCGAL
n s m val time val time val time
5 21 127 -2.92483" | 0.02 | -2.92485™ 1 -2.84710 1
10 66 1277 | -3.59964" 0.4 | -3.59964" 1 -3.48501 2
15 136 | 5577 | -4.18773" 7 -4.18778* 12 -4.03882 18
20 231 | 16402 | -3.92438" 88 -3.92440" 35 -3.67857 87
25 351 | 38377 | -6.36891* | 711 | -6.36894" 74 -5.93774 | 251
250 T T 0.1 T T
—— SumO0fSquares —— SumOfSquares
— LMBM — LMBM
SketchyCGAL SketchyCGAL
7-1072 1 =
150 -
2 2 5.1072| .
= &0
100 |-
50l 2-1072 1 B
0
0 L 1 1 1

(S

10 15 20 25
n
Figure 4.6: Efficiency and accuracy comparison for Table [£.10]

4.3.3 Random dense quartics on the unit sphere
Test problems: We construct several instances of POP (4.1.3)) as follows:
1. Take I =1 and h; = 1 — ||x]|2 and choose f with degree at most 4;

2. Each coefficient of the objective function f is taken randomly in (—1,1) with respect to the
uniform distribution.

We use the method presented in Section[f:2.1] to solve these problems. The corresponding numerical
results are displayed in Table [L.10]

Efficiency and accuracy comparisons: Table[£.10]indicates that LMBM is about twice faster
than SumOfSquares when n > 20 as well as SketchyCGAL.While SketchyCGAL can be rather inac-
curate, LMBM has an accuracy which is similar to Sum0fSquares (Mosek), yielding the ability to
extract optimal solutions of POPs.

For comparisons in Section [4.3.2] and Section the coefficients of f have been randomly
generated in (-1,1). However, for some non random problems that were scaled so as to fit the
framework of optimization on the unit sphere, we could observe a lack of precision after transferring
results (of the scaled formulation) back to results in the unscaled initial formulation.

In the next three subsections, we consider further applications of the minimization of forms on
the unit sphere listed in [I07].

4.3.4 Deciding the nonnegativity of even degree forms

Given ¢ € R[x], we recall that ¢ is a form of degree d if ¢ = Zlalzd gax® for some d € N
and g, € R. Given a form ¢ € R[x], ¢ is nonnegative on R™ iff ¢ is nonnegative on the unit
sphere. Moreover, given a polynomial f € R[x]24, f is nonnegative on R™ iff its homogenization

f = J;?ﬂl (zxﬂ) is nonnegative on R™*!. Note that f is a form. Thus, in order to verify the
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Table 4.11: Numerical results for deciding the nonnegativity of even degree forms, described in Section

with k = d.

. . Sum0fSquares SpectralPOP (CTP
POP size SDP size (Mosqek) (LMBM§ )
n d s m val time val time
5 2 21 127 -2.62353" | 0.01 | -2.62353" 1
10 2 66 1277 -6.31389" 0.4 | -6.31390" 1
15 2 126 5577 -12.1405™ 6 -12.1405" 2
20 2 231 16402 | -19.9981" 76 -19.9981" 2
25 2 351 38377 | -29.4812* | 633 | -29.4812 4
30 2 496 77377 | -40.6934* | 3471 | -40.6934* 9
35 2 666 | 140527 - — -54.2561* 24
40 2 861 | 236202 — — -69.4700* 57
45 2 1081 | 374027 — - -86.4113" 127
50 2 1326 | 564877 — — -105.532* 250
5 3 56 1261 -1.56744 0.1 -1.60032 23
5 4 126 7177 -1.35267 1 -1.35315 235

nonnegativity of the polynomial f, we only verify the nonnegativity of its homogenization f on the
unit sphere in R™*1. Namely, given a form f € R[x] of degree 2d, we consider the following POP:
£ = min {700 - X3 =1} (4.3.1)

Note that if d = 1, problem (4.3.1]) boils down to computing the minimal eigenvalue of the Gram
matrix associated to f. Thus, we consider the case where d > 2.

Test problems: We construct several instances of the form f of degree 2d as follows:

1. Take fo randomly in (—1,1) with respect to the uniform distribution, for each o« € N with
la] = 2d.

2. Set f:= Z|a|:2d fax®.

We use the method presented in Section to solve problem (4.3.1). The corresponding numer-
ical results are displayed in Table

Efficiency and accuracy comparisons: Table shows that LMBM is much faster than
Mosek when n > 20 and d = 2. In these cases, we were able to extract the solution of the resulting
POPs. One can then conclude that f is not globally nonnegative since it has negative value at its
atoms. For higher values of d = 3,4, LMBM becomes less efficient and accurate than Mosek.

4.3.5 Deciding the convexity of even degree forms

Recall that a polynomial ¢ € R[x] is convex if ¢(tx+(1—t)y) < tq(x)+(1—t)q(y) for all x,y € R"
and t € [0,1]. Moreover, g € R[x] is convex iff the polynomial f(x,y) := ¢(y)—q(x)—Vq(x) " (y—x)
is globally nonnegative, where V¢ stands for the gradient of ¢. If ¢ is a form of degree d, f is also
a form of degree d. In this case, the nonnegativity of f can be verified on the unit sphere in R?".

Given a form g € R[x] of degree 2d, consider the following POP:

fre= min - ay) —a(x) ~ Va(x) T (y —x) (132)

st [l y)llE =1

From the previous discussion, ¢ is convex iff f* > 0.
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Table 4.12: Numerical results for deciding the convexity of even degree forms, described in Section
with k& = d.

. . SumOfSquares SpectralPOP (CTP

POP size SDP size (Mosq;:k) P (LMBM; )
n d s m val time val time

5] 2 [ 66 | 1277 [ -3.87350" | 0.2 | -3.87350" 1

7 | 2 [120 [ 4321 [ -4.44260° | 3 | -4.44280" 11

10 | 2 [ 231 | 16402 | -4.98855" [ 63 | -4.98883" 17

12 | 2 [ 325 | 32826 | -4.47495" | 336 | -4.49239" 91

[ 5] 3 [286]34035 | -3.89581" | 53 [ -3.89586" [ 70 |

Test problems: We construct several instances of the form ¢ of degree 2d as follows:

1. Take g randomly in (—1,1) with respect to the uniform distribution, for each e € N™ with
la] = 2d.

2. Set q := E|o¢|:2d qaX?.

We use the method presented in Section to solve problem (4.3.2)). The corresponding numer-
ical results are displayed in Table

Efficiency and accuracy comparisons: Table[£.12] shows that LMBM is about 3 times faster
than Mosek when n > 10 and d = 2. In these cases, one concludes as above that ¢ is nonconvex
since f* is negative. For d = 3 and n = 5, LMBM still returns a value with reasonably high
accuracy (107°) even though it is slower than Mosek. In this case, one can also certify that ¢ is
nonconvex.

4.3.6 Deciding the copositivity of real symmetric matrices

Given a symmetric matrix A € R™*", we say that A is copositive if u" Au > 0 for all u € R .
Consider the following POP:

i min () AR < [l = 1) (133)
where x? := (2%,...,22). The matrix A is copositive iff f* > 0.

Test problems: We construct several instances of the matrix A as follows:
1. Take B;; randomly in (—1,1) with respect to the uniform distribution, for all 4, j € [n].
2. Set B := (Bij)1§¢7j§" and A := %(B + BT)

We use the method presented in Section to solve problem (4.3.3). The corresponding numer-
ical results are displayed in Table [1.13]

Efficiency and accuracy comparisons: Table [£.13] indicates that LMBM is twice faster than
Mosek when n > 20. In all cases, we can extract the solutions of the resulting POP and certify
that A is not copositive since f* is negative.
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Table 4.13: Numerical results for deciding the copositivity of real symmetric matrices, described in Section
1.3.6, with k = 2.

. . Sum0fSquares SpectralPOP (CTP
POP size SDP size (Mosqek) P (LMBMg )
n s m val time val time
10 66 1277 | -0.89102 0.2 | -0.89102* 1
15 136 | 5577 | -0.91701" 6 -0.91701" 9
20 231 | 16402 | -0.98474* 57 -0.98474" 19
25 351 | 38377 | -0.97873" | 558 | -0.97873* 28




Chapter 5

Exploiting the constant trace
property: Inequality constraints

Most of the content of this chapter is from [I31].

The goal of this chapter is to extend the CTP-exploiting framework introduced in the previous
chapter to the case of POPs with inequality constraints. Based on this, we provide a method which
returns the optimal value of the second order moment SDP-relaxation and which is suitable for a
class of large-scale non-convex QCQPs with CTP. Ideally (i) it should avoid memory issues, and
(ii) the resulting relative gap of the approximate value returned by this method w.r.t. the exact
value should be less than 1%.

Contribution. We show that (i) a large class of POPs with inequality constraints have the con-
stant trace property and (ii) this property can be exploited for solving their associated semidefinite
relaxations via appropriate first-order methods. More precisely our contribution is threefold:

I. In Section [5.1.2] we show that if a positive real number belongs to the interior of every
truncated quadratic module associated with the inequality constraints, which is defined later in
, then the corresponding POP has CTP. Moreover, we prove that this condition always holds
when a ball constraint is present.

II. In Section we provide a numerical procedure to check whether a POP has CTP. It
consists in solving a certain linear program (LP) of the form:

inf {c'y : Ay = b}, (5.0.1)

yERi

where ¢ € R*, A € R?® and b € R?. With this approach we prove in Section that several
special classes of POPs (including POPs on a ball, annulus, simplex) have CTP.

II1. Our final contribution, postponed in Appendices and is to handle sparse large-
scale POPs by integrating sparsity-exploiting techniques from Chapter [3] into the CTP-exploiting
framework.

For practical implementation we provide a software library called ctpPOP. It models each
moment SDP-relaxation of POPs as a standard SDP with CTP and then solves this SDP by
CGAL or a spectral method (SM), based on nonsmooth optimization solvers (LMBM [95] or the
Proximal Bundle Method [98]).

In Section [5.2]and Appendix we provide extensive numerical experiments to illustrate the
efficiency and scalability of ctpPOP with the CGAL solver. In all our randomly generated POPs
with different sparsity structures, the relative gap of the optimal value provided by CGAL w.r.t.
the optimal value provided by Mosek is below 1%. Because of its cheap cost per iteration, CGAL
is more suitable for particularly SDPs of form with ¢ = O((s™#)2) (such as the second
order moment SDP-relaxations of POPs) than other solvers (e.g., COSMO).

For instance for minimizing a dense quadratic polynomial on the unit ball with 100 variables,
CGAL returns the optimal value of the second order moment SDP relaxation within 6 hours on
a standard laptop while Mosek (considered as the state-of-the-art SDP solver using interior-point

79
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methods) runs out of memory. Similarly, for minimizing a sparse quadratic polynomial involving
a thousand variables with a ball constraint on each clique of variables, CGAL spends around two
thousand seconds to solve the second order moment SDP-relaxation while Mosek runs again out of
memory. The largest clique of this POP involves 42 variables.

The classical OPF problem without constraints on current magnitudes (as in [90, [63]) can be
formulated as a POP with ball and annulus constraints. For many instances Shor’s relaxation
provides the global optimum. However, for illustration purposes we have compared CGAL and
Mosek for solving the second order CS-TSSOS relaxation from Chapter [3|of the “case89_pegase_api”
instance from the PGLib-OPF databaseﬂ The largest block size and the number of equality
constraints of this SDP are around 1.7 thousands and 8 millions, respectively. While Mosek failed
because of a memory issue, CGAL still returned the optimal value in two days, and with relative
gap w.r.t. a local optimal value being less than 0.6%.

As in the previous chapter, a POP is defined as

ff=mnf{f(x) : x€S(@g NV}, (5.0.2)
where S(g) and V(h) are a basic semialgebraic set and a real variety defined respectively by

S(g) = {xeR": gi(x)>0,i€[m]}
V() = {xeR": hy(x)=0,ic[]}, (5.0.3)

for some polynomials f,g;, h; € R[x] with g := {gi}iem], b := {h;j};ep- Also recall that [g;] =
[deg(gi)/2], [h;] = [deg(h;)/2] and kmin = max; ;{[f],[g:], [h;]}. We will assume in this
chapter that POP (5.0.2)) has at least one global minimizer.

5.1 Exploiting CTP for dense POPs

This section is devoted to developing a framework to exploit CTP for dense POPs. We provide
a sufficient condition for a POP to have CTP, as well as a series of linear programs to check whether
the sufficient condition holds. In addition we show that several special classes of POPs have CTP.

5.1.1 CTP for dense POPs

First let us recall CTP for a POP. To simplify notation, for every k € NZFmin denote by S*)
the set of real symmetric matrices

- of size sp 1= b(k) + 32, cmy 0k — [ 1),

- in a block diagonal form X = diag(Xy,...,X,), and such that

- Xy (resp. X;) is of size b(k) (resp. b(k — [g;]) for i € [m]).

Letting Dy (y) := diag(Mg(y), My_14,1(91¥), - - - s My _1g,.1(gmy)), SDP (2.4.5) can be rewrit-
ten in the form:

. Dk(y) S S(k) Yo = 1
= f L + 0 ’ 5.1.1
k& yEJIRI%(z’” { v() ’ My _p,1(hiy) =0,5€l] |~ ( )

where SJ(rk) is the set of positive semidefinite matrices in S*).

Definition 5.1. (CTP for a POP) We say that POP (5.0.2) has CTP if for every k € NZFmin
there exists a, > 0 and a positive definite matriz Py, € SU¥) such that for all y € RV(ZF),

E/Ik_*(lhﬂ (hjy) =0, 5 €ll], } = trace(Py Dy (y)Pr) = ak . (5.1.2)
0 =

In other words, we say that POP has CTP if each moment relaxation has an
equivalent form involving a psd matrix whose trace is constant. In this case, we call a; the
constant trace and Pj the basis transformation matrix. In the next subsection, we provide a
sufficient condition for POP to have CTP.

Thttps://github.com/power-grid-lib/pglib-opf
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Example 5.1. We recall CTP for equality constrained POPs on a sphere in Chapter[] If g =
0 and hy = R — ||x||3 for some R > 0, then POP (5.0.2) has CTP with a;, = (R + 1)¥ and

P, = diag((@i{i)aeNg), where (Or.a)acny € RO satisfies (1 + [x[3)* = >aeny O .oXx>*, for all
k € NZkmin,

We now provide a general method to solve a POP with CTP. We first convert the k-th order
moment relaxation of this POP to a standard primal SDP problem with CTP and then
leverage appropriate first-order algorithms that exploit CTP to solve the resulting SDP problem.

Suppose POP has CTP. For every k € NZkmin Jetting X = P Dy (y)Px, can be
rewritten as

Tk = mf {<Ck, > : AkX:bk}, (513)
XES

where Ay : S®) — RS is a linear operator such that A, X = ((Ag1,X),. .., (Akc,, X)) with
Ak,i € S®. i€ [¢], Cr € S® and by € RS. Appendix describes how to convert SDP

) to the form (5.1.3)).
The dual of SDP ([5.1.3) reads
pr= sup {blz: Az Cy¢c S(f)}, (5.1.4)
zERSK
where A] : R* — S®) is the adjoint operator of Ay, i.e., Alz = Zie[qk] 2i Ak ;.
After replaCing (Ak7 Ak,i; bka Ck‘7 S(k)7 Ckv Sky Tk Pk ak) by (Aa Aiv bv Ca Su Ca S, T, P, a)7 the primal_

dual (5.1.3)-(5.1.4) has an equivalent formulation as the primal-dual (5.3.25)-(5.3.26)); see also

Appendix [5.3.4) with w = m + 1 and s™** = s(k).
Then two first-order algorlthms (CGAL and SM) are leveraged for solving the primal-dual

m m, see Appendix and Appendix -

5.1.2 A sufficient condition for a POP to have CTP

In this section, we provide a sufficient condition for POP (5.0.2) to have CTP.
For k € NZFuin et Q% (g) be the interior of the truncated quadratic module Qx(g), i.e., Q% (g) :=
{VZG()V]C + Zie[m] ginT_ [g:] Givk_(gi] G -0, € {0} @] [m]}

Theorem 5.1. The following statements hold:

1. If one the following equivalent conditions hold for all k € NZkmin ;

R7°C Qi(0) + Zi(h) & V¥5>0, d e Qp(g) +Zi(h)
& 1€ Q(g) +Zu(h), (5.1.5)

then POP (5.0.2)) has CTP, as in Definition [5.1]

2. Assume that ) = (0 and S(g) has nonempty interior. Then POP (5.0.2) has CTP if and only
if

R>Y C Q3 (g), Vk € NZFmin | (5.1.6)
Proof. 1. Let k € NZFmin and assume that R>° C Q% (g) +Zi(h). Then there exists a; > 0 such
that
ap = VZGOVk + Z giV,:_ [g:] Givk_[gﬂ + Z hjvg(k_rhj])uj s (517)
i€[m] Jell]

for some G; > 0, ¢ € {0} U[m] and real vector u;, j € [[]. We denote by G1/2 the square root
of G, i € {0}U[m]. Then G; 1/2 is well-defined and Gl/2 = 0. Set Py, —dlag(Grl/2 ..,G},{Q).
Let y € RY2%) such that Mk(h]y) =0, j €[], and yo = 1. Then

Z hjv;—(k%hﬂ)uj = Z Z Uj,aLy(tha) =0. (518)

JEl] Jell] D‘eNz(k a1
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From this and (5.1.7]),

Q. = Ly(VZGQVk + Zie[m] gz'V;r_ fgi] Givk—(gi])
= trace(My(y)Go) + Zze[m] trace(My._1(g:y)G:)
= trace(Gy/"Mi(y) Go'®) + X pm trace(G* M1 (9:y) G;'?)
= trace(PyDy(y)Px) ,

yielding the first statement.

2. The “if” part comes from the first statement. Let us prove the “only if” part. Assume
that POP (5.0.2) has CTP (Definition [5.1)). Let a € S(g), ¥ = (ya)acn~ be the moment
sequence of the Dirac measure 5. Let k € NZFmin be fixed. Since P, € S*), P, =
diag(Wo7 ..., Wy,). Then W2 >~ 0,7 € {0} U[m] since Py, > 0. Let us define the polynomlal
w=v] Wivy + Zle[m] gzv]C o ]W Vi—[g:]- By assumption,

ar = trace(PyDy(y)Py)
= trace(WoMi(y)Wo) + 3¢ trace(WiMy_1(g:y)W;)
— trace(My(y)W3) + 5y trace(Mi_1 (g:y)W?)
= Ly(Vi Wivi + 3] 9iVi_ 15 WiVi—1g.1) = Jon wdda(2) = w(a).

It implies that w — aj, vanishes on S(g). Since S(g) has nonempty interior, w = a, yielding
the second statement.

O
The following lemma will be used later on.
Lemma 5.1. Let R > 0. For all k € N21, one has
k—1
(R+1F = (L4 [x[3)" + (R = [Ix[13) D (R + 1) (1 + [x]3)" " (5.1.9)
j=0

Proof Let k € N2, Letting a = R+ 1 and b = 1 + ||x||3, the desired equality follows from
— bk = (a—b)zj Oa]bk 1=, O

The next result states that the sufficient condition in Theorem [B.I] holds whenever a ball
constraint is present in the POP’s description. For a real symmetric matrix A, denote the largest
eigenvalue of A by Apax(A).

Theorem 5.2. If R — ||x||3 € g for some R > 0 then the inclusions (5.1.6) hold and therefore
POP (5.0.2) has CTP.

Proof. Without loss of generality, set g,, := R — ||x|| and let k € N=kmin he fixed. By Lemma
(R+1)* =0 + g, A, where © := (1 + [|x||2)* and A := Zf;é(R +1)7(1 4 ||x||3)*=7~1. Note that

* 0= ZaeNg Oox?® = VzGovk for some (HQ)QGNZ C R>9;
o A= ZOLGNZ_l AaX?® = v |Gy for some (Aa)aeny | CR7Y

Here Gy = diag((@a)aeNn) and G,, = diag((/\a)aeNgil) are both positive definite. Then we have
(R+1)* =v] Govi + gmv]_GnVi_1. Denote by I, the identity matrix of size b(t) for t € N.

Let W be a real symmetric matrix such that Zie[m—l] giv,I_ (gﬂIk—(gi]Vk—[gﬂ = vZva.
Since Gg = 0, there exists 0 > 0 such that Gy — dW = 0. Indeed,

Go— 0W = 0 & I = 6G; *WG, /2 & 1> 6Amax(Gy /WG, /%) (5.1.10)
yielding the selection § = 1/(|)\maX(Gal/2WG_l/2)| +1). Then

(R+1)*=v[(Gy— 6W)vy + 0 Z givy_ rgi Te—[g:1VEk—Tg:1 + ImVi_1GmVi_1,

i€[m—1]

which implies (R + 1)* € Q3 (g), which in turn yields the desired conclusion. O
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The next result is a consequence of Theorem [5.2] It states that if a POP has a ball constraint
then the corresponding SOS strengthenings satisfy Slater’s condition.

Corollary 5.1. Assume that R—||x||3 € g for some R > 0. Then Slater’s condition holds for SDP

(2.4.4) for all k > kmin. As a consequence, strong duality holds for the primal-dual (2.4.4)-(2.4.5))
for all k > knin.

Proof. Tt suffices to prove that SDP has a strictly feasible solution for all k > ky,. Let
k > kmin be fixed. By [I39, Proposition 5.8], there exist og € X[x]i, 0 € X[x]x—1 and A € R such
that f + A = o9 + (R — ||x[|3)o. Thus f + X\ € Qk(g). By Theorem 1 € Q;(g) and therefore
f+1+Xe€ Q5(g), which yields the desired conclusion. O

Remark 5.1. From the proofs of Theorem [5.9 and Theorem [5.1] the constant trace aj and the
basis transformation matrixz Py, (Deﬁm’tion can be taken as

ap = (R + 1)k and Pk = diag((Go — 5W)1/2, \/Ska[gl] goany \/Ska[gm,ﬂ y Gl/z) .

m

However, this choice leads to poor numerical properties. In the next section we provide a series of
linear programs inspired from the inclusion in (5.1.5), to obtain a constant trace ay and a basis
transformation matriz Py, that achieve better numerical performance.

5.1.3 Verifying CTP for POPs by solving linear programs

For any k € N2Fmin Jet S*) be the set of real diagonal matrices of size b(k) and consider the
following LP:

GO — IO € S‘._(i_k) s G, - I ¢ S_(i_k_l—gi-‘) , 1€ [m] s
et 48 €=V GoVi + Xicim Vi rg,erin—[gﬂ : (5.1.11)
Y + 2 jew Vage—n, )W

where I, is the identity matrix for ¢ € {0} U [m].
Lemma 5.2. If LP (5.1.11) has a feasible solution (&, Gik,wj ) for every k € NZkmin  then POP
(B-02) has CTP with aj, = & and Py = diag(Gy/7,...,GL3).

The proof of Lemma is similar to that of Theorem with ar = & and G; = Gy,
i € {0} U [m].

Since small constant traces are highly desirable for efficiency of first-order algorithms (e.g.
CGAL), we search for an optimal solution of LP (5.1.11]) instead of just a feasible solution.

Remark 5.2. One can extend the classes of diagonal matrices S’(k), Sk=Tail) i, to obtain
a smaller constant trace. For instance, one can define S(k), S&=T9:1) 4o be the class of symmetric
block diagonal matrices with block size two. As shown in [207, Lemma 4.5], then becomes
a second-order cone program which can be also efficiently solved.

5.1.4 Special classes of POPs with CTP

In this section we identify two classes of POPs whose CTP can be verified by LP ([5.1.11]).

For I C [n], let x(I) := {x; : j € I}. For matrices A and B of the same size, the Hadamard
product of A and B, denoted by A o B, is the matrix with entries [A o B); ; = A; ; B, ;.
POPs with ball or annulus constraints on subsets of variables

Consider the following assumption on the inequality constraints of POP ([5.0.2]).
Assumption 5.1. There exists a nonnegative integer r < m/2 and

e Ri>R,>0,T; Cn] foric]r];

e R; >0, T; Cn] for j € [m]\[2r]
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such that
(1) (UiepTi) U (Ujepmp2nTy) = [n];
(2) gi = x(T)|3 = B, girr := Ri — [|x(T3)|3 fori € [r];

(3) gi = Ri — |x(T)|3 for i € [m]\[2r].

Notice that if Assumption holds then POP (j5.0.2) has r annulus constraints and (m — 2r)
ball constraints on subsets of variables. Moreover, Q(g) + Z(h) is Archimedean due to (1-3) in
Assumption

Example 5.2. Assumption [5.1] holds in the following cases:

(1) m=1,7=0 and g1 := Ry — ||x||3, 4.e., S(g) is a ball;

(2) m=mn,r=0 and g; := R; — x? fori € [n], i.e., S(g) is a box;

(3) m=2,r=1and g1 = |x[|3 — Ry, g2 := R1 — ||[x[|3 (R > R, >0), i.e., S(g) is an annulus.

Proposition 5.1. If Assumption holds then LP (5.1.11) has a feasible solution for every
k € NZFkuin - and therefore POP (5.0.2) has CTP.

Proof. Let Assumption hold. It is sufficient to show that ([5.1.11) has a feasible solution for
every k € NZkmin,
Let u = (u;) e S NS™ be defined by

=(ielr] : jeT}+{iem\[2r] : je€T}, Vj€Eln]. (5.1.12)
Since (Uie[Ti) U (Uigim\ (21 Ti) = [n], one has u; € NZ1 j € [n]. Moreover,
lwox|s=>"IxTHl5+ D Ix(T)5 (5.1.13)
€[] i€[m]\[27]
With R := 33,1 (R; + Ri) + Xicm\[20) Ris by replacing x by uox in Lemma one obtains
that for all k € NZkmin,

(R+1)" =1+ [luox|3)* + Ax-1 Y digi, (5.1.14)

1€[m]

where Ap_; = Z] O(RJr 1)7(1 + [[uox|2)*=7~1 and

8= = iy = = ,i€r], and 6, =1, g € [m]\[2r]. 5.1.15
RN e A R UE S ST O B CAR )
It is due to the fact that
—Juox|3 = > (R + R — Ix(T)I35) + > (Ri—[x(T)I3). (5.1.16)
i€[r] i€[m]\[27]

and R, + R; — ||x(T})||2 = 0:9; + 0i+rGisr, for all i € [r]. For each k € NZFmin et (Ok,0)acny € RO
and (77k—1,a)o¢e1\1g71 C R>? be such that

1+ uox3) = ) Opax®™ and Apy= D 7popax>®

aENp aENp_

and define the diagonal matrices
G\ = diag((Br.a)acry) and Gy = diag((dinhk—1,a)aeny ). i € [m)]. (5.1.17)
Then ([5.1.14) yields that for every k € NZkmin:

(R+1DF =vIGOvi+ Y giv] G 1 vis
1€[m)]

Hence ((R+ 1), G,(f), 0) is a feasible solution of (5.1.11]), for every k € NZkmin, O
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POPs with inequality constraints of equivalent degree
We say that polynomials ¢, ..., ¢ are of equivalent degree if [¢1] = -+ = [q¢].

Assumption 5.2. Let m > 3 and {gi}icim—2) be of equivalent degree. L >0 and R > 0 are such
that gm—1=L— Y. g and g, = R — ||x]|5.
1€[m—2]

Proposition 5.2. If Assumption |5.4 holds then LP (5.1.11)) has a feasible solution for every
k € NZFkmin and therefore POP -D has CTP.

Proof. Let Assumption hold with u := [g;], i € [n + 1]. For every k € NZkmin letting
Air = SR+ 17(1 + [x[3)F7 " and ©, := (1 + [|x||3)", for t € N, Lemma [5.1] yields
(R+1)* =0 + gmAir_1. It implies that for every k € NZFmin,

(R+1)" = (O - Opu) + 7Ok u Y, Gitgmbi1. (5.1.18)

L+ 1 i€[m—1]

L
L+1
It is due to the fact that Zze[m 19 = L. For each k € NZFmin et us consider the following
sequences:

0 L _ 2a.
° (Vk,a)QGN;CL - R>Y such that @k — m@kfu = ZQENZ Vg, aX a’

2.
* (Or—wa)acny  C C R>% such that L+1@ = ZaENﬁ,u O —u,aX*;

° (nk—l,a)aeNZ_l C R>9 such that Ap_1 = ZaeNn nk_l,axza.

For each k € NZkmin  define the diagonal matrices G( )= = diag((Vk,a)aeny),
G,(fl_)u = diag((Ok—u,a)aeny_ ), and G,(€ )1 := diag((mk—1,a)aeny ) -

Then (5.1.18) yields that for every k € NZFkmin,

(R+1)*=v] G(O)vk+vk UG; )qu u Z gi +vi_ 1Gk 1VE—19m - (5.1.19)
i€[m—1]

Hence ((R + 1)k, G,(:), 0) is a feasible solution of (5.1.11)), for every k € NZkmin, By using Lemma
the conclusion follows. O

Example 5.3. Let R, L > 0 satisfy R > L? and
m=n+2,g =x; forje€n|, gny1 =L — Z zj and gnio =R — |x||3. (5.1.20)
j€ln]
Then Assumption[5.4 holds and S(g) is a simplex.

When S(g) is compact, we can always reformulate POP (| such that Assumptlonholds.
Suppose S(g) € B(0, R) for some R > 0. Let u = max;c[m) [gz]. Set §; := gi(1 + [|x[|3)“~ 191 for
i € [m]. Let L be a positive number such that >, ;3 < L on 5(g). Set gm+1 =L =3 () G

and g2 := R — ||x]|3.

Remark 5.3. For the latter case, one can choose any positive number L > (R+1)" >, gill1-
Indeed, for any z € S(g), and since ||z||3 < R,

2% =[] |=
i€ [n]

This implies that for every i € [m],

o< [T+ lz3)*/2 = (1 + 2)3)*? < (1 + R)", Ve € Ny,

Gilz) < L+ R0 37 gal[2%] < (14 BRIV (R 4 1)l
aeND

gilli = (L + R)“[|gill1 -

2[g;]1

Thus we have 3 ;e i < (1 4+ R)" 3 e l9illn on S(g).
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Corollary 5.2. With the above notation, S(g U {Gm+1, Gm+2}) = S(g) and LP (5.1.11) has a
feasible solution when replacing g by g U {Gmi1, Gmaz} for each k € NZFmin  As g result, POP
(5.0.2)) is equivalent to the following POP

fri= im0 ¢ x € S(@U st Gmra}) N V(D)) (5.1.21)
which has CTP.

Proof. Let § := {Ji}icim+2)- Then {gi}icim) are of equivalent degree, i.e., there exists u € N such
that [§;] = u, for all i € [m]. Thus Assumption[5.2 holds with g < §, m < m+ 2. By Proposition
(5-1.11)) has a feasible solution with g <— g for every order k € NZ¥min It implies that for every
k € NZFmin there exist u,(j) € RPCE=Tr1) 5 € [1], and
0 3 . m+2
(nl(c,z)x)aeNZ CR>, (U;(Qu,a)aeN;_u CR iem+1], (n;(f_LIa))aeNg_l CR>?
such that

L= v diag((n %) aeny Vi + Xicpmen) GiVi—u diag((1\), o)aevy IVi—u
- . m—+2 j
+imt2vi_y dlag((ﬁx(ﬁiobael\fg,l)kal + e hjvg(k—[hj])ul(cj)

Let k € NZkmin be fixed. We define the following polynomials:

. 0 0
o 00 = v] diag((noA)aeny Vi = Sacr MhaX?,

o0, =v]_, diag((n](:l%a)aeN}cLu)kau = ZaeNg_u n,i’lu,axm, i€ [m+1],

e T (m+2) _ (m+2) 9
® Om+42 1= Vi dlag((nk—l,a)OLENﬁ,l)kal = Zaeszl 1,0 X%

° w] = V;r(krffhj])ul(cj)7 _] S [l]
From this and since g; := g;(1 + ||x/|3)*~ 91, for i € [m], one has

1= o9+ Zie[m] 0:gi + Zje[l] Yih; =00 + Zie[m] ai(1+ Hx”%)u_[gﬂgi (5.1.22)
+Im+10m+1 + gm+20m+2 + Zje[l] Yjh .

Then there exist (0,(2 o] Q)QGNZJM C R>Y, i € [m], such that
oL+ =3y = S o X ie ] (5.1.23)

€N 141

Thus (5.1.22]) becomes
(0

L= v] diag((n)aeny Vi + Sicpm 9iVi_ro,1 diag (04 1 aaeny Vi 1o

- . +1
+Gme1vi_y diag(n™F Naery IWViu

~ . m+2 j
+Gm+2Vi_1 dlag((n](gf;:;)ael\lg_l JVi—1+ 2 e th;(k— (hmul(c])

S Qi(g U {§m+17§m+2}) +Ik(b) ’

since

o ding((njh)aery) > 0, diag((6” 1,1 aery ., )= 0,0 € [m],

. diag((n,g"_@:z)aew_u) > 0, and diag((n,(ﬁii))aeNz_l) = 0.

It yields that (5.1.11)) has a feasible solution with g < g U {Gm+1,Gm+2}, for every order k €
Nzkmin. D

In case that POP (5.0.2)) does not have CTP and S(g) is compact, Corollaryprovides a way
to construct an equivalent POP by including two additional redundant constraints. Then CTP of
this new POP can be verified by LP.
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Algorithm 6 Approximating the optimal value of a dense POP with CTP

Input: POP (5.0.2) and a relaxation order k € NZkmin
Output: The optimal value 7, of SDP ((5.1.3])

1: Solve LP (5.1.11) with an optimal solution (&, Gk, W) 1);
2 Let aj = & and Py = diag(G/2,..., GL/2):;

3: Compute the optimal value 75 of SDP (5.1.3) by running an algorithm based on first-order
methods and which exploits CTP.

5.1.5 Main algorithm

Algorithm [6] below solves POP (5.0.2) whose CTP can be verified by LP.
Examples of algorithms based on first-order methods and which exploit CTP are CGAL (Al-
gorithm 8| in Appendix |5.3.4]) or SM (Algorithm |[10]in Appendix [5.3.5]).

5.2 Numerical experiments for dense POPs

In this section we report results of numerical experiments obtained by solving the second
order Moment-SOS relaxation of various randomly generated instances of QCQPs with CTP. The
experiments were performed in Julia 1.3.1 with the following software packages:

e SumOfSquare [216] is a modeling library for solving the Moment-SOS relaxations of dense
POPs, based on JuMP (with Mosek 9.1 as SDP solver).

e TSSOS [212, 211 213] is a modeling library for solving Moment-SOS relaxations of sparse
POPs based on JuMP (with Mosek 9.1 as SDP solver).

e LMBM solves unconstrained non-smooth optimization with the limited-memory bundle method
by Haarala et al. |71 [70] and calls Karmitsa’s Fortran implementation of the LMBM algo-
rithm [95].

e Arpack [I15] is used to compute the smallest eigenvalues and the corresponding eigenvectors
of real symmetric matrices of (potentially) large size, which is based on the implicitly restarted
Arnoldi method.

The implementation of Algorithms [6] and [7] is available online via the link:
https://github.com/maihoanganh/ctpPOP.

We use a desktop computer with an Intel(R) Core(TM) i7-8665U CPU @ 1.9GHz x 8 and 31.2
GB of RAM. The notation for the numerical results is given in Table [5.1]

For the examples tested in this chapter, the modeling time of Sum0fSquares, TSSOS and ctpPOP
is typically negligible compared to the solving time of the packages Mosek, CGAL, and LMBM.
Hence the total running time mainly depends on the solvers and we compare their performances
below. As mentioned in the introduction, the current framework differs from our previous work
[134], where we exploited CTP for equality constrained POPs on a sphere, which could be solved by
LMBM efficiently. The reason is that the SDP relaxations of such equality constrained POPs involve
a single psd matrix. For the benchmarks of this section, we consider POPs involving ball/annulus
constraints, and so the resulting relaxations include several psd matrices. Our numerical experi-
ments confirm that for such SDPs, LMBM returns inaccurate values since the gap w.r.t. the value of
Mosek is typically larger than 1% while CGAL (without sketching) performs better for this type
of SDPs in terms of accuracy. As showed in Section [5.2.1] the last columns of Table [5.2] and Table
illustrate how inaccurate LMBM can be for large problems (n > 20), thus we do not report LMBM
results in the other experiments.


https://github.com/maihoanganh/ctpPOP
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Table 5.1: Notation

n the number of variables of a POP

m the number of inequality constraints of a POP

l the number of equality constraints of a POP

T the largest size of variable cliques of a sparse POP

P the number of variable cliques of a sparse POP

k the relaxation order of the Moment-SOS hierarchy
the sparse order of the sparsity adapted Moment-SOS hierarchy (for T'S

t
and CS-TS)

w the number of psd blocks of an SDP

smax the largest size of psd blocks of an SDP

¢ the number of affine equality constraints of an SDP

™ the largest constant trace

Mosek the SDP relaxation modeled by Sum0fSquares (for dense POPs) or TSSO0S
(for sparse POPs) and solved by Mosek 9.1

CGAL the SDP relaxation modeled by our CTP-exploiting method and solved
by the CGAL algorithm

LMBM the SDP relaxation modeled by our CTP-exploiting method and solved
by the SM algorithm with the LMBM solver

val the optimal value of the SDP relaxation
the relative optimality gap w.r.t. the value returned by Mosek, i.e.,

gap gap = |val — val(Mosek)| /|val(Mosek)|

time the running time in seconds (including modeling and solving time)

— the calculation runs out of space

5.2.1 Randomly generated dense QCQPs with a ball constraint

Test problems: We construct randomly generated dense QCQPs with a ball constraint as fol-
lows:

1. Generate a dense quadratic polynomial objective function f with random coefficients follow-
ing the uniform probability distribution on (—1,1);

2. Let m=1and g; :=1— ||x||%;
3. Take a random point a in S(g) w.r.t. the uniform distribution;
4. For every j € [l], generate a dense quadratic polynomial h; by

(i) for each a € N3\{0}, taking a random coefficient h;o for h; in (—1,1) w.r.t. the
uniform distribution;

(ii) setting hjo = — ZaeNg\{o} hjaa®.
Then a is a feasible solution of POP (5.0.2).

The numerical results are displayed in Table [5.2] and

Discussion: As one can see from Table and CGAL is typically the fastest solver and
returns an optimal value of gap within 1% w.r.t. the one returned by Mosek when n < 30. Mosek
runs out of memory when n > 40 while CGAL works well up to n = 100. We should point out that
LMBM is less accurate or even fails to converge to the optimal value when n > 20. The reason
might be that LMBM only solves the dual problem and hence looses information of the primal
problem.
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Table 5.2: Numerical results for minimizing a dense quadratic polynomial on a unit ball

e POP size: m =1, [ = 0; Relaxation order: k = 2; SDP size: w = 2, a™** = 3.

POP size SDP size Mosek CGAL LMBM

n gmax ¢ val time val time val time
10 66 1277 -2.2181 0.3 -2.2170 0.2 -2.2187 0.3
20 231 16402 -3.7973 4 -3.7947 0.6 -3.7096 7
30 496 77377 | -3.6876 | 3474 | -3.6858 104 -3.8530 59
40 861 236202 — — -4.1718 33 -4.7730 179
50 1326 564877 — — -6.3107 1007 -7.3874 139
60 1891 | 1155402 — - -6.5326 | 1085 -7.4733 674
70 2556 | 2119777 — - -7.3379 | 1262 -9.5223 | 1486
80 3321 | 3590002 — — -7.9559 | 4988 | -10.0260 | 1241
90 4186 | 5718077 — — -7.3425 | 5187 | -9.4477 | 5313
100 5151 | 8676002 — — -7.7374 | 22451 | -10.684 | 5355

Table 5.3: Numerical results for randomly generated dense QCQPs with a ball constraint
e POP size: m =1, I = [n/4]; Relaxation order: k = 2; SDP size: w = 2, a™** = 3.

POP size SDP size Mosek CGAL LMBM

n l smax ¢ val time val time val time
10 3 66 1475 -2.0686 | 1.7 | -2.0674 | 0.8 | -2.0874 0.3

20 5 231 17557 | -3.0103 61 -3.0075 7 -3.0750 18

30 8 496 81345 -3.3293 | 4573 | -3.3249 80 | -3.6863 123

40 10 861 244812 — - -4.6977 | 194 | -5.3488 488
50 13 1326 | 582115 — — -4.2394 | 951 | -6.1325 837
60 15 1891 | 1183767 — — -5.7793 | 1387 | -7.5718 | 3781
70 18 | 2556 | 2165785 — - -6.1278 | 4335 | -8.1181 | 15854

5.2.2 Randomly generated dense QCQPs with annulus constraints

Test problems: We construct randomly generated dense QCQPs as in Section where
the ball constraint is now replaced by annulus constraints. Namely, in Step 2 we take m = 2,
g1 :=|x]|3 = 1/2 and g2 := 1 — ||x]|3. The numerical results are displayed in Table [5.4[ and

Discussion: Same remarks as in Section [5.2.1]

5.2.3 Randomly generated dense QCQPs with box constraints

Test problems: We construct randomly generated dense QCQPs as in Section where the
ball constraint is now replaced by box constraints. Namely, in Step 2 we take m = n, g; =
—z3+1/n, j € [n].

The numerical results are displayed in Table [5.6] and

Discussion: We observe similar behaviors of the solvers as in Section[5.2.1] The important point
to note here is that solving a QCQP with box constraints is less efficient than solving the same
one with ball constraints. This is because the efficiency of CGAL depends on the number of psd
blocks involved in an SDP. For instance, when n = 50, CGAL takes around 1000 seconds to solve
the second order moment relaxation of a QCQP with a ball constraint while it takes around 2100
seconds to solve this relaxation for a QCQP with box constraints.
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Table 5.4: Numerical results for minimizing a dense quadratic polynomial on an annulus

e POP size: m = 2, [ = 0; Relaxation order: k = 2; SDP size: w = 3, a™** = 4.

POP size SDP size Mosek CGAL

n smax ¢ val time val time
10 66 1343 -3.0295 | 0.5 | -3.0278 1
20 231 16633 | -3.6468 69 | -3.6458 5
30 496 77873 -3.9108 | 2546 | -3.9079 9
40 861 237063 — — -4.7469 28
50 1326 | 566203 — — -6.4170 | 112
60 1891 | 1157293 — — -5.5841 226
70 2556 | 2122333 — — -7.9325 | 730
80 3321 | 3593323 — — -7.6164 | 1355
90 4186 | 5722263 - - -8.1900 | 3563

Table 5.5: Numerical results for randomly generated dense QCQPs with annulus constraints

e POP size: m = 2, | = [n/4]; Relaxation order: k = 2; SDP size: w = 3, a™** = 4.

POP size SDP size Mosek CGAL

n l smax ¢ val time val time
10 3 66 1541 -2.7950 0.5 -2.7934 2
20 5 231 17788 -3.5048 95 -3.5027 10
30 8 496 81841 -3.3964 | 4237 | -3.3937 45
40 10 861 245673 — — -4.6573 140
50 | 13 | 1326 | 583441 — — -3.8236 | 437
60 | 15 | 1891 | 1185658 — — -4.5246 | 1076
70 18 2556 | 2168341 — — -6.2924 | 4783

Table 5.6: Numerical results for minimizing a dense quadratic polynomial on a box

e POP size: m = n, | = 0; Relaxation order: k = 2; SDP size: w =n + 1, a™** = 3.

POP size SDP size Mosek CGAL

n smax ¢ val time val time
10 66 1871 -2.7197 0.5 -2.7189 1
20 231 20791 -3.3560 98 -3.3501 57
30 496 91761 -4.6372 | 5150 | -4.6242 285
40 861 269781 — — -4.5788 409
50 1326 | 629851 — — -4.2313 | 2083
60 1891 | 1266971 - - -4.0135 | 5525
70 2556 | 2296141 — — -5.4019 | 15172

Table 5.7: Numerical results for randomly generated dense QCQPs with box constraints

e POP size: m =n, l = [n/7]; Relaxation order: k = 2; SDP size: w =n+ 1, a™* = 3.

POP size SDP size Mosek CGAL

n l smax ¢ val time val time
10 2 66 2003 -1.8320 | 0.6 | -1.8321 3
20 3 231 21484 | -3.1797 | 175 | -3.1781 | 106
30 5 496 94241 -2.2949 | 6850 | -2.2982 528
40 6 861 | 274947 - — -3.8651 | 933
50 8 1326 | 640459 — — -3.6267 | 6159
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Table 5.8: Numerical results for minimizing a dense quadratic polynomials on a simplex

e POP size: m =n + 2, | = 0; Relaxation order: k = 2; SDP size: w =n + 3, a™** = 5.

POP size SDP size Mosek CGAL
n stmax ¢ val time val time
10 66 2003 -1.9954 0.3 | -1.9950 7
20 231 21253 -1.5078 58 -1.5055 116
30 496 92753 | -2.0537 | 2804 | -2.0480 | 377
40 861 | 271503 — — -2.3034 | 950
50 1326 | 632503 - — -1.8366 | 9539

Table 5.9: Numerical results for randomly generated dense QCQPs with simplex constraints

e POP size: m =n+ 2,1l = [n/7]; Relaxation order: k = 2; SDP size: w =n + 3, a™** = 5.

POP size SDP size Mosek CGAL

n l smax ¢ val time val time
10 2 66 2135 -1.0605 0.4 | -1.0606 176
20 3 231 21946 -1.6629 72 -1.6628 512
30 5 496 95233 | -1.0091 | 6206 | -1.0249 | 1089
40 6 861 | 276669 — — -0.3256 | 2314
50 8 1326 | 643111 — — -1.4200 | 10035

5.2.4 Randomly generated dense QCQPs with simplex constraints

Test problems: We construct randomly generated dense QCQPs as in Section where the
ball constraint is now replaced by simplex constraints. Namely, in Step 2 we take g such that
(5.1.20)) holds with L = R = 1. The numerical results are displayed in Table and

Discussion: Again we observe a behavior of the solvers similar to that in Section One
can also see that solving a QCQP with simplex constraints by CGAL is significantly slower than
solving the same one with box constraints. For instance, when n = 50, CGAL takes 2100 seconds
to solve the second order moment relaxation for a QCQP with box constraints while it takes 9500
seconds with simplex constraints.

5.2.5 Numerical comparison between CGAL and ADMM

In Table [5.10} we make a numerical comparison between CGAL (with our CTP-exploiting
method) and COSMO, an SDP solver based on ADMM (see Table , on some randomly generated
dense QCQPs with a ball constraint (as in Section [5.2.1)).

Discussion: Table indicates that both CGAL and COSMO provide approximate values with
gap within 1% w.r.t. the ones returned by Mosek when n < 30. In addition, COSMO is slightly more
accurate for n € {20,30} while CGAL offers an increasing speedup when n > 30.

5.2.6 Dense POPs with a ball constraint

We construct randomly generated dense POPs as in Section with input data of degree
d e {3,4}.

The numerical results, displayed in Table [5.11] indicate that CGAL returns an optimal value
with gap within 1% w.r.t. the one of Mosek, and is faster when the largest block size increases.
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Table 5.10: Numerical comparison with ADMM (COSMO) on randomly generated dense QCQPs with a
ball constraint

e POP size: m =1, I = [n/4]; Relaxation order: k = 2; SDP size: w = 2, a™** = 3.

POP size SDP size Mosek CGAL COSMO
n l gmax ¢ val time val time val time
10 3 66 1475 -2.3153 0.7 -2.3134 0.1 -2.3125 0.2

20 5 231 17557 -3.6585 57 -3.6562 7 -3.6582 5
30 8 496 81345 -4.6221 | 4670 | -4.6177 69 -4.6230 91
40 10 861 244812 — — -4.9932 | 173 | -4.9989 | 532
50 13 1326 | 582115 — — -5.0394 | 524 | -5.0418 | 2468
60 15 1891 | 1183767 — — -5.3537 | T35 | -5.3548 | 6176

Table 5.11: Numerical results for randomly generated dense POPs with a ball constraint

e POP size: m =1, 1= [n/4]; SDP size: w = 2.

POP size SDP size Mosek CGAL

n |l |d|k]|a™| g™ ¢ val time val time

151413 2 3 136 5581 -3.0127 5 -3.0089 1
3 4 816 | 288933 — — -3.0021 | 290

10l3la 2 3 66 1280 -2.0327 | 0.3 | -2.0194 | 0.6
3 4 286 35443 | -1.9337 41 -1.9310 16

5.3 Appendix

5.3.1 Exploiting CTP for POPs with CS

In this section, we extend the CTP-exploiting framework to POPs with sparsity. For clarity of
exposition we only consider correlative sparsity (CS). However, in Appendixwe also treat term
sparsity (TS) [212] as well as correlative-term sparsity (CS-TSSOS) [213]. Since the methodology
is very similar to that in the dense case described earlier, we omit details and only present the
main results.

To make this appendix self-contained, we recall some basic facts already stated in Chapter
on exploiting CS for POP initially proposed in [203] by Waki et al.

For o« € N", let supp(a) := {j € [n] : a;j > 0}. For I C [n], let x() := {z; : j € I}
and NI := {a € N? : supp(ax) C I}. Assume I C [n]. Given y = (ya)aeNgd7 the moment
(resp. localizing) submatrix associated with I of order d is defined by My(y, ) := (ya+g)aﬁ€Né
(resp. Ma(qy,I) = (32, qua+,3+'y)a,ﬂeN§ for ¢ € R[x(I)]). Let vl := (Xa)aeNg with length
b(|1|,d) = (u‘:‘d). For matrices A and B of same sizes, the Hadamard product of A and B,
denoted by A o B, is the matrix with entries [A o BJ; ; = A; ;B; ;.

POPs with CS

Assume that {I.}.e[p (With n. := |I.|) are the maximal cliques of (a chordal extension of) the
correlative sparsity pattern (csp) graph associated with POP , as defined in [203].

Let {Jc}eepp) (resp. {Weleepp) be a partition of [m] (resp. [l]) such that for all i € J,
g; € R[x(I.)] (vesp. i € W¢, h; € R[x(I.)]), ¢ € [p]. For each ¢ € [p], let m. :=|J.|, R, := |W,| and
g7, :={9; : i € J.}, bw, :={h; : i € W.}. Then Q(g;.) (resp. Z(hw,)) is a quadratic module
(resp. an ideal) in R[x(I.)], for ¢ € [p].

For each k € NZFmin | consider the following sparse SOS strengthening:

ppi=sup & f—-€C€ Z(Qk(ch)JrIk(f)Wc)) . (5.3.1)

c€[p]
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It is equivalent to the SDP:
G =0,ie{0}UJ., cep
— I. (e) e
Py = sup f=6= Leey ((vk G (0)
k — I. c) I.
€61 [g1® +2ier 9i(ViC o W)TG =a
+ X jew, hi (Vi) Tu )

(5.3.2)

The dual of (5.3.2)) reads

Mk(y716) t()» cE [PL?JO =1.
T = iﬂg’%) Ly(f) M _rg1(9iy,Ic) =0,i€ Je, ce[p], . (5.3.3)
ye Mk*(hﬂ (h’] y7]C) = 07 .] c WCa (S [p]

It is shown in [I03] Theorem 3.6] that convergence of the primal-dual (5.3.2)-(5.3.3) to f* is
guaranteed if there are additional ball constraints on each clique of variables.

Exploiting CTP for POPs with CS

For every ¢ € [p], we denote by S(©*) the set of real symmetric matrices of size b(n., k) +
> ies, b(ne, k —[gi]) in a block dlagonal form. X = diag(Xo, (X;)ics.) such that Xj is a block of
size b(k,n.) and X; is a block of size b(ne, k — [g;]) for i € J..

Consider POP with CS described in Section For every ¢ € [p] and for every
k € NZkminletting Dk(Y7 o) 1= diag(Mi(y, Ic), Mi_14,1(9iy, Ic) )ie..) for y € R*29), SDP (5.3.3)

can be rewritten as

cs Dk(Y>I)>0j€[p]ay0:17

e = yei@fm{Ly(f) ’ M1 (hy ¥, 1) =0, j € W, c € [p) } (5:3.4)

We define CTP for POP with CS as follows.

Definition 5.2. (CTP for a POP with CS) We say that POP (5.0.2) with CS has CTP if for
every k 6 N>km‘“ and for every c € [p|, there exists a positive number a,(:) and a positive definite

matric P ) € S(R) such that for all y € Rb®k),
z/lft(lhﬂ(h’y’ ) =05 €We, }:>trace(P( "Dy, L)P) = 0. (5.3.5)
0 =
The following result provides a sufficient condition for a POP with CS to have CTP.

Theorem 5.3. Assume that there is a ball constraint on each clique of variables, i.e.,
Y ¢ € [pl, Re — ||x(I.)||% € g for some R, > 0. (5.3.6)

Then one has R>® C Q3(gy.), for all k € NZFmin and for all ¢ € [p]. As a consequence, POP

(5.0.2) has CTP.

The proof of Theorem being very similar to that of Theorem by considering each clique
of variables, is omitted.

Again by considering each clique of variables, the following result can be obtained from Theorem
(.3 in the same way Corollary [5.1] was obtained.

Corollary 5.3. If (5.3.6) holds then Slater’s condition for SDP (5.3.2) holds for all k € NZ*min,

We are now in position to provide a general method to solve POPs with CS which have CTP.

Consider POP with CS described in Section Assume that POP has CTP
and let k € NZkmin be fixed.
Letting
X, =PDi(y, I)P?, c e [p], (5.3.7)
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SDP can be rewritten as

= inf > (ConnXe) t Y AcxXe=by,cep]p, (5.3.8)

(c,k)
S c€lp]

where for every ¢ € [p], Aex : S(*) — RS is a linear operator of the form
Ac,kX = (<Ac,k:,1a X>7 SERE) <AC,k,Ck7X>)

with Ay € SR, i e [Ck], Cex € S (©k) ¢ € [p] and by € R%. See Appendix for the

conversion of SDP 0 the form

The dual of SDP 1 ) reads

g = suwp {bly : ALy~ Cope S cefpl}, (5.3.9)
yERS
where A, : RS — S(e*) is the adjoint operator of A., i.e., Alyz = Yiclq #ife iy € € [p]. By
Definition [5.2} it holds that for every k € N=Fmin,

VX, € SR cepl

> el ]A g X = by } = trace(Xe) = ag) c € [p]. (5.3.10)
cElp c, c

After replacing (Ac,k7Ac,k,i7bk; Cc,k,S(c’k)’CkaTk 7ak ) by (A(‘7Al (‘7b C(‘7S anTv a’C)a SDP

(5.3.8) then becomes SDP ((5.3.28)); see Appendix[5.3.4|with w. = m.+1 and s™* = max.¢p) b(ne, k).
If there is a ball constraint on each clique of variables then by Corollary strong duality

holds for the pair (5.3.8)-(5.3.9), for every k € NZFmin,
The two algorithms (CGAL and SM) based on first-order methods are then leveraged to solve

the primal-dual (5.3.8))-(5.3.9)); see Appendix and Appendix

Verifying CTP for POPs with CS via LP

As in the dense case, we can verify CTP for a POP with CS via a series of LPs.
For every k € NZFmin and for every ¢ € [p], let S(©*) be the set of real diagonal matrices of size
b(ne, k) and consider the following LP:

Go—1Ip e S_(f)k) s G, —I ¢ 35_07k7[gi]) i€ Je,
. I. I. I. I
géﬂfu 3 €= (Vi) Govy + Xies 9i(vi gy, 1)ITG’Vk (911 ; (5.3.11)
+Z]€Wc i(v Volk—Th; ])) u;

where I; is the identity matrix, for every ¢ € {0} U J..

Lemma 5.3. Let POP (5.0.2) with CS be described in Section|5.3.1. If LP (5.3.11) has a feasible
solution (f(p) GE?, (C)) for every k € N>km‘" and for every c € [p], then POP (5.0.2) has CTP

with P,(:) = dlaug(G(l)’/,f7 (Gi/]f)ieJi) and a f , for k € NZkmin and for c € [p].
The proof of Lemma [5.3] is similar to that of Lemma [5.2]

For instance, for POPs with ball or annulus constraints on subsets of each clique of variables,
CTP can be verified by LP.

Proposition 5.3. Let POP (j5.0.2)) with CS be described in Sectzon- Let (T)ieprju(m)\[2r]) e
as in Assumption and further assume that for every c € [p], (Uges.nprTq) U (Uges\j2rTq) = L.
Then LP (5.3.11)) has a feasible solution for every k € NZFmin and therefore POP (5.0.2) has CTP.

Proof. To prove that POP - has CTP on each clique of variables, it is sufficient to show that
(5-3.11)) has a feasible solution, for every k € NZFmi» and for every ¢ € [p] due to Lemma [5 .

For every c € [p], let ul®) = (u(c))ielc C N=lel be defined by

7

W ={ged.nr] €T+ {qgeJ\2r] : i€T,}, iel,. (5.3.12)
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For every ¢ € [p], one has uz(c) e N2', i € I, according to (Uges,npTy) U (UgesnpnTy) = Lo
Moreover,

[ ox(T)E= Y IxT)B+ 3 Ix(T)E. veels). (5:3.13)

ieJ.N[r] i€J\[27]
For every ¢ € [p], with R(®) := Yics.nim (B + Ri) + Xic 5\ 2, Ri> by replacing x (resp. R) by
ul® ox(1.) (resp. R?) in Lemma we obtain

(RO +1)% = (1+ [[ul® ox(L)[B)F + AL, Y digi, Ve € [p], Yk € NZFmin (5.3.14)
i€Je

where A,(cczl = Zi;é(R(c) + 1)1+ [[ul o x(I)[[3)* """ and

Gii=m = iy = — ‘R vieJ.n[r]and 6, =1, q € J\[2]. (5.3.15)

It is due to the fact that

R —[u@ox(L)la= Y (B +Ri—IIx(T)3) + = Ix(T)l3),  (5.3.16)

ieJ.N[r] zeJc\[27]

and R, + R; — ||x(T)||% = 6:9i + SisrGirr, @ € J. N [r]. For every c € [p], for each k € NZkmin et
(affa)aeN CR> and (0, )aenre  C RO be such that
? k—1

(1 + [[u'® o x( Z 9 x** and A,(:l Z nk LaX %

aeN ko aEN 1
and define the diagonal matrices

GE:’O) = d1ag((9( ) )aeN ) and Ggi’il) = diag((ém,@lya)aeNiil), i€ J.. (5.3.17)
For every c € [p], (5.3.14)) yields that for every k € NZkmin,

(RO +1)% = (vie) TG OEe + 3 galvie ) TG v (5.3.18)
i€Je

Hence ((R(©) + 1), G,(:’i), 0) is a feasible solution of (5.3.11)), for every k € NZFmin and for every
¢ € [p). O

Main algorithm
Algorithm [7| below solves POP ([5.0.2) with CS and whose CTP can be verified by LP.

Algorithm 7 Approximating the optimal value of a POP with CS and CTP
Input: POP with CS and a relaxation order k € NZFmin
Output: The optlmal value 7% of SDP ((5.3.8))

1: for c € [p] do

2: Solve LP m ) to obtain an optimal solution ( ,(CC), G;CIE, ugcl){),

3: Let akc) f(c and P(c dlag((G c))1/2 . .,(G(C)k)l/Q)'

m,

4: Compute the optimal value 75° of SDP (| - by running an algorithm based on first-order
methods and which exploits CTP

In Step 4 of Algorithm [7] the two algorithms CGAL (Algorithm |§| in Appendix or SM
(Algorithm [11]in Appendix [5.3.5)) are good candidates.
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5.3.2 Exploiting CTP for POPs with TS and CS-TS

In this section, we restate the main results of TS in [212] and CS-TSSOS in [2I3]. Similarly to
dense POPs and POPs with CS, one can easily exploit CTP for POPs with TS and CS-TS. The
central reason is that the diagonal of each moment /localizing matrix in a given moment relaxation
of a dense POP (resp. POP with CS) does not change when TS (resp. CS-TS) is exploited.

Term sparsity (TS)
Fix a relaxation order k € NZ*min and a sparse order ¢ € N\{0}. We compute as in [212} Section
5] the following block diagonal (up to permutation) (0, 1)-binary matrices: G,(Co)z of size b(k); G,(;)t
of size b(k — [g¢;1), © € [m]; Hgf of size b(k — [h;]), j € [l]. Then we consider the following sparse
moment relaxation of POP
Gy o Mi(y) = 0, 5o = 1,
T = y@iﬁ&m Ly(f) ng)t oMy _141(giy) = 0,i€[m], ». (5.3.19)
) o My—pn,1(hy y) =0, 5 € [I

One has 7% | < 7% <7 < f*, for all (k,t). Moreover, we have the following theorem.

Theorem 5.4. (Wang et al. [212, Theorem 5. 1/) For each k € NZF»  the sequence (T}%,)iem {0}
converges to 1y (the optimal value of SDP ) in finitely many steps.

The dual of (5.3.19) reads

i)
k,t
:H;)toUl, i€ [1]
&= Vi QOVk + Zze[m gzvk [gi “szk [gi]
+ 2 jem Vet UsVi-ra,

P = sup L€ (5.3.20)

£,Q;:,U;

Correlative-Term sparsity (CS-TSSOS)

The basic idea of correlative-term sparsity is to exploit term sparsity for each clique. The clique
structure of the initial set of variables is derived from correlative sparsity (Section |5.3.1)).
Fix a relaxation order k € NZFmin For every sparse order ¢ € N\{0} and for every ¢ € [p], we

compute the following block diagonal (up to permutation) (0, 1)-binary matrices (see [213]): G,(fz .

of size b(ne, k); G,(;t . of size b(ne, k —[gi]), i € Je; ng . of size b(n¢,k — [hj]), j € We. Then let
us consider the followmg CS-TSSOS moment relaxatlon

GI(COtCOMk(Y’IC) i07 ce [p]ayo = 17
(e ant y By ) Gi)tcoMk_rm(gl- v.I)=0,icJ.,celp, y. (53.21)
Hz(f?t coOMy_p(hyy, 1) =0,5€W,, c€p]

One has 75" < 755" < 75 < 7 < f*, for all (k,t). Moreover, we have the following theorem.

Theorem 5.5. (Wang et al. [213]) For each k € NZFmin | the sequence (755 )tem (o converges to
T¢% (the optimal value of SDP ([5.3.3)) in finitely many steps.

The dual of reads
QY =G, 0Q¥ =0,ie{0}ul., cep],
U =H), oUY ieW., celp,
pis,tts = sup 13 f—=&= Zce[p ((Vk )TQ(C) i . (5.3.22)
£.Q() U Y, GV (M)TQ ©yle -
+ 3 ew, hi(vie Th; W)TU( )Vk Th; 1)
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Table 5.12: Numerical results for minimizing a random quadratic polynomial with T'S on the unit ball

e POP size: m =1, [ = 0; Relaxation order: k = 2; Sparse order: ¢t = 1; SDP size: w =4, a™** = 3.

POP size SDP size Mosek CGAL
n smax ¢ val time val time
10 56 937 -1.5681 4 -1.5527 | 0.7
20 211 13722 -2.4275 36 -2.3996 1
30 466 68357 -3.0748 | 1930 | -3.0577 8
40 821 214842 — — -3.6999 20
50 1276 523177 — — -4.1603 128
60 1831 | 1083362 — — -4.1914 | 655
70 2486 | 2005397 — — -4.9578 | 1461
80 3241 | 3419282 — — -5.6452 | 7253

Table 5.13: Numerical results for randomly generated QCQPs with TS and a ball constraint

e POP size: m = 1, | = [n/4]; Relaxation order: k = 2; Sparse order: ¢t = 1; SDP size: w = 4,
a™x = 3.

POP size SDP size Mosek CGAL
n l smax ¢ val time val time
10 3 56 1105 -0.60612 | 0.7 | -0.60550 2
20 5 211 14777 -2.3115 47 -2.3097 17

30 8 466 72085 -2.8344 | 3102 | -2.8321 112

40 10 821 223052 — — -3.4081 476
50 13 1276 | 539765 — — -3.3552 | 1845
60 15 1831 | 1110827 — — -3.5620 | 2992

5.3.3 Numerical experiments for sparse POPs

In this section we report results of numerical experiments for sparse POPs with the same
settings and notations as in Section [5.2

Randomly generated QCQPs with TS and ball constraints

Test problems: We construct randomly generated QCQPs with TS and a ball constraint as
follows:

1. Generate a quadratic polynomial objective function f such that for @ € N% with || # 2,
fa = 0 and for a € N} with |a| = 2, the coefficient fo is randomly generated in (—1,1)
w.r.t. the uniform distribution;

2. Take m =1 and g1 := 1 — [|x||%;
3. Take a random point a in S(g) w.r.t. the uniform distribution;
4. For every j € [l], generate a quadratic polynomial h; by

(i) setting hj o = 0 for each o € N3\{0} with || # 2;

(ii) for each v € N3\{0} with |a| = 2, taking a random coefficient h; o for h; in (—1,1)
w.r.t. the uniform distribution;

(iii) setting hjo = — ZaeNg\{o} hjaa®.
Then a is a feasible solution of POP (5.0.2)).
The numerical results are displayed in Table and
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Table 5.14: Numerical results for minimizing a random quadratic polynomial with TS on a box

e POP size: m = n, [ = 0; Relaxation order: k = 2; Sparse order: ¢t = 1; SDP size: a™** = 3.

POP size SDP size Mosek CGAL
n w smax ¢ val time val time
10 22 56 1441 -1.0539 3 -1.0519 14
20 42 211 17731 -1.3925 93 -1.3802 161
30 62 466 81871 -2.2301 | 4392 | -2.2128 567
40 82 821 246861 — — -2.5209 1602
50 102 | 1276 585701 — — -3.0282 2583
60 122 | 1831 | 1191391 — — -3.0470 | 10858

Table 5.15: Numerical results for randomly generated QCQPs with TS and box constraints
e POP size: m = n, | = [n/7]; Relaxation order: k = 2; Sparse order: ¢t = 1.; SDP size: w =n+1,

a™** = 3.

POP size SDP size Mosek CGAL

n l w gmax ¢ val time val time
10 2 22 56 1553 -0.77189 | 0.2 | -0.77214 9
20 3 42 211 18364 -1.7962 71 -1.8009 150
30 5 62 466 84201 -1.8529 | 5814 | -1.8625 650
40 6 82 821 | 251787 — — -2.1930 | 2994
50 8 102 | 1276 | 595909 — — -2.4655 | 8397

Discussion: The behavior of solvers is similar to that in the dense case.

Randomly generated QCQPs with TS and box constraints

Test problems: We construct randomly generated QCQPs with TS as in Section [5.3.3] where
the ball constraint is now replaced by box constraints. The numerical results are displayed in Table

.14 and 515
Discussion: Again the behavior of solvers is similar to that in the dense case.

Randomly generated QCQPs with CS and ball constraints on each clique of variables

Test problems: We construct randomly generated QCQPs with CS and ball constraints on each
clique of variables as follows:

1. Take a positive integer u, p := |n/u] + 1 and let

[u], ife=1,
Io= < {ulc—=1),...,uc}, ifce{2,...,p—1}, (5.3.23)
{u(p_1)7"‘7n}7 ifc:p;

2. Generate a quadratic polynomial objective function f = Zce[p] fe such that for each ¢ € [p],

fe € R[x(I.)]2, and the coefficient f. o, € N& of f, is randomly generated in (—1,1) w.r.t.
the uniform distribution;

3. Take m = p and g; := —||x(L;)||3 + 1, i € [m];

4. Take a random point a in S(g) w.r.t. the uniform distribution;
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Table 5.16: Numerical results for minimizing a random quadratic polynomial with CS and ball constraints
on each clique of variables

e POP size: n = 1000, m = p, I = 0, u™** = uw + 1; Relaxation order: k = 2; SDP size: w = 2p,

arnax — 3

POP size SDP size Mosek CGAL

U P w smax ¢ val time val time
11 91 182 91 222712 -240.54 124 -240.37 98
16 63 126 171 550692 -205.45 | 1389 | -205.19 280

21 | 48 96 276 | 1107682 - -175.60 | 321
26 | 39 78 406 | 1955879 — — -165.65 | 559
31| 33 66 561 | 3167072 — — -149.10 | 973
36 | 28 56 741 | 4758727 — -140.21 | 1315
41 | 25 50 946 | 6839993 — — -126.55 | 1926

Table 5.17: Numerical results for randomly generated QCQPs with CS and ball constraints on each clique
of variables

e POP size: n = 1000, m = p, | = 143, u™** = u + 1; Relaxation order: k = 2; SDP size: w = 2p,
a™x =3,

POP size SDP size Mosek CGAL

U P w smax ¢ val time val time
11 91 182 91 235023 -224.15 163 -224.09 204
16 | 63 | 126 | 171 572905 | -192.45 | 1830 | -192.30 | 335

21 | 48 96 276 | 1139460 -162.79 | 537
26 | 39 78 406 | 2005124 — — -148.77 | 1014
31 ] 33 66 561 | 3239573 — -142.38 | 2115
36 | 28 56 741 | 4862292 — — -124.97 | 5304

5. Let r :=[l/p] and

W, {{(C—l)T+17...,C7‘}, ifcelp—1], (5.3.24)

{p—-1)r+1,...,1}, ifec=p.
For every ¢ € [p] and every i € W,, generate a quadratic polynomial h; € R[x(I;)]2 by

(a) for each a € N4\ {0}, taking a random coefficient h; o of h; in (—1,1) w.r.t. the uniform
distribution;

(b) setting h; o = — ZaeNgf«\{o} heaa®.
Then a is a feasible solution of POP (5.0.2)).
The numerical results are displayed in Table and

Discussion: The number of variables is fixed as n = 1000. We increase the clique size u so that
the number of variable cliques p decreases accordingly. Again results in Table and show
that CGAL is faster and returns an optimal value of gap within 1% w.r.t. the one returned by
Mosek (for u < 16). Moreover Mosek runs out of memory when u > 21.

Randomly generated QCQPs with CS and box constraints on each clique of variables

Test problems: We construct randomly generated QCQPs with CS as in Section [5.3.3] where
ball constraints are now replaced by box constraints. Namely, in Step 3 we take m = n, g; :=
—3 +1/u, j € [n].

‘The numerical results are displayed in Table and
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Table 5.18: Numerical results for minimizing a random quadratic polynomial with CS and box constraints
on each clique of variables

e POP size: n =m = 1000, [ = 0, u™** = u+1; Relaxation order: k = 2; Constant trace: a™** € [3,4].

POP size SDP size Mosek CGAL

U P w gmax ¢ val time val time
11| 91 1181 91 313361 | -204.89 | 443 | -204.69 | 753
16 | 63 | 1125 | 171 720323 | -163.11 | 3082 | -162.88 | 3059
21 | 48 | 1095 | 276 | 1380918 — - -147.92 | 5655
26 | 39 1077 | 406 | 2357161 - - -131.00 | 8889

Table 5.19: Numerical results for QCQPs with CS and box constraints on each clique of variables

e POP size: n = m = 1000, | = 143, u™* = wu + 1; Relaxation order: k = 2; Constant trace:
a™* € [3,4].

POP size SDP size Mosek CGAL
U P w gmax ¢ val time val time
11 91 1181 91 325672 -187.01 402 -186.98 | 1915
16 63 1125 171 742536 -142.16 | 4323 | -142.27 | 4126
21 48 1095 276 1412696 — — -131.14 | 5334

26 | 39 | 1077 | 406 | 2406406 — — -113.44 | 8037

Discussion: The number of variables is fixed as n = 1000. We increase the clique size u so that
the number of variable cliques p decreases accordingly. From results in Table [5.16 and [5.17] one
observes that when the largest size of variable cliques is relatively small (say u < 11), Mosek is the
fastest solver. However when the largest size of variable cliques is relatively large (say u > 21),
Mosek runs out of memory while CGAL still works well.

Randomly generated QCQPs with CS-TSSOS and ball constraints on each clique of
variables

Test problems: We construct randomly generated QCQPs with CS-TSSOS and ball constraints
on each clique of variables as follows:

1. Take a positive integer u, p := [n/u] + 1 and let (I.).c[p be defined as in (5.3.23));

2. Generate a quadratic polynomial objective function f = Zce[p] fe such that for each ¢ € [p],

fo € R[x(I.)]z and the nonzero coefficient f.o with @ € Nk and |a| = 2 is randomly
generated in (—1,1) w.r.t. the uniform distribution;

3. Take m = p and g; := —||x(L,)||3 + 1, i € [m];
4. Take a random point a in S(g) w.r.t. the uniform distribution;

5. Let 7 := [I/p] and (W.)sc[p) be as in (5.3.24). For every ¢ € [p] and every i € W,, generate
a quadratic polynomial h; € R[x(I.)]2 by

(a) for each o € NI*\{0} with || # 2, taking h; o = 0;

(b) for each a € N& with |a| = 2, taking a random coefficient h; o of h; in (=1,1) w.r.t.
the uniform distribution;

. o o
(c) setting h; o = ZaeNé“\{O} he,aa®.
Then a is a feasible solution of POP (5.0.2)).
The numerical results are displayed in Table and
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Table 5.20: Numerical results for minimizing a random quadratic polynomial with CS-TSSOS and ball
constraints on each clique of variables

e POP size: n = 1000, m = p, [ =0, u™** = u+ 1; Relaxation order: k = 2; Sparse order: ¢t = 1; SDP

size: a™®* = 3.
POP size SDP size Mosek CGAL
U P w smax ¢ val time val time

11 | 91 | 364 79 169654 | -160.05 | 163 | -160.01 | 498
16 | 63 | 252 | 154 448354 | -135.78 | 1422 | -135.74 | 768
21 | 48 192 | 254 939619 - — -117.17 | 1605
26 | 39 156 | 379 | 1705763 — — -106.26 | 3150

Table 5.21: Numerical results for QCQPs with CS-TSSOS and ball constraints on each clique of variables

e POP size: n = 1000, m = p, [ = 143, u™** = u + 1; Relaxation order: k = 2; Sparse order: ¢t = 1;
SDP size: a™** = 3.

POP size SDP size Mosek CGAL
U P w smax ¢ val time val time
11 | 91 | 364 79 180303 | -155.91 | 158 | -155.87 | 604
16 | 63 | 252 | 154 468290 | 127.42 | 1707 | -127.36 | 1053
21 48 192 254 939619 — — -114.85 | 2877

26 | 39 156 | 379 | 1751556 - - -102.30 | 6878

Discussion: The behavior of solvers is similar to that in Section Here, we also emphasize
that our framework is less efficient than interior-point methods for most benchmarks presented in
[213]. The two underlying reasons are that (1) the block size of the resulting SDP relaxations is
small, in which case Mosek performs more efficiently, e.g., for the benchmarks from [213] Section
5.2], and (2) it is harder to find the constant trace, e.g., for the benchmarks from [213], Section 5.4].
Thus our proposed method complements that in [213] when the block size of the SDP relaxations
is large and/or when CTP can be efficiently verified.

Randomly generated QCQPs with CS-TSSOS and box constraints on each clique of
variables

Test problems: We construct randomly generated QCQPs with CS-TSSOS as in Section [5.3.3
where ball constraints are now replaced by box constraints. Namely, in Step 3 we take m = n,

gj = —x5 +1/u, j € [n]. The numerical results are displayed in Table and

Discussion: The behavior of solvers is similar to that in Section [£.3.3

Table 5.22: Numerical results for minimizing a random quadratic polynomial with CS-TSSOS and box
constraints on each clique of variables
e POP size: n = m = 1000, [ = 0, ™ = u + 1; Relaxation order: k = 2; Sparse order: t = 1;
Constant trace: a™* € [3,4].

POP size SDP size Mosek CGAL
U D w smax ¢ val time val time
11 91 2362 79 248335 -126.15 151 -126.04 1982
16 | 63 | 2250 | 154 601081 | -100.75 | 2225 | -100.64 | 7323
21 48 2190 254 1191001 — — -87.804 | 10734

26 | 39 | 2154 | 379 | 2080265 — — -81.908 | 20294
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Table 5.23: Numerical results for QCQPs with CS-TSSOS and box constraints on each clique of variables

e POP size: n = m = 1000, | = 143, «™** = u + 1; Relaxation order: k = 2; Sparse order: ¢t = 1;
Constant trace: a™** € [3,4].

POP size SDP size Mosek CGAL

U P w gmax ¢ val time val time
11 91 2362 79 258984 | -114.53 325 -114.27 482
16 | 63 | 2250 | 154 621017 | -96.199 | 4450 | -96.079 | 1245
21 48 2190 254 1220027 — — -83.013 8204
26 | 39 | 2154 | 379 | 2126058 - — -74.532 | 27600

5.3.4 Conditional gradient-based augmented Lagrangian
SDP with CTP

Let s,1,50) € NZ1 j € [w], be fixed such that s = 23';1 s\, Let S be the set of real symmetric
matrices of size s in a block diagonal form: X = diag(Xjy,...,X,), such that X; is a block of size
59, j € [w]. Let s™2* := max;e[, s). Let ST be the set of all X € S such that X = 0, i.e., X has
only nonnegative eigenvalues. Then S is a Hilbert space with scalar product (A, B) = trace(B"T A)
and &4 is a self-dual cone.

Let us consider the following SDP:

r=nf {(C.X): AX =b}, (5.3.25)

where A : & — RS is a linear operator of the form AX = [(A,X),...,(A¢, X)], with A; € S,
i € [¢], C € S is the cost matrix and b € RS is a vector.
The dual of SDP (j5.3.25)) reads

p=sup {b'y: Aly—CeS,}, (5.3.26)
yERS

where AT : R¢ — S is the adjoint operator of A, i.e., ATy = Zie[(] YAy
The following assumption will be used later on.

Assumption 5.3. Consider the following conditions:

1. Strong duality of primal-dual (5.3.25)-(5.3.26)) holds, i.e., p =7 and p € R.
2. Constant trace property (CTP): 3a >0 : VX €S, AX =b = trace(X) = a.

For X € S, the Frobenius norm of X is defined by ||X||r := /(X,X). We denote by ||.A]l
the operator norm of A, i.e., [|A| := maxxes || AX|2/[|X]||r. The smallest eigenvalue of a real
symmetric matrix D is denoted by Apin (D).

Algorithm. In [219], Yurtsever et al. stated Algorithm [§] (see below) to solve SDP (5.3.25) with
CTP. This procedure is based on the augmented Lagrangian paradigm combined together with the
conditional gradient method.

The convergence of the sequence (X;)¢en in Algorithm [8| to the set of optimal solutions of SDP
(5.3.25) is guaranteed as follows:

Theorem 5.6. [219, Fact 3.1 ] Consider SDP (5.3.25)) such that Assumption holds. Let
(X¢)ten be in the output of Algorithm @ Then X; = 0, for all t € N and ||AX; — b|j2 — 0,
(C,X;) — 7| = 0 as t — oo, with the rate of order O(1//t).

Remark 5.4. In order to achieve the best convergence rate for Algorithm[8, we scale the problem’s
input as follows: |Cllr = |Al| =a=1 and |Ai]|r =--- = |A¢|F.
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Algorithm 8 CGAL-SDP-CTP
Input: SDP ([5.3.25) such that Assumption holds; Parameter K > 0.
Output: (X;)ien-

1: Set Xy := 0s and yg := Ope.

2: for t ¢ N do

3: Set B :=+vt+1and n :=2/(t+ 1);
Take an eigenvector u; corresponding t0 Apin (C + AT (y¢—1 + 7:(AX;—1 — b)));
Set Xt = (1 — nt)Xt—l + maututT;
Select v; as the largest v € [0, 1] such that:

VAKX, = blf5 < Bin7a®||A|* and ||y;—1 +v(AX; = b)|2 < K;

Set y; = yi—1 + 7 (AX; —b).

Remark 5.5. Given ¢ > 0, the for loop in Algorithm[§ terminates when:

(C, Xi—1) — (@Amin(C + AT (yi—1 + m(AXi—1 — b)) = bTyi_1)| < (5.3.27)
1+ max{|(C, X;-1)|, [aAmin(C + AT (y¢—1 + m(AX4—1 —b))) —=bTy, 4|} ~ o

and || AX;_1 — blla/ max{1, ||b]|2} < e. In our experiments, we choose € = 1073, Note that the left
hand side in (5.3.27)) is the relative gap between the primal and dual approximate values obtained
at each iteration.

Remark 5.6. To save memory at each iteration, we can run Algorithm[§ with an implicit X; by
setting wy := AX; —b. In this case, Step 5 becomes w; := (1 —n)wy_1 + n¢[A(augu, ) — b]. Thus
we only obtain an approrimate dual solution y,; of SDP (5.3.25)) when Algom'thm@ terminates.

In Appendix we provide an analogous method to solve an SDP with CTP on each subset
of blocks.

SDP with CTP on each subset of blocks

Let p € N2' s, w. € N, ¢ € [p], and s € N2 i € [w,], ¢ € [p], be fixed such that
5¢ =D ic(w] 509 ¢ € [p]. For every ¢ € [p], let S(®) be the set of real symmetric matrices of size s..
in a block diagonal form: X, = diag(Xi ¢, ..., X,.c), such that X, . is a block of size 50 4 e [we].
Let s™% := maX;c(w,],cep) 549 For every ¢ € [p], let S(f) be the set of all X, € S(© such that
X, = 0. Then for every c € [p], S is a Hilbert space with scalar product (A, B) = trace(BT A)

and SJ(FC) is a self-dual cone.
Let us consider the following SDP:

= inf D CeXe) s Y AX.=b,, (5.3.28)
]

(c)
Xc.esy c€[p] cElp

where A, : S® — RS is a linear operator of the form A.X = [(A;.,X),..., (A, X)], with
A; . €89 ic[],C. €8, cecp],and b e RS,
The dual of SDP (5.3.28|) reads

p = sup {bTy cAly—C. ¢ SSFC) ,¢ € [p] } ) (5.3.29)
yERS

where A : RS — S is the adjoint operator of A, i.e., Az = Diclq) Zifhises ¢ € [p].
The following assumption will be used later on:

Assumption 5.4. Consider the following conditions:

1. Strong duality of primal-dual (5.3.28)-(5.3.29) holds, i.e., p =7 and p € R.
2. Constant trace property (CTP): there exist a. > 0 and c € [p|, such that

VX, eS8 celp,

ey AXe=b } = trace(X,) = ac, ¢ € [p]. (5.3.30)
c€lp] Vree T
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Recall that A\pin(D) stands for the smallest eigenvalue of a real symmetric matrix D. We
denote by [ .., S the set of all X = diag(X,).e[y such that X, € S, for ¢ € [p]. Let C :=

diag(Ce)cefp) and let A : [ ¢, S(©) — RC be a linear operator of the form: AX = 2 cepp) AcXe,
for all X = diag(Xc¢)cepp € [L.epp S(©). Then for every X = diag(XC)ce.[p] € [eep S we have
(C,X) = Y ) (Ce, Xe) and AX = [(AM, X), ..., (A©), X)], where AW := diag((Ai.c)eefp)), for
i€ [(].
SDP (5.3.28)) can be rewritten as 7 = ianeH
c€lp]
The dual operator AT : RS — [eep S8 of A reads ATz = diag((A] z).cp)). Note A, =
{X. € S_(f) : trace(X.) = a.}, for ¢ € [p].

s {{C.X) : AX = b},

Algorithm. In order to solve SDP with CTP on each subset of blocks, we use [2I8]|
Algorithm 1] due to Yurtsever et al. to describe Algorithm |§| with the following setting: X <+
A = [lep Qe K < {b}, p + ¢, Az + AX, f(z) « (C,X), Ao ¢ 1, Ay < By, 0% + Y.
Dy,., < K, Ly + 0, Tpy1 < b, D} « 2%
argminyea (C + ATz, X).

With fixed z, we have:

2 T ;
celp] B> Uk & C + A'zg, argmingex (v, )

min(C + ATz, X) = min S (Ce+ Al zi, X0)
XeA diag((XC)ce[p])EHCap] A ce[p)
=Y min (Co+ Az, X)) = Y acrhmin(Ce + Al z1) .
ce[p] XeCAe celp)

Let u,(:) be a uniform eigenvector corresponding to Amin(C. + A/ zx), for ¢ € [p]. Then one has

diag((acugf) (u,(f))T)ce[p]) € argminxea (C+A Tz, X). Thus we can set 53, < diag((acugﬂc) (u,(cc))T)ce[p])

in [21I8, Algorithm 1].

Algorithm 9 CGAL-SDP-CTP-Blocks
Input: SDP ([5.3.28) such that Assumption holds; Parameter K > 0.
Output: (XY )eelp])teN-
1: Set (Xéo))ce[p] = (Og)ce[p] and yq := Opc.
2: for t € N do
3: Set By :=+/t+1and n :=2/(t+ 1);
Set z; := Yi—1 + nt(zce[p] Acngl) o b);
for c € [p] do
Take a uniform eigenvector ugc) corresponding to Amin(C. + A/ z);
Set X = (1 — p)XUY 4 ntacugc)(ugc))T;
Select v; as the larges v € [0, 1] such that:
M iy AXE bl < B (Lo a) AN amd [ye—1+7(E ey AXE D)2 < K
10: Set y; =yi_1+ %(Zce[p} ACth) —b).

Relying on [2I8, Theorem 3.1], we guarantee the convergence of the sequence ((th))ce[p])tEN
in Algorithm |§| to the set of optimal solutions of SDP ([5.3.28)) in the following theorem:

Theorem 5.7. Consider SDP (5.3.28)) such that Assumptionﬂ holds. Let ((Xg))ce[p})teN be the
output of Algom'thmH. Then X - 0, for all ¢ € [p] and for allt € N and HE l AXW — bH2 —

0 and ’Ece[p]<CC,X£t)> - T’ — 0 as t — oo with the rate O(1//t).

cElp

Remark 5.7. Before running Algorithm @ we scale the problem’s input as follows: ||Cllp =
Al =a1 = =a, =1 and |[AV |p =--- = |AQ) || p.
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Remark 5.8. Given ¢ > 0, the for loop in Algorithm[9 terminates when:

| e (Cor XET) = X (@chun(Ce + Alz) = bTyio0)|
1o max{] Eeg(Co XET) | Eeepy) (@ Amin(Ce + Alz) =bTyea)[} ~

and [| 3= e AXIY b|l2/ max{1, ||b|l2} < &. In our experiments, we choose € = 1072.

’

Remark 5.9. To save memory at each iteration, we can run Algorithm @ with implicit th)
¢ € [p], by setting w; := Zce[p] ACXg) — b. In this case, Step 7 becomes wy := (1 — ny)wy_1 +

M ey Ac(acuﬁc)(ugc))T) — b]. Thus we only obtain an approzimate dual solution y; of SDP

(15.3.28) when Algorithm @ terminates.

5.3.5 Spectral method
SDP with CTP
Consider SDP with CTP described in Appendix The following assumption will be used

later on.
Assumption 5.5. Dual attainability: SDP (5.3.26) has an optimal solution.

Lemma 5.4. Let Assumption hold and let ¢ : R — R be a function defined by y — ¢(y) :=
aAmin(C — ATy) +bTy. Then,
T = sup ¢(y). (5.3.31)
yERS

Moreover, if Assumption holds, then problem (5.3.31)) has an optimal solution.

Notice that ¢ in Lemma [5.4] is concave and continuous but not differentiable in general. The
subdifferential of ¢ at y reads: dp(y) = {b — aAU : U € conv(I'(C — A'y))}, where for each
AcS T(A):={uu’ : Au= \pn(A)u, |juls =1}

Next, we describe Algorithm to solve SDP , which is based on nonsmooth first-order
optimization methods (e.g., LMBM [71] Algorithm 1]).

Algorithm 10 Spectral-SDP-CTP

Input: SDP (5.3.25) with unknown optimal value and optimal solution;
method (T) for solving convex nonsmooth unconstrained optimization problems (NSOP).
Output: the optimal value 7 of SDP ([5.3.25)).

1: Compute the optimal value 7 and an optimal solution y of the NSOP (|5.3.31)) by using method
(T).

Corollary 5.4. Let Assumption hold. Assume that the method (T) is globally convergent for
NSOP (5.3.31) (e.g., (T) is LMBM). Then output T of Algom'thm is well-defined. Moreover, if
Assumption holds, the vector'y mentioned at Step 1 of Algorithm [10] exists.

SDP with CTP on each subset of blocks

Consider SDP with CTP on each subset of blocks described in Appendix
The following assumption will be used later on.

Assumption 5.6. Dual attainability: SDP (5.3.29) has an optimal solution.

Lemma 5.5. Let Assumption hold and let ) : RS — R be a function defined by y — (y) =
by + > cefp) GiAmin(Ce — Aly). Then,

T = sup Y(y). (5.3.32)

yERS

Moreover, if Assumption holds, then problem (5.3.32) has an optimal solution.
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Proof. From (|5.3.28) and Condition 4 of Assumption

2 cefp) AXe =b,

(I, X.) = ac, ¢ € [p)] ) (5.3.33)

= inf > (Ce Xe)

(e)
K€ | el

where I, € S(®) is the identity matrix, for ¢ € [p]. Note that (I., X.) = trace(X.), for X. € S,
¢ € [p]. The dual of this SDP reads

p= sup Z acke+bly: C.— .AcTy ) S S_(f) ,c€1p| ¢ . (5.3.34)
(&, y)eRrT¢ c€[p]

It implies that p = supg y { > () @cse + by : & < Amin(Ce — Aly),c € [p] }. From this, the
result follows since p = 7. O

Proposition 5.4. The function ¢ in Lemma[5.5 has the following properties:
1. 9 is concave and continuous but not differentiable in general.

2. The subdifferential of 1 at 'y satisfies: OY(y) = b+ Zce[p] a;0¢;(y), where for every c € [p],
e : RS = R is a function defined by 1¥e(y) = Amin(Ce —Aly) and 0.(y) = {-AU : Ue
conv(['(C. — Al y))}.

Proof. Tt is not hard to prove the first statement. Indeed, 1 is a positive combination of z — bz,
e, ¢ € [p], which are convex, continuous functions. The second statement follows by applying the
subdifferential sum rule and notice that the domains of z + bz, 9., ¢ € [p], are both R™. O

Next, we describe Algorithm to solve SDP ([5.3.28)), which is based on nonsmooth first-order
optimization methods (e.g., LMBM [71] Algorithm 1]).

Algorithm 11 Spectral-SDP-CTP-Blocks
Input: SDP (5.3.28) with unknown optimal value and optimal solution;
method (T) for solving NSOP.
Output: the optimal value p of SDP .
1: Compute the optimal value 7 and an optimal solution ¥ of the NSOP by using method
(T).

The fact that Algorithm [[T]is well-defined under certain conditions is a corollary of Lemma [5.5]
and [134, Lemma A.2].

Corollary 5.5. Let Assumptz’on hold. Assume that the method (T) is globally convergent for
NSOP (5.3.32) (e.g., (T) is LMBM). Then output T of Algorithm is well-defined. Moreover, if
Assumption[5.0 holds, the vector'y involved at Step 1 of Algorithm[I1] exists.

5.3.6 Converting the moment relaxation to the standard SDP
The dense case

Let k € NZknin be fixed. We will present a way to transform SDP ([5.1.1)) to the form (5.1.3)).
By adding slack variables y(*) € R¥((=[9:1)) i € [m], SDP (5.1.1)) is equivalent to

Wiy, y®,...,ym)e s,
Tk = dnf 4 Ly(f) My 161 (y') = My_rg,1(95y), i € [m], ¢ (5.3.35)
' My, _n,;1(hjy) =0, 5 €[]

where Wy, (y,yV,...,y™) := diag(M(y), My_ 01 (y M), ..., Mgy, (™).
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Let V = {My(z) : z € R*®M} and V; = {My_1g7(2) : 2 € RsR(k=19:1)} i € [m]. Then V
and V;, ¢ € [m], are the linear subspaces of the spaces of real symmetric matrices of size s(k) and
s(k —[gi]), i € [m], respectively.

Denote by V*, Vit i € [m], the orthogonal complements of V, V;, i € [m], respectively. In

[134, Appendix A.2 ], we show how to take a basis {A; }je of V4. Similarly we can take a basis
{A;Z)}je[m] of Vi, i € [m]. Here r = dim(V1) and r; = dim(V;h), i € [m].

Notice that if X is a real symmetric matrix of size s(k), then Xy = Mk(y) for some y € R*(2F)
if and only if <Aj,X0> =0, j € [r]. It implies that if X = diag(Xo,...,Xs) € S®*) | then there
exist y and y(¥, i € [m], such that X = Wy (y,yV,...,y"™)) < (A,X) =0, A € 817 where B;
involves matrices A defined as

A = diag(A;,0,...,0) for some j € [r];
o A= diag(O,A§-1), ..., 0) for some j € [rq];
o ...
A = diag(0,0,... ,A§m)) for some j € [ry,].
Notice that

b(k)(b(k) + 1)

1Bil =7+ 2 icim i = — b(2k)

2
b(k — [gi])(b(k — [gi]) +1) (5.3.36)
=Y ( . b2k Ta1)))
1€[m]
The constraints My,_(,,1(yY) = My_1,1(9: ¥), i € [m], of SDP (5.3.35) are equivalent to vy =
ZVEN’} | Gi¥ ety a€Nj )1 € [m]. They can be written as (A, Wy (y,y®, ..., y(™)) =0,
for A € By, where By involves matrices A defined by A = diag(A,0,...,0,A® . 0,...,0), with

€ Do,
= (Apv)pveny being defined as follows:

i~ ftp=v,p+tr=a+y,

A _ %gi,'y if“#”u (/"’7”) S {(ND’/l)u(Vla/J'l)} (5337)
v with (pq,v1) = minimal({(z,7) € (N})? : p+ v =a+7}),
0 otherwise,

and A = (AS?VM’VGNLWH being defined as follows:

-1 ifpu=v,pt+v=a,

A(@) _ _% ifp,;éy’ (N7V) e{(H17V1)7(V17N1)} (5338)
v with (py,v1) = minimal({(,7) € (N})? : g+ 2 = a}),
0 otherwise,

for some o € Ny (1) and i € [m]. Notice that [Bs| =3 ., b(2(k — [gi])). Here minimal(T)
is the minimal element of T, for every T' C N?" with respect to the graded lexicographic order.

The constraints My_;,1(h; y) = 0, j € [l], can be simplified as ZveNn( ]h]—ﬂya+7 =
h;

0, a € N"(k Thy1)0 j € [l]. They are equivalent to the following trace equahty constraints:

(A, Wi(y oy y™)) =0, A € Bs, where B3 involves matrices A = diag(A, 0, ...,0), with
A=(Au. )IMVGNZ being defined as follows:

hjﬁ ifﬂ':V,H—FV:a—F")/,
A — %hjv')‘ if”#y7 (/‘ay) e{(y’layl)a(yhﬂl)}
v with (g1, v1) = minimal({(z,7) € (N{)? : p+v =a+7}),
0 otherwise.
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Notice that | B3| = Z,je[l] b(2(k — [hy])).
Let UjeisB; = (Ai)ie[¢,—1), where

b(k)(b(k) + 1)

G =142 e IBil = 1+ — b(2k)
1)+ 1)
¢y W lgOE= o2 5™ o — )
1€[m] Jel

The final constraint yo = 1 can be rewritten as <A<k,Wk(y,y(1), ..., y(™)) =1 with A, € S
having zero entries except the top left one [A¢, ]Jo,0 = 1. Thus we select real vector by, of length t;
such that all entries of by are zeros except theiﬁnal one by ¢, = 1. - 3

The~functi~0n Ly(f) =22, 4y~ isequal to (C, Wi(y, yM o y™)) with C := diag(C, 0,...,0),
where C = (C#,,,)“,VGNZ is defined by

f fpe—v prv—n,
1o _ %f’Y ifp#v, (“7”)6{(N17V1)a(V1;I~¢1)}
n,v — . _ .. e n\2 . = —
with (p,,01) = minimal({(2,) € (N})? : o+ =~}
0 otherwise.

By writing X = Wy(y,y®,...,y"™), SDP (5.3.35) has the standard form

7 = _inf {(C X) : AX = by}, (5.3.39)
XGS
where A : S®) — RS is a linear operator of the form AX = [(Al, X),...,(A¢,,X)]. Since

(U,V) = <P 1UPk ,PLVP,), for all U,V € S| by noting X = Py XPy, SDP (5.3.39) can be
written as with Ag; =P AP i€ (G, and Cj, = P, 'CP, "

The sparse case

Let k € NZkmin be fixed. We will present a way to transform SDP (5.3.4) to the form
Doing a similar process as in Appendix on every clique, by noting (5.3.7)), for every ¢ € [p],
the constraints

D I.) =0 =1,
{ k(Ya ) » Yo (5'3.40)

Mk*[hj} (h‘j Y7 ) - O ] € W07

become A.X. = b, for some linear operator A, 2 Sk Ré and vector b. € Ré. Moreover,
Ly(f.) = (C¢, X.) for some matrix C. G S ©k) since f. € R[x(1.)], for every ¢ € [p]. Then from

1) the objective function of SDP is Ly (f) = > ey (Cer Xe)-

Next we describe the constraints dependlng on common moments on cliques. For every o« €
Uce[p]Nic, note T'(c) := {c € [p] : & € N}*}. In other words, T(x) indices the cliques sharing the
same moment y,,. For e € Uce[p]Ni“ such that |T(e)| > 2, for every ¢ € T(ax), let Al € 8k be
such that <A£a), X.) = Yo It implies the constraints (Ag?), Xo) — <Az(.a), X)) =0,i€T(a)\{jo},
for every a € Uce[p]Nic such that |T(c)| > 2, for some jo € T(cx). We denote by AX = Og¢ all
these constraints with X = diag((X¢)ccpp))-

Set ¢ 1= cpy) (e+Cand b = [(b, )eelp]s Ope) € RE. Define the linear operator A : [] . ]S( '

R¢ such that AX = [(A.X )(‘E s AX], for all X = diag(Xe)eepp) € [ecp 8. From (5.3.7), the

affine constraints of SDP ( are now equlvalent to AX = b.
Let A®) .= dlag((AZ,c)Ce[p]) € [Ley S i € [¢], be such that

AX = (AW X),... (A X)],

for all X = diag(Xc)eefp) € [leep S, For every ¢ € [p], define A, : S — RS as a linear
operator of the form A.X := [(A1.,X),..., (A¢c, X)]. Then AX = 3° ) AX,, for all X =
diag(Xe¢)cepp) € I1ee o] S(). Hence we obtain the data (Ceks Ac i, bie, Ci) = (Ce, Ae, b, () of the
standard form @ by plugging k.




Part 11

Positivity certificates with
denominators
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Chapter 6

Polynomial optimization over
noncompact semialgebraic sets

Most of the content of this chapter is from [130].

In this chapter, we focus on polynomial optimization on noncompact semialgebraic sets by
relying on positivity certificates involving denominators. The main motivation is to voluntarily
avoid the big-ball trick which reduces the problem to the compact case. The big-ball “trick” is to
simply assume that the global minimum is attained in some a priori known ball B(0, R) centered
at zero of radius R > 0 potentially large. Therefore, by adding this additional constraint to the
definition of the feasible set, one is back to the compact case. Why? This “trick” has definitely
some merit since in some practical applications such an R can be sometimes determined with ad-
hoc arguments. However, it is not satisfactory from a mathematical point of view. Indeed after
one has found a minimizer x* € B(0, R), one is still left with the question: Is really x* a global
minimizer? Was R chosen sufficiently large? In other words, in doing so one does not obtain an
certificate that x* is a global minimizer. As we will see in this chapter, we deal with the challenge
to adapt some certificates of positivity on noncompact sets already available in the literature, to
turn them into a practical algorithm.

Let us recall the Positivstellensatz [I70] of Putinar and Vasilescu in the following theorem:

Theorem 6.1. (Putinar—Vasilescu[I70, Corollary 4.3 and 4.4]) Let 6 € R[x] be the quadratic

polynomial z — 0(x) := 1+ ||x||3, and denote by p € R[x,x,11] the homogeneous polynomial

associated with p € R[x], defined by x — p(x) := xii_gl(p)p(a:/xnﬂ).

1. Let f € R[x] such that f >0 on R"*1\{0}. Then 0*f € X[x] for some k € N.
2. Let f,q1,-..,9m € R[X] satisfy the following two conditions:

(a) [ = fo+ f1 such that deg(fo) < deg(f1) and fl > 0 on R*"1\{0};
(b) f>0 onS(g).

Then 62% f € Q(g) for some k € N.
As a consequence, they also obtain:
Corollary 6.1. (Putinar—Vasilescu [170, Final remark 2]) Let 6 :== 1 + ||x||3.

1. Let f € R[x|aq be such that f > 0 on R™. Then for all ¢ > 0, there exists k € N such that
0F(f + e69) € 2[x].

2. Let f € R[x]| such that f >0 on S(g). Let d € N such that 2d > deg(f). Then for all e > 0,
there exists k € N such that 02*(f +07) € Q(g).

Marshall [I38, Corollary 4.3] states a slightly more general result but with no explicit d, and
Schweighofer [I87, Corollary 6.3] provides a new algebraic proof of Marshall’s result. To summarize,
for every polynomial f nonnegative on a general basic semialgebraic set S(g), one obtains the
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following representation result: for a given € > 0, there exist a nonnegative integer k& and SOS
polynomials o¢, 01,...,0,, such that

0o+ 0191+ -+ OmGm

f+etd = o

(6.0.1)
Although this representation is theoretically attractive, their previous proofs are not constructive
and do not provide any explicit algorithm, especially in polynomial optimization.

Contribution. As already mentioned, our approach is to treat the noncompact case frontally
and avoid the big-ball trick. Our contribution is threefold:

I. In Section we first provide an alternative proof of , with an explicit degree bound
on the SOS weights, by relying on Jacobi’s technique in the proof of [85, Theorem 7|; this is
crucial as it has immediate implications on the algorithmic side. More precisely, the degrees of
SOS weights o; are bounded above by k+d — [g;]. First, one transforms the initial polynomials to
homogeneous forms, then one relies on Putinar’s Positivstellensatz for the compact case, and finally
one transforms back the obtained forms to dehomogenized polynomials. As a consequence, with
e > 0 fixed, arbitrary, this degree bound allows us to provide hierarchies (p}(£))ken, i = 1,2,3
for unconstrained polynomial optimization (m = 0 and ¢ = 1, see Section as well as for
constrained polynomial optimization (m > 1 and i = 2, 3, see Section. Computing each p}:C ()
boils down to solving a single SDP, with strong duality property. For k sufficiently large, pi (¢)
becomes an upper bound for the optimal value f* of the corresponding polynomial optimization
problem (POP) minyeg(q) f(x). If this problem has an optimal solution x*, the gap between pj (¢)
and f* is at most ef(x*)?. The related convergence rates are also analyzed in these sections.

II. In Section we provide a new algorithm to find a feasible solution in the set S(g,bh)
defined in . The idea is to include appropriate additional spherical equality constraints
o =& —|lx—al|3,t =0,...,n,in S(g,h) so that the system S(g, b U {0, .., ¢n,}) has a unique
real solution. The nonnegative reals (& )i=o,. n are computed with an adequate Moment-SOS
hierarchy. Moreover, this solution might be extracted in certain cases by checking whether some
(moment) matrix satisfies a flat extension condition.

ITI. Finally we use this method to approximate a global minimizer of f on S(g, ). Namely, we
fix £ > 0 small and find a point in S(gU {pi(e) — f},h). This procedure works in certain cases,
even if the set of minimizers is infinite. This is in deep contrast with the extraction procedure
of [T7] (via some flat extension condition) which works only for finite solution sets. Assuming
that the set of solutions is finite, one may compare our algorithm with the procedure from [77]
as follows. On the one hand, the latter extraction procedure provides global optimizers, provided
that one has solved an SDP-relaxation with sufficiently large “k” (so as to get an appropriate rank
condition). On the other hand, our algorithm that adds spherical equality constraints “divides”
the problem into n + 1 SDP relaxations with additional constraints but with smaller order “k”
(which is the crucial parameter for the SDP solvers). Numerical examples are provided in Section
to illustrate the difference between these two strategies.

For clarity of exposition, most proofs are omitted, they are available in [130, Appendix].

6.1 Representation theorems

In this section we provide two exact representations of globally nonnegative polynomials and
polynomials nonnegative on basic semialgebraic sets (not necessarily compact). The representa-
tions are obtained thanks to a perturbation argument as well as existing representations for positive
definite forms. Let 6 := 1 + ||x||3.

6.1.1 Globally nonnegative polynomials

Let us note ||¢||1 := ), |ga| for a given ¢ € R[x]|. The following result provides a representation
of globally nonnegative polynomials.
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Theorem 6.2. Let f € R[x]|2q be nonnegative on R™. Then for every e > 0, for k. € N and

2n+1)d2d—1), n+1+2d
e > 1) ——F—,
ke > 2R S+ 1) - P
one has
0% (f +20%) € S[x]p.4a- (6.1.1)

Proof. The proof consists of three steps:
1. Associate a positive definite form to the globally nonnegative polynomial f.

2. Use Reznick’s representation from Theorem [I.2] to get a representation of this homogeneous
form.

3. Transform back the homogeneous polynomial together with its representation to the original
polynomial.

Let f = 224 | f(x/zn11) be the degree 2d homogenization of f. Since f is globally nonnegative, f
is nonnegative on R"*1. Let ¢ > 0 be fixed. We claim that

f+ EH(Xa ‘rn+1)”§d € R[van+1]

is positive definite, i.e., is homogeneous and positive on R"*1\{0}. Since

2

139 = (&f + -+ a2 +25,1)%,

(%, Znt1)

the polynomial ||(x, 241)[|3? is homogeneous of degree 2d on R"™'. From this and since fis

homogeneous of degree 2d, f + ¢||(x, zn+1)[|3% is homogeneous of degree 2d. For every (x,Zn41) €
R\ {0}, ||(x, ¥n+1)]|2 > 0. From this and since f is nonnegative on R"*1

Fx,21) + ell(x 2nr) 37 > 0,
for all (x,xn11) € R""1\{0}. In addition, it is not hard to show that
inf{f(xvxn—l—l) + 6||(Xa xn+1)||%d : (Xa xn-l-l) € Sn} >e€

and

SUP{f;(X’ Tpi1) +ell(xX, 2ni1)]30 ¢ (X, 2ng1) € ST}
sup{f (%, Zn11) : (X, Zny1) €S"} + ¢

[ fllx +e.

ININ

Thus, 6(f +[1.13%) < (Ifll: +¢)/e = (|f]1 +¢)/e. From this and by applying Theorem [1.2] with
p=f+ell(x,2n31)]3%, for k. € N and

2(n+1)d(2d — 1)
he 2 (4log 2)

n+14+2d
2 b

M fll+1) —
there exists 6. € X[X, Znt1]k. +4 sSuch that
16, g )37 (F + ell (¢, @nr) [157) = 6e -
By replacing z,,4+1 by 1, one has
0% (f +e0?) = 5.(x,1).

Let us note 0.(x) := G.(x,1), for every x € R™. Since . € X[X,Zpt1]k.+d, it follows that
0e € X[Xk, +d, vielding the desired result. O
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6.1.2 Polynomials nonnegative on a basic semialgebraic set

We recall the definition of the truncated quadratic module of order d associated with S(g):

Qd(g) =4 00 + ZO’igi 00 € Z[X]d, o; € Z[X]df(gﬂ
J=1

For every ¢ € R[x], let us define

di(q) := 1+ [deg(q)/2]  and  da(q) := [deg(q)/2] = [q].
The following result provides a degree bound for the SOS weights of [169, Theorem 1].

Theorem 6.3. Let g = {g1,...,9m} C R[x| and f € R[x| such that f is nonnegative on S(g). Let
e >0 and d € N be such that at least one of the following two conditions is satisfied:

(i) d > di(f);

(it) d > dao(f) and gm := f + A\ for some real A > 0.

Then there exist k. € N such that

0% (f +e0%) € Qk.1alg). (6.1.2)

The detailed proof of Theorem relies on Jacobi’s technique in his proof of [85] Theorem 7]
and is available in [I30, Appendix|. This proof consists of three steps:

1. Associate a homogeneous polynomial f to the polynomial f.
2. Use Putinar’s Positivstellensatz (Theorem (i)) to obtain a representation of f.
3. Transform back the representation of f to obtain a representation of f.

Remark 6.1. Theorem is an extension of Putinar’s Positivstellensatz to (possibly) noncompact
sets S(g), and so does not require the Archimedean condition. The price to pay for such an extension
is the presence of the multiplier 0% in front of f and the perturbation term 0. Note that (ii)
involves a tighter bound for d, compared to (i), since di(f) > da(f). The counterpart is that (i)
requires to include the additional constraint f + A > 0, for some A > 0.

Complexity of Putinar—Vasilescu’s Positivstellensatz. For each ¢ € R[x]s,, we denote
l2l!for each & € N™. By re-

arl...ap!

gl max,r == mgx{|qa|/cn+1(a,2r —|al)}. Let us recall ¢, () :=
lying on Baldi-Mourrain’s result (Theorem after the homogenization trick, it is straightforward
to analyze the complexity of Putinar—Vasilescu’s Positivstellensatz:

Proposition 6.1. Assume that all assumptions of Theorem hold and Og~ € S(g). Then there
exist real numbers ¢; > 0 depending on g such that for all k. € N satisfying

ke > ad (7Y £ —d, (6.1.3)

one has 0% (f +e60%) € Qi_1a(g).
The proof of Proposition is similar to [130, Appendix].

Discussion about the ¢ parameter. The (arbitrary small) positive parameter ¢ in Theorem
[6-2)and Theorem[6.3]ensures the positivity of polynomials over the respective considered domain R”
or S(g), excluding the origin in the homogenized representations. However these representations
can still hold, even when ¢ = 0, as illustrated in the following two examples:
Example 6.1. (i) Motzkin’s polynomial f = xjz3 + 23x3 + 1 — 32323 is globally nonnegative but
not SOS. However, 0f is SOS since
0f = 2(Lafa, + %:z:lxg — x112)?% + (2339 — x2)% + (2122 — 11)?

+3 (@820 — 2122)? + L(2125 — 2122)? + (2323 — 1)2.
(ii) Let f = (x% + x%) 2223 —3x323 and g = 23 +23—4. It is not hard to show that f is nonnegative
on the noncompact set S(g). Moreover, f = 1z (23 + 23) + 2ai23g. Thus, 6°f € Q5 (g).
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However, the certificate (6.1.1) for global nonnegativity with e = 0 is not true in general,
as shown in the following lemma. This is due to the fact that any SOS multiplier for Delzell’s
polynomial must have a zero at the “bad point”, so one can not find any globally positive multiplier.

Lemma 6.1. The nonnegative dehomogenized Delzell’s polynomial [{3]:
f = {2} + 2505 + wiwy — 3afwiag + oy
satisfies that 0% f ¢ X[x] for all k € N.

Proof. Assume by contradiction that 6% f € X[x] for some K € N. Note that n = 3 here. We
denote by f the degree 8 homogenization of f, i.e.,

P 2,42, 4.2, 24 2.2 2
[ = zi(a173 + za3 + xias — 3aiziad) + 25

Then ||(x, 2, 11)||3 f € £[x, 2,1 1]. As shown in [I76] Section 6], it is impossible. This contradic-
tion yields the conclusion. O

The certificate (6.1.2) for global nonnegativity on basic semialgebraic sets with ¢ = 0 is also
not true in general, as shown in the following lemma:

Lemma 6.2. Withn =1, let f = x and g = {23, —2%}. Then f =0 on S(g) = {0}. It follows
that f is nonnegative on S(g), but:

(i) 0% f ¢ Q(g) for all k € N and;

(i3) for every e >0, 0%(f +e0) € Qpy1(g) for all k € N with k > max{2, ¢~2/4 — 1}.

Proof. We will show statement (i). Assume by contradiction that there exists k¥ € N such that
0% f € Q(g). Then there exists g;(z) € R[z], j = 0,...,r such that

0" f = qu 4 qolx)a®.

Assume that ¢j(z) = a; + bjz + z2d;(x), where a;,b; € R and d; € R[z], j € [r]. From this and
since 0¥ = 1 + z2e(x) for some e € R[x], one has

T T
(14 z2e(x))z = Z a? +2 Z ajbjx + z*p(z),
j=1 j=1
for some q € R[z]. By comparlng coefficients of monomials 1 and z in the two sides of the above

equality, Z a? = 0and 2 Z a;b; = 1. It implies that a; = 0, j € [r], and 2 Z a;b; = 1. It follows
j=
that 0 = 1 It is impossible.

Let us prove the statement (ii). Let ¢ > 0 and k € N, k > 2. Since 0% = 1 + ka? + 2%e(x) for
some e € R[z]ax_4, one has

OF(f +€0) = (1 + ka® + z'e(2))(e + 2 +ex?) = e +x +e(k + 1)a? + 23¢(2),
for some q € R[z]ag_2. Assume that k > e72/4 — 1. Then
2
0F(f +¢e) =¢ — m + <x\/s(k:7+1)+ 25(1k—|—1)> + 2°q(z) € Qr11(g) -
O

From Lemma and Lemma [6.2], we conclude that the strict positivity of the € parameter is
necessary in general although the certification with € = 0 may happen in many cases.
When the certificate (6.1.1)) with € = 0 occurs, one has the following remark about the exponent

of # in (6.1.1)).
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Remark 6.2. If n =2, there does not exist a fired K € N such that for all nonnegative f € R[x]g
, 0K f is SOS. Indeed, assume by contradiction that there exists such a K. Then, the degree
6 homogenization f of f would be a positive ternary sextic such that ||(x, z,41)||35 f is SOS. By
using [I'77, Theorem 1] and the fact that the homogeneous Motzkin’s polynomial is a positive ternary
sextic which is not SOS, we obtain a contradiction.

In with € = 0, the multiplier #*< can be replaced with other SOS multipliers; see, e.g.,
Leep-Starr’s polynomial [I14, Example 2]. With the multiplier 6 := x? + 23 + 23 and the homoge-
nized Delzell’s polynomial D, Schabert provides in [I82], Example 4.4] the exact SOS decomposition
of the product O(z1, x2, x3)D (21, T2, T3, 24).

6.2 Polynomial optimization

In this section, we exploit the two representations from Theorem [6.2] and Theorem [6.3] to con-
struct new hierarchies of semidefinite programs for POPs of the form f* = inf{f(x) : x € Q} where
Q = R” for the unconstrained case and 2 = S (g) for the constrained case (with no compactness
assumption), respectively. Instead of solving the original problem, we are rather interested in the
perturbed problem:

o= inf{f(x) +e0(x)": xeQ}, (6.2.1)

where £ > 0 is fixed, 6(x) := 1+ ||x||3, and 2d > deg (f). Now, assume that the optimal value f* of
the original problem is attained at some x* € 2. It is not difficult to show that if 2 is unbounded,
the polynomial f + €69 is coercive on €, i.e.

lim (f(x) + se(x)d) =00,

x€Q, ||x]|2—00

(see more in [12]). Indeed, it is due to the fact that f is bounded from below by f* on Q and
0(x)" — o as ||x||2 — 0o. Thus, the optimal value f* of the perturbed problem (6.2.1)) is always

attained at some global minimizer x} even if 2 is noncompact. Then:

fref(x)? = f(x*)+e0(x)?
> fE =)+ = f(x2) = f*.

Thus, f* € [fr — eﬁ(x*)d, fZ], ie., fr is a perturbation of f* and the gap between both of them
is at most £ 6(x*)9. Next, observe that:

fr =sup{A€R: f+e—X>0o0nQ}
=sup{fA €ER: 0¥(f +c6¢—))>00n Q}, k€N,

The following hierarchies are based on the simple idea of replacing constraint “0%(f + 69 — \) >
0 on Q7 by relaxed constraint“6%(f 4+ &6 — \) is in the truncated quadratic module associated
with Q7.

6.2.1 Unconstrained case

Given f € R[x]a4, let us consider the following problem:

fri=inf f(x). (6.2.2)

xeR"

In the sequel, we assume that f* > —oo and let ¢ > 0 be fixed. Consider the hierarchy of
semidefinite programs indexed by k € N:

Ti(e) :=inf Ly (0(f + £6%))
s.t. Yy = (ya)aGNn(dH.k) c R’ (6 2 3)
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Theorem 6.4. For every k € N, the dual of reads:
pr(e) :=sup{A €R: O%(f — X\ +e0?) € B[x]|pral. (6.2.4)
The following statements hold:
1. The sequence (pi.(€))ken is monotone non-decreasing.

2. Assume that f* in (6.2.2)) is attained at x* € R™. Then there exists K € N such that
[* < pi(e) < f*+e0(x*) for all k > K. In particular, K is upper bounded by O(e~!) as
el 0.

Proof. 1. Let k € N and fix £ > 0, arbitrary. By (6.2.4), there exists a real A such that
pr(e) —& < Xand 0%(f — A +e0%) € [x]psa-

Since 0 € S[x]y, 0°F1(f — A+ 207) € S[x|pra41. By (6:24), pio1(e) > A > pi(e) — & This
implies that p; ,(g) > pj.(e).

2. By (6.2.2), f — f* is nonnegative. By Theorem there exists K € N and K = O(e7}) as
€ ] 0 such that
0% (f — f* +¢0%) € 2 X]xcsa-
Let k > K be fixed. Since 6 € X[x];, one has
08 (f — [ +20%) = 0" T E(f — * 4 20) € S[xfpya

By (6.2.4), f* < pi(e). Thus, f* < pp(e) for all k > K. Let k € N and fix & > 0, arbitrary.
By (6.2.4)), there exists a real A such that

pre) —& < Xand 0%(f — A\ +£0%) € [x]psa-
It follows that f — A+ 6% > 0 on R™. From this,
P 0y = F(x*) +0(x")! = X = pf — 2.

This implies f* + f(x*)? > pi(¢), the desired result.

We guarantee strong duality for previous primal-dual problems:

Proposition 6.2. Let k € N. Then 7}(c) = pj.(g). Moreover, if Tl(¢) > —oc then the optimal
value pi.(e) is attained.

Proof. By Slater’s constraint qualification [25, Section 5.2.3], it suffices to show that admits
a strictly feasible solution. Let us denote by p the measure with density X[OJ]nO*k with respect
to the Lebesgue measure, where x4 is the characteristic function of a given set A C R™. Set
Yo := [x¥dp for all a € N". We claim that yo € R for all « € N, Ly (6%) = 1 and My 4(y) = 0.
Indeed, for all a € N™

Yol =1/ xx (0,100 dx| = | [ig 10 x*0 ™" dx|
< ‘]1[0_1]” ‘m1|o<1 o |$n|a”9_kdx < 1’

since #~% < 1. Thus, yo € R for all & € N”. In addition,

Ly (6%) —/e’cxm,unekdx—/[ | dx =1.
0,1]"

Let p € R*@F\ {0} be fixed. We state that p' My 1(y)p > 0. Assume by contradiction that
P My (y)p < 0. One has

0 >p Mar(y)p = [P Vayrvy,,pdu ,
= fPTVd+kV;+kPX[0,1]"97kdX = f[O,l]" (pTVd+k) 6~ *dx >0.

It follows that p'vg i, = 0 on [0,1]", thus p = 0 yielding a contradiction. From this, (ya)aenn

d+k

is a feasible solution of (6.2.3)) with My4(y) > 0. By strong duality, the conclusion follows. [
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6.2.2 Constrained case

Consider the following problem:

fri= fo fx), (6.2.5)

where f € Rx|, g = {g1,.--,9m} C R[x]. Assume that S(g) # 0 and f* > —co. Let € > 0 be
fixed.

Unknown lower bound

Let d := [deg(f)/2] 4+ 1 and consider the hierarchy of semidefinite programs indexed by k € N:

72(e) :=1inf Ly (0%(f +6%))
st y= (ya)aEN;(dM) CR,

My a(y) = 0, (6.26)

Mk+d7 [gi] (gly) = 07 i€ [m] )

Ly(0%)=1.
Theorem 6.5. For every k € N, the dual of (6.2.6]) reads:

pi(e) i=sup{AeR: 0% (f —X+c0%) € Qryaln)}. (6.2.7)

The following statements hold:

1. The sequence (pi(g))ken is monotone non-decreasing.

2. Assume that problem (6.2.5) has an optimal solution x*. Then there exists K € N such that
[* < pi(e) < f*+eb(x*) for all k > K. In particular, K is upper bounded by O(~°) —d
as € 10, for some ¢ > 0 depending on g.

The proof of Theorem relies on Theorem [6.3| (i) and is similar to Theorem m The upper
bound on K is based on Proposition [6.1]
We guarantee strong duality for previous primal-dual problems:

Proposition 6.3. There exists K € N such that 72(g) = pi(e) for all k > K. Moreover, if
72(g) > —o0, the optimal value pi () is attained.

The proof of Proposition can be found in [130, Appendix].

Remark 6.3. If S(g) has nonempty interior then strong duality holds for all orders k of the primal-
dual problems —. Indeed, by constructing a sequence of moments from the Lebesgue
measure on an open ball contained in S(g), one can find a strictly feasible solution of and
then apply Slater’s constraint qualification [23, Section 5.2.3].

Known lower bound

Assume that g,, := f — f for some real f < f* and let d := [deg(f)/2]. We then obtain
the same conclusion as Theorem with replacing here 77(¢) and p2(e) by 7(e) and pi(e),
respectively. The proof relies on Theorem (ii) and is similar to Theorem Note that here
gm = (= )+ (f*—f) with f— f* > 0on S(g) and f* — f > 0. The upper bound on K is also
based on Proposition [6.1 N

The next proposition states that strong duality is guaranteed for each relaxation order k.

Proposition 6.4. Let k € N. Then 7(c) = pi(g). Moreover, if T3() > —oc then the optimal
value p3(e) is attained.

The proof of Proposition can be found in [I30, Appendix].
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Remark 6.4. A lower bound f of problem (6.2.5) can be obtained by solving the following SDP:

sup{AeR: 0F(f —\) € Qrya(9)}, kEN.

Assume that we know a lower bound f of problem . By adding the inequality constraint
f—f >0 in S(g), we obtain the same semialgebraic set, i.e. S(gU{f — f}) = S(g). Thus,
the two problems inf{f(x) : = € S(g)} and inf{f(x) : z € S(gU{f — f})} are identical and the
primal-dual SDP relazations with values pi () and 73 (¢) of the latter one satisfy strong duality for
each relaxation order k.

General case. Since g; > 0 on S(g) and —g; > 0 on S(g) is equivalent to g; = 0 on S(g), S(g)
can be rewritten as S(g, §) with g = {g1, ..., gm } is the set of polynomials involved in the inequality
constraints and h = {hq,...,h;} is the set of polynomials involved in the equality constraints; in
addition, R™ = S({0},0). Consider the general POP:

= xegg,h) f(x), (6.2.8)

with f* € R and define
([deg(f)/2],1) if S(g,b) = R",

(d,i) =< (1+ [deg(f)/2],2) if S(g,h) # R" and lower bound f is unknown,
([deg(f)/2],3) otherwise and set g, := f — f.

For fixed € > 0, one considers the following SDP relaxation of POP (6.2.8])

mi(e) :==inf Ly (0%(f + £6))
s.t. y= (ya>a€N?

)

2(d+k)
Mk:+d* [gi] (gzy) =0,i=0,...,m, (629)
My a—rn;) (hjy) =0, j€[l],

Ly(0%) =1,
where gg := 1. Its dual is the semidefinite program:
p(e) = sup{A € R s 05(f — A+ c0%) € Qprala.b)} (6.2.10)
The zero-duality gap between SDP and SDP (6.2.10)) is guaranteed for large enough k.

Remark 6.5. The condition 7 (g) > —oc is always satisfied whenever k is sufficently large. Indeed
by weak duality, when e is fived and k is sufficiently large then Ti(e) > pi(e) > f* > —oo. However,
when k is small, 7}.(¢) = —oo may happen.

Let us now assume that the POP (6.2.8) has an optimal solution x*. Then pi(¢) € [f*, f* +
£0(x*)?¥ when ¢ > 0 is fixed and k is sufficiently large. Moreover, the gap between pi(e), and f* is
at most € 0(x*)?. Therefore, pi () is indeed an approximation of f*. In practice, (p ())ren often

converges to the optimal value f* := min{f(x) + ee(x)d : x € S(g,b)} after finitely many steps
(see Section [6.3)).

Remark 6.6. (i) The term 69 in both and can be replaced by pq(x,1) where @q
R — R is a positive form of degree 2d. For instant, one can select ¢q(x,1) = 2% 4.+ 224 1.
(ii) Let r € N be fized. For every k divisible by 2r, the term 6% appearing in both and
(6.2.10) can be replaced by . (x, l)k/(z’”) where ¥, : R"T1 = R is a coercive positive form of degree
2r. For instant, one can select ,.(x,1) = 23" + -+ + 22" + 1.

Relation between classical optimality conditions and nonnegativity certificates. When
pi(0) = f*, the constraint qualification conditions hold at x*.

Proposition 6.5. Assume that pi,(0) = f* for some k € N, i.e., there exists 0; € X[x], i =0,...,m
m l

and ¢; € R[x|, j € [I] such that OX(f — f*) = oo + > 0ig; + > ¢jhj. Then the constraint
i=1 j=1

qualification conditions hold at x*:
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1. 0y(x*) >0 and g;(x*) > 0, for alli € [m];
2. 0;(x*)g:;(x*) =0, for alli € [m];
!

0i(X*)Vgi(x*) + 3 ¢ (x*)Vh;(x¥).

j=1

oF

Il
_

3. 0(x*)FVf(x*) =
K3
The proof of Proposition is similar to [I05, Theorem 7.4].
If we take an arbitrary small £ > 0 then pi(e) is arbitrary close to f* for large enough k.
However, if one sets € = 0, the statement “p%-(0) = f* for some K € N” is not true in general as
stated in the following proposition:

Proposition 6.6. If the first order optimality condition fails at a global minimizer of problem

(6.2.8), then pi.(0) < f* for all k € N.

The proof of Proposition [6.6] is similar to [I47, Proposition 3.4].

By applying Proposition to POP min{z : 23 = 0}, we obtain the statement (i) of Lemma
Indeed, the first order optimality condition fails at the global minimizer 0 of this problem.
Therefore, the positivity of € ensures convergence of (p!(g))ken to the neighborhood [f*, f* +
£0(x*)?] of the optimal value f*. As proved by Huang, Nie and Yuan in [83], p% (0) = f* for some
K € N when some optimality conditions hold at every global minimizer of (6.2.8]). In many cases,
pi(0) = f* with K = 0,1 when the KKT conditions hold (see Example and [146, Example
4.4] with z,, = 1). However, the KKT conditions are not enough for this conjecture due to the fact
that the minimizer x* = (0,0, 0) of dehomogenized Delzell’s polynomial in Lemma satisfies the
KKT conditions and pi (0) < f* for all k € N in this case.

Reducing the noncompact case to a compact case. Consider the POP: f* := inf{f(x) :
x € S(g,h)} where the feasible set S(g, h) is possibly noncompact, and the associated perturbed
POP: f* := inf{f(x) + e0(x)? : x € S(g,h)} with fixed ¢ > 0. Here one assumes that f* is
attained at x* and 2d > deg(f). As in Section f* e [fr —e0(x*)" f*]. Suppose that a
point x in S(g,h) is known. It is not hard to show that f + 0% is coercive and therefore with
C = f(x) +e0(x)4, the set S({C — f — 0?}) is compact. Moreover,

fX=inf{f(x) +e0(x)? : x € S(gU{C — f —0%},p)}. (6.2.11)

Note that the quadratic module associated with the constraint set of POP (/6.2.11)) is Archimedean
and so fZ can be approximated as close as desired by the Moment-SOS hierarchy. This approach is
similar in spirit to that of [88]. However, determining a point X in S(g, ) is not easy in general. The
hierarchy relying on Putinar—Vasilescu’s Positivstellensatz goes beyond this restriction.

In a different way, if one relies on the big ball trick, we consider the following POP, for all
e>0:

Jr = imf{f(x) : @ € S(gU{L - [x[3},b)} (6.2.12)

Obviously, one has fE* J f*as e | 0. The quadratic module associated with the constraint set of
POP (6.2.12)) is Archimedean and f} can be approximated by the Moment-SOS hierarchy:

pr(e) ==sup{AeR : f—Ae€ Qgu{l—¢|x|3},h)},keN, e>0. (6.2.13)

Thus the SOS weight of 1—¢||x||3 appears in the SOS decomposition of f—\. However, the hierarchy
(6.2.10)) relying on Putinar—Vasilescu’s Positivstellensatz does not require such SOS weight in the
decomposition of f — A, but requires a perturbation €6¢ and a multiplier 6*.

6.2.3 Global optimizers

In this section we introduce a new method to find an approximation of a feasible point of a
basic semialgebraic set S(g,h) as defined in . We then apply this method to obtain an
approximation of a global minimizer x* associated to f* = min{f(x): x € S(g,h)} via finding a
feasible solution of S(gU {pi(¢) — f},h).
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Remark 6.7. Let ¢ > 0 be fized and k € N be sufficiently large such that p,(g)is an upper bound
of f*. Let x* be a global minimizer of f on S(g,h) and let x € S(gU{pi(e) — f},h). Then
x € S(g,b) and f* < f(x) < pj(e) < f* +eb(x*)"

Let us consider an arbitrary small € > 0. The difference between pi (¢) and f* will be as close as
desired to £6(x*)? for large enough k. Assume that the solution set S(g U {f* — f}, ) is finite and
denote by yZ an optimal solution of SDP . In practice, when k is sufficiently large, y* satisfies
numerically the flat extension condition defined in Section One may then use the algorithm
of Henrion and Lasserre [77] to extract numerically the support of a representing measure for y*
which may include global minimizers of f* = min{f(x): x € S(g,b)} (see the same extraction in
[89, Section 3.2]). However we cannot guarantee the success of this extraction procedure in theory
because the set S(gU {pt () — f},h) may not be zero dimensional when pi (¢) > f*. For example,
if f=|x||3 and S(g,h) = R", S(gU {pi(c) — f},h) is a closed ball centered at the origin with
radius pi(€)!/2. The following method aims at overcoming this issue from both theoretical and
algorithmic sides. For further application cases of the flat moment criterion, we refer the interested
reader to the framework from [I71], which is based on altering the bottom right part of the moment
matrix.

The Adding-Spherical-Constraints method (ASC): For a € R™ and r > 0, let B(a,r)
(resp. 0B(a,r)) be the closed ball (resp. sphere) centered at a with radius r, i.e.,

B(a,r)={xeR": ||x—a|z2<r} (resp. IB(a,r)={x€R": ||[x—alz2=7r}).

The following result provides an efficient way to find a sequence of additional spherical equality
constraints for a given semialgebraic set such that (i) the resulting set is a singleton (i.e. it contains
a single real point), and (ii) this point is solution of a non-singular system of linear equations.

Lemma 6.3. Assume that S(g,h) # 0. Let (a;)i=0.1,...n» C R™ such that a, — ag, t € [n] are
linearly independent in R™. Let us define the sequence (&t)i=o.1,...n C Ry as follows:

.....

&o = min{||x — ang :x € S(gh)},

& = min{||x — atHg xeS(ghu{s —|Ix— aJ-H; 2 j=0,...,t=1}}, (6.2.14)
ten].
Then there exists a unique real point x* in S(g,h U {& — ||lx — at||§ :t=0,...,n}) which satisfies

the non-singular linear system of equations
1
(s —a0) X" = —2(& — & — larl3 + Jaoll3), t € [n]. (6.2.15)

The proof of Lemma is available in [130, Appendix]. Geometrically speaking, we find a

Figure 6.1: Illustration of Lemma |6.3
sequence of spheres 0B (at,gj / 2), t = 0,...,n, such that the intersection between these spheres
and S(g,bh) is the singleton {x*} (see Figure [6.1)). Next, we use Lasserre’s hierarchy to compute
the optimal values &, t =0, ...,n of problem (6.2.14]).
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Theorem 6.6. Assume that S(g,h) N B(0, RY/2) # 0 for some R > 0. Let (at)t—0.1,..n C R" such
that a; — ag, t € [n] are linearly independent in R™. Assume that the Moment-SOS hierarchies
associated with the following POPs:

€0 := min{|[x — aoll; : x € S(gU{R - [x[3}.h)},
& =min{||x —al;: x € S(g,hU{& — |x —a;l[5: j=0,...,t —1})}, (6.2.16)
t € [n],

have finite convergence, and let w := max{[g;|, [h;],1}. For every k € N, consider the following
semidefinite programs:
M= it Ly(x—aolly)
st Mypw—rg,(9:y) Z 0,
M1 (R = [x]3)y) = 0,
M.y w—rn,1(hjy) =0,
Yo =1,

t._ : _a.ll? 2.1
M= kL, Ly(lx—ads) (6.2.17)

s.t. Mk:—&-w—[gi] (gzy) i 05
My yw—rn;1(hyy) =0, )
Mk"rUJ—l((ni - ||X_a]||2)Y) = 07 ] = 07 at_ la
Yo = ]-7

ten].

Then there exists K € N such that for all k > K, nl. = &, t = 0,...,n. Moreover, there exist
te€{0,...,n} and K € N such that for all k > K, the solution y of SDP with value n},
satisfies the flat extension condition, i.e., rank My, (y)) = rank (Mg (y)). In addition, y has a
representing rank (M (y))-atomic measure pn and supp (1) C S (g,h).

The proof of Theorem is available in [I30, Appendix].
Remark 6.8. The Moment-SOS hierarchy of each POP (6.2.16)) has finite convergence when one

of the following conditions is satisfied:

1. (Lasserre [108, Theorem 7.5]) The ideal Z(Y) is real radical, and the second-order sufficient
condition holds at every global minimizer of each POP in ([6.2.16]).

2. (Lasserre et al. [108, Proposition 1.1] and [105, Theorem 6.13]) The real variety V() (=
S(0,h)) is finite.
Remark 6.9. In the final conclusion of Theorem when y has a representing rank(Mg(y))-
atomic measure p, we may use the extraction algorithm from [T7] to obtain the atomic support of
L
Based on Theorem Algorithm below finds a feasible point in a nonempty (possibly
noncompact) semialgebaric set S (g, h).

Proposition 6.7. Let the assumptions of Theorem[6.6 hold. For k sufficiently large, Algorithm
terminates and X € S(g, h).
Proof. The proof follows from Theorem [6.6] and Remark O

In Algorithm step 1 computes the radius L/? of the ball B(0, L!/2) which has non-empty
intersection with S(g, ). Then step 2 checks the flat extension condition and extracts the solution
X.

Remark 6.10. At step 2 in Algorithm for k sufficiently large, the rank of the moment
matriz rank(My1.,(y)) decreases to one when t goes from 0 to n. Indeed, for each t between 0
1/2)

and n, we replace the semialgebraic set S(g,h) by its intersection with the t spheres 8B(aj7§j

j=0,...,t — 1. This intersection includes the support of the measure with moments y. Since
S(g,h) N ﬂ?:o 3B(aj,§]1-/2) = {x*}, this support converges to {x*} when t goes from 0 to n.
Thus for large enough k, the solution 'y of SDP ((6.2.17) with value 1} has a representing measure
supported on X* = (Yey, - - -, Ye, ). Here e;, i € [n] is canonical basis of R™.
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Algorithm 12 PolySys
Input: S(g,h) # 0, (a)i=0,1,....n C R™ such that a; — ag, t € [n] are linearly independent, ¢ > 0
and k € N.
Output: x.
Begin with ¢ := 0 and do:
1: Solve SDP ([6.2.10) with f = [|x||3 to obtain pi (). Set L := pi(¢) and go to step 2.
2: Solve SDP ﬁ to obtain 7! and an associated solution y.
a: If t <n and rank (Mg, (y)) = rank (Mg(y)), i.e., y has a representing measure i, extract
supp(p) from y by using the algorithm from [77]. Take X € supp(u) and stop.
b: If ¢ <n and rank (M1, (y)) # rank (Mg(y)), set t :=t + 1 and do again step 2.
c Ift=n+1, stop.

Table 6.1: Decrease of the moment matrix rank in Algorithm [6.2.3]

t ay né rank(Mi(y)) rank(Mo(y)) X
0 Ogs 2.0000 5 1 —
1 e 1.0000 3 1 —
2 e 2.9997 3 1 -
3 e3 1.9998 1 1 (0.9999, 0.0001, 0.5028, -0.8611)
4 eq 1.3089 1 1 (1.0000, 0.0002, 0.4968, 0.8329)

The decrease of the moment matrix rank in Algorithm [6.2.3] for the kissing number problem
with g1 = x% +x% —i—x% —&—mi —2x1w3—2x024 — 1, hy = x% —|—x§ —1and hy = x% —&—mi —1 is illustrated
in Table Here e;, i € [4] is the canonical basis of R%. In this example, rank(M; (y)) decreases
from 5 to 1 when ¢ goes from 0 to 4 and M (y) fulfills the flat extension condition at from ¢ = 3.

Remark 6.11. ASC can be used to find an approximation of a real point in S(g,h) even if S(g,bh)
is positive dimensional. This is illustrated later on by our numerical experiments from Section[6.3
(see the polynomial systems corresponding to Id 6, 7, 8 and 13).

Obtaining a minimizer by using the ASC method: We rely on the following algorithm to

find the value pi (g) of SDP (6.2.10)), which approximates f* = min{f(x): x € S(g, )}, together
with an approximation X of a minimizer x* for this problem.

Algorithm 13 PolyOpt
Input: f, S(g,h) #0,e>0and k € N.
Output: pi () and x.

1: Solve SDP ([6.2.10)) to obtain pi (¢).
2: Compute x in S(gU {pi(c) — f},h) by using Algorithm and stop.

Proposition 6.8. If POP f* := inf{f(x): x € S(g,h)} admits an optimal solution at x*, then
for k large enough, Algorithm terminates and f* < pi(e) < f*+e0(x*)?. Moreover, for k
large enough, X € S(g,b) and f* < f(X) < f* + e0(x*)? if the assumption of Theorem holds
for S(gU{pj,(e) — f}.h).

In practice, one performs Algorithm several times by updating k := k+ 1 until one obtains
x in S(gU {pi(e) — f},h). Obviously, one has f* + £0(x*)? > pi(e) > f(x) > f~

6.3 Examples

In this section, we report results obtained after solving some instances of POP with
Algorithm As before, let us note g = {g1,...,gm and b = {hq, ..., h;} the sets of polynomi-
als involved in the inequality constraints and the equality constraints, respectively. In particular,
the resulting set S(g, h) is unbounded for all examples. The experiments are performed with both
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MATLAB R2018a/Yalmip and Julia 1.1.1/JuMP to model the semidefinite optimization problems
and Mosek 8.0 to solve these problems. The codes for Algorithm (PolySys) and Algorithm
(PolyOpt) can be downloaded from the link: https://github.com/maihoanganh. In these
codes, we always set ag := Og» and a;,...,a, as the canonical basis of R". We use a desktop
computer with an Intel(R) Pentium(R) CPU N4200 @ 1.10GHz and 4.00 GB of RAM. The input
data given in Table[6.2]include examples of unconstrained and constrained POPs. The correspond-
ing output data, the exact results and timings are given in Table [6.3] In these tables, the SOS
hierarchy is solved by optimization models in Yalmip (Y) and JuMP (J). The symbol “—7
in a column entry indicates that the calculation did not finish in a couple of hours.

Id 1-5 are unconstrained POPs. Id 6-12 are POPs with inequality constrains, Id 13-18 are POPs
with equality constraints and Id 19-25 are POPs with both inequality and equality constraints.
Id 8, 11 and 12 correspond to examples from Jeyakumar et al. [88, [87]. Id 9 and 10 are selected
from Demmel et al. [44]. Id 13-17 come from Greuet et al. [67]. Id 23, 24 and 25 are POPs
constructed from some inequalities issued from Mathematics competitions mentioned in [190], [50],
yielding noncompact POPs with known optimal values and optimizers.

Even though the sets of minimizers associated to Id 6, 7, 8 and 13 are positive dimensional,
we can still extract a single approximate optimal solution by using our ASC algorithm. Note
that ASC computes a real point x in S(gU {pi () — f},h) which is an outer approximation of
{x* € S(g,h) : f(x*) = f*} for k sufficiently large.

In Table Algorithm terminates at some order k < 5 for all POPs except Id 16.
Note that for Id 16, the global minimum does not satisfy the KKT conditions. Thus the method
of Demmel et al. [44] [149] and Nie’s [148] cannot be used to solve this POP. Moreover, the
convergence rate of (pi(e))ren in Id 16 is very poor when ¢ < 1075, We overcome this issue by
fixing k, multiplying ¢ by 10, and solving again the relaxations. The computational cost that we
must pay here is due to the largest gap  6(x*)? between pi (¢) and f*. This behavior is illustrated
in Table

In Id 18, even if the ideal Z(h) is not radical and V() is not equidimensional (the assumptions
required to apply the framework in [67] are not guaranteed) our ASC method can still extract one
solution of the problem.

For Id 21, we can improve the quality of the approximation p!(¢) of the optimal value f* by
fixing k = 1, dividing € by 10, and solving again the relaxations. This is illustrated in Table |6.5

We emphasize that we can customize the € parameter for different purposes. On the one hand,
one increases € to improve the convergence speed of the sequence (p}(£))ken to the neighborhood
[f*, f*+eb(x*)? of f* (see Table. On the other hand, one decreases ¢ to improve the accuracy
of the approximate optimal value p}'c (e) and the approximate optimal solution X (see Table .

Our numerical benchmarks also show that modeling in JuMP is faster and provides more
accurate outputs than modeling in Yalmip. In particular, the JuMP implementation is the only
one which provides solutions for Id 11, 12, 17 and 23.

Let us now denote by k. the smallest nonnegative integer such that p};E (e) > f*, for each & > 0.
The graph of the function e ! + k. on (0,100] for Id 9 and Id 16 is illustrated in Figure Here

100 T
—Id9
80l —1Id 16 i
60 B
<
40 - 8
20
0 | | | | i
0 20 40 60 80 100

Figure 6.2: Plot of the complexity.
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Table 6.2: Examples of POPs.

125

Id | reference input data
1 | Motzkin f=xlz3(zt + 23— 1) g=10 h=10
9 | Robinson f=ab+ a5 —afel — o2l — 2l — 23 — 27 — 22 + 3x7a32
3 | Choi-Lam f=ata? + 23+ 25 — 32723 g=10 h=10
f = 21223 — Jil(l’z — 1’1)(:1?3 — 131)(1 — .%‘1) — Jiz(l’l — 1’2)(:1?3 — xz)(l —
4 | Lax-Lax x2) —x3(x1 — z3) (w2 — x3)(1 —x3) — (x1 — 1) (22 — 1) (23 — 1)
g=0 b=90
5 | Delzell f =ala3 + x3x3 + 253 — 3xTasxrs + a5 g=10 h=10
6 | Modified Motzkin | f = (xf + 23 — 3)x7z3 o= {z +a3 —4} h=0
7 | 82, Example 4.3] | f =27 + 23 + x5 — 4x125 g={1—=z7+ %x% — x5} h=0
8 | 88, Example 3.1] | f=a7 +1 g={1—x3,23 — 1/4} h=10
9 | [#4, Example 4.5] | f = % + 3 g= {2} —zizo — 1,27 + 122 — 1,23 — 1} h=0
10 | [44, Example 4.4] = —%mf + %wg — 2z1T2 0= {23 — a3, —w122} h=0
3
=1 g2 V(11— a2
11 | 7 Section5.2] | ! +]§2((’7] i)+ (1= a3)
o= {m1, a5} H=0
3
f=1+ Z((xzz —z3_1)*+ (1 —z21)? —|—90(x§l+2 —z2141)° + (L2141 —
12 | |87, Section 5.3] =1 5
1) + 10(z2; + z2142 — 2)° + 15 (ﬂvzz Z2142)°)
g= {CC17...7378} f)—@
13 | [67, Example A.2] | f = (z1 + 23 — 2)(27 + 23) g=10 h={(zf +23 - lg(zrzl1 — 321}
; f=a7 + a5 + af + 3wiaial — 27 (23 + x3) — 25(23 + x1) — 23(2] + x3)
14 67, E le A.5
[67, Example A.5] g=10 h={z1 +a2+x3—1}
f=mxoxsrs—z1(re—x1)(z3— 1) (x4 —21) —@2 (21 —2) (X3 —22) (24 —
15 | |67, Example A.6] | z2) — z3(z2 — x3)(x1 — z3) (24 — 23) — z4(w2 — 24) (3 — T4)(T1 — T4)
g=10 b:{x1,x2—x3,m3—m4}
16 | [67, Example A4] | f = (z1 + 1)® + 23 g=10 b= {z5 — 23}
5
_1 2 .2 _
17 | 7 Example As] | £ = © ].Z:l(mﬂ tas) 8=
b={ze — L a6 —zj45 — (255 —a;) : j € [4]}
18 | self made = m? + m% g=>0 h= {l(:rl +22)(1 — z122)%}
19 | [62, Example 2] g f; Jf; Jf; Jf; , f {s — 2}
1 2 3 4 —
20 | self made f=af—a3 g={z1,x2} h = {(z122 + 1)(z1 — 22)°}
21 | self made f=zi — 3z2 g={z1,x2} h={(z2 — 27)(227 — x2)}
AM-GM i 1-
22 ity e f=z1+z2+ 23 g = {w1, 72,23} b = {z1z225 — 1}
93 [190, USSR | f = (z1 + z2)(z2 + x3) g ={z1, 72,23}
Olimpiad 1989] h = {z1zoz3(z1 + x2 + 23) — 1}
f=zi(z1+z2+x3) (1 + o3+ xa) (1 + 22 +24) + @2 (21 + 22 +73) (w2 +
x3+xa) (@1 + 22+ 24) +23(x1 + 22+ 23) (@1 + 23+ 24) (23 + 22 + 24) +
24 [50, IMO 1990} I4(I4 —+ x2 + m3)(a:1 —+ x3 + 1‘4)(1‘1 —+ x2 + ]J4) — %(lj + x2 + I3)(m1 +4
3+ xa)(T1 + T2 + $4)($2 + x3 + $4)
g= {$1,x2,x3,x4} h= {$1$2 + xox3 + T3T4 + a1 — 1}
25 [507 IMO 2000} f = —($1$2 — X2 + 1)(&22&23 — T3 + 1)(.1‘3‘%‘1 —x1 + 1)
g = {z1, 72,23} b = {z1z225 — 1}




126CHAPTER 6. POLYNOMIAL OPTIMIZATION OVER NONCOMPACT SEMIALGEBRAIC SETS

Table 6.3: Numerical experiments with e = 107°.

Id| f~ {x"€5(g.b): fx")=f"} | k| pile) X time (s)
Y: 2.65
1 1
1| —& [ {FHEL+D} 2| -0.0369 (0.5713, 0.5713) 1. 958
Y: 2.90
2| -1 {(£1,£1), (0, £1), (£1,0)} | 2| -0.9999 (-0.0000, -0.9967) 1 901
310 {(£1,+£1),(0,0)} 1| 0.0000 (-0.0000, -0.0000) 3(,:5"2226
{(1,0,0), (0,1,0), (0,0, 1), Y: 4.22
410 (1.1,0).(0.1.1), (1,0,1)} 1| 0.0000 (0.00, 0.00, 0.99) 1 030
Y: 65.58
510 {(0,0,0)} 2| 0.0000 (0.00, 0.00, 0.00) 1. 3184
6|0 {(0,%), (£,0) : |t| >2} 1| 0.0062 (2.0000, 0.0000) 3{:34'1407
{(0,¢,0) : t € R} U Y: 3.96
4, - -
7| - b (61,0, 3) - [t < 1)) 1] -1.2793 (0.70, -0.00, 0.93) 7 104
Y: 341
1 1
8 |1 {0} x ([3,1] U [-1,-3]) 1| 1.0000 (0.0000, -0.5081) J. 958
Y: 4.72
e
9 | BB | (£ 41)} 2| 3.6182 (1.6181, 1.0000) 1. 953
Y: -0.0005 Y: 10.08
10| 0 {(0,0)} 51 1. 00002 (0.0000, 0.0000) J. 389
Y: —
Y: — J: (0.95, 0.96, 0.96, | Y: —
e {1} 01 3. 1.0072 0.96, 0.97, 0.97, 0.97, | J: 2265.71
0.97)
Y: —
Y: — J: (0.98, 0.99, 0.99, | Y: —
121 {1} 01 3. 1.0072 0.99, 0.99, 0.99, 0.96, | J: 2642.23
0.98)
Y: (1.0000, 0.0000) Y: 8.46
- — 42) . _ _ ’
13| -1 {(t, VT =) : te[-1,1]} | 2] -0.9999 J: (0.3663, -0.9304) | J: 3.99
i Y: 39.25
14| 0 {3(1,1,1)} 2| 0.0000 (0.33, 0.33, 0.33) 1 6.99
Y: 11.06
15| 0 {(0,0,0,0)} 1| 0.0000 (0.00, . ..,0.00) 1 410
5] 0.9771 J J: 1.83
10 0.9802 J: — J: 4.49
16) 1 {(0,0} 15 0.9857 J: — J: 15.38
20 0.9918 J: J: 154.60
Y:
17 || Y: 13216 J: (1.19, 0.78, 0.46, | Y: 1846.74
J: 1.4883 0.20, 0.00, 1.0, 0.96, | J: 639.97
0.99, 1.08, 1.24)
Y: 2.55
18] 0 {(0,0)} 1| 0.0000 (0.0000, 0.0000) 1. 034
19| 1 (& &, L, 1)) 0| 0.2708 (0.29,0.29,0.29,0.12) 3{::1274"0424
20| -2 | {(2,2)} 1]-0.1487 (0.6518, 0.6526) 3{12?8552
Y:-8.0171 | Y: (1.4172, 4.0172) Y: 7.60
2 -9 {(v3,6)) L1 3. 85578 J: (1.5280, 4.6701) J: 2.52
Y: 857
22| 3 {(1,1,1)} 2| 3.0000 (1.00, 1.00, 1.00) 1. 3.8
Y: — Y: — Y: —
23) 2 {@,v2-1,1)} % | 3. 2.0000 J: (0.99, 0.41, 0.99) | J: 201.29
s i (0.49, 0.49, 049, | Y: 11.37
24| & {11,1,1,1)} 0| 5.0625 0.49) 1 218
Y: 35.33
25| -1 {(1,1,1)} 1] -0.9974 (1.0, 1.0, 1.0) iy
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Table 6.4: Numerical experiments for Id 16 with various values of €.

€ ps(e) % time (s)
10-4 Y: 0.9492 J: — Y: 4.47
J: 0.9778 Y: — J: 2.02
10-3 Y: 0.9528 J: — Y:4.62
J: 0.9783 Y: — J: 1.59

10-2 Y:0.9550  J: — Y: 4.45
J: 0.9884 Y: — J: 1.29

L Y:1.0479 Y: 17.64
10 J: 1.0774 (0.0000, 0.0000) J: 3.76

Table 6.5: Numerical experiments for Id 21 with various values of €.

€ pi(e) X time (s)
10-6 Y: -8.2078 Y: (1.4525,4.2199) Y: 8.46
J: -8.9392 J: (1.6593,5.5069) J: 3.10
10-7 Y: -8.4889 Y: (1.5116,4.5701) Y: 8.34
J: -8.9935 J: (1.7086, 5.8387) J: 2.61
108 Y: -8.4915 Y: (1.5122,4.5739) Y: 8.37
J: -8.9968 J: (1.7158,5.8873) J: 2.70
10-° Y: -7.9335 Y: (1.4026, 3.9346) Y: 8.30
J: -8.9949 J: (1.7113,5.8572) J: 2.54

Id 9 (resp. Id 16) is an example of POP such that the global minimums satisfy the KKT condition
(resp. do not satisfy the KKT condition). We can experimentally compare the complexity of
Algorithm in both cases. For Id 9, the function seems to increase as slowly as a constant
function, which is in deep contrast with Id 16, where the function increases more quickly and seems
to have a step-wise linear growth. Theorem states that k. < O(e7¢) as € | 0 for some ¢ > 0

independent from e¢.
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Chapter 7

On the complexity of
Putinar—Vasilescu’s
Positivstellensatz

Most of the content of this chapter is from [132].

In the previous chapter, we have applied Putinar—Vasilescu’s Positivstellensatz to design a
hierarchy of SDP relaxations that solves POPs over noncompact semialgebraic sets. In this chapter,
we provide a constructive proof of the degree bound for Putinar—Vasilescu’s Positivstellensatz. It
allows us to analyze the convergence rate of the corresponding hierarchy of SDP relaxations.

For a positive m € N, let us consider the polynomial optimization problem (POP):

= xeigfg) f(x), (7.0.1)
where f € R[x| and
S(g):={xeR": ¢g;(x)>0,i€[m]}, (7.0.2)

for some g = {g; }ie[m) C R[x]. Here R[x] denotes the ring of real polynomials in vector of variables
x = (21,...,&,) and [m] stands for the set {1,...,m}. Assume that f has degree at most 2d;
for some positive dy € N. Recall that the set S(g) is a conjunction of finitely many polynomial
inequalities, and therefore is called a basic semialgebraic set.

Problem (7.0.1) can be written as
fr=supycp{Ar : f=A>0o0n S(g)}. (7.0.3)

We can replace the inequality constraint of problem by an equality constraint, if one can
represent positive polynomials on S(g). Assume that S has nonempty interior and a ball constraint
is present, i.e., g1 = R — ||x||3 for some R > 0. Our first (minor) contribution is to rely on the
representation of polynomials positive on S stated by Putinar and Vasilescu [I69], to obtain

00 + D ie(m) i
(L+[kxl3)*

for some k € N, 0; € X[x], i € [m], being such that deg(co) < 2(k+dy) and deg(o;g;) < 2(k+dy).
Here X[x| denotes the set of sum-of-squares (SOS) polynomials and deg(-) stands for the degree of
a polynomial. Such a representation of positive polynomials is called a Positivstellensatz.

After bounding the degrees of the SOS polynomials involved in , we obtain the following
hierarchy of relaxations indexed by k € N:

f-X= (7.0.4)

(0) .

P =sup A
A,G‘i
st. AeR,o0; € X[x], (7.0.5)

L+ IxI3)"(f = A) =00 + ZiE[m] 0iGi s
deg(oo) < 2(k +dy), deg(oig;) < 2(k +dy).

129
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Problem can be solved numerically using semidefinite programming [I6]. As usual, one can
show that for each k € N| pfgo) is a lower bound of f*, that the sequence (pfco))keN is monotone
nondecreasing, and converges to f*.

In the present chapter, we answer the following two interesting questions:

1. How fast does (p,(co))keN converge to f*? We show the convergence rate O(k~1/¢) for some
constant ¢ > 0 depending on f and g;.

2. Is there any explicit example to illustrate this rate of convergence? If S(g) is the unit ball,
i.e., m = 1and g = 1—||x]|3, the sequence (p,go))keN converges to f* with the rate O(k—1/%%).

Our contribution is concerned with the case of basic semialgebraic sets having nonempty inte-
riors. Basically one obtains a convergence rate similar in spirit and magnitude of Schweighofer’s
bound ce~¢, but still based on the quadratic module Q(g) defined as in (not the pre-
ordering Py (g) defined as in (1.3.6)) thanks to the prescribed denominator (1+ [|x[|3)* involved in
Putinar—Vasilescu’s Positivstellensatz.

Before showing explicitly our contribution, we restate the original result of Putinar and Vasilescu

(without degree bound) in (6.1]).

Contribution. The construction of the hierarchy of semidefinite relaxations is based on
the Positivstellensatz stated in Corollary More explicitly, if S(g) has nonempty interior such
that g1 = R — [|x||3 for some R > 0 and f is of degree at most 2d; such that f is nonnegative
on S, then there exist positive constants ¢ and ¢ depending on f, g; such that for all € > 0, for all
k>ce™¢,

L+ [1x[3)*(f + ) = 00 + Xicim) 9i8i » (7.0.6)
for some o; € X[x] being such that deg(co) < 2(k + dy) and deg(o;g;) < 2(k + dy).

In order to prove , we provide a degree bound on the weighted SOS polynomials for the
homogenized Putinar—Vasilescu’s Positivstellensatz [169]. This is stated in Theorem [7.1|as follows:
If f,91,...,gm are homogeneous polynomials of even degrees such that S(g) has nonempty interior
and f is nonnegative on S(g), then there exist positive constants ¢ and ¢ depending on f, g; such
that for all € > 0, for all k£ > cte™¢,

2d
Bell3*(f + ellxlly™) = 00 + iy 7383 » (7.0.7)

for some homogeneous SOS polynomials o; being such that deg(og) = deg(o:9:) = 2(k+d;). Here
a polynomial ¢ is homogeneous of degree 2t if g(Az) = M\?!q(x) for all x € R™ and each A € R.
Remark that the original version of Putinar—Vasilescu’s Positivstellensatz in [169] does not include
any degree bound on the weighted SOS polynomials o; involved in the representation . Our
proof of Theorem consists of three main steps:

1. Construct iteratively some positive “weight” functions ; such that f 4 ¢ — Zie[m] ;9 is
positive on [—1,1]". The idea of this step is similar in spirit to the proof of the inductive
property in [I86, Proposition 3.1] and relies on the Lojasiewicz inequality.

2. Approximate 1/1; with the multivariate Bernstein polynomial ¢; on [—1,1]™ such that the
polynomial H = f +¢ — Eie[m] q?g; is positive on the unit sphere S"~.

3. Apply Reznick’s Positivstellensatz [I75] to the homogenization of H.

The complexity analysis of every step is derived to get the final degree bound ce~¢.

Afterwards, we obtain in Corollary the same degree bound for the dehomogenized Putinar—
Vasilescu’s Positivstellensatz. This improves the bound O(exp(e™¢)) obtained in the previous
chapter, based on Nie-Schweighofer’s complexity result [I50] for Putinar’s Positivstellensatz [168].
Corollary yields the convergence rate O(e~°) for the corresponding hierarchy of relaxations for
polynomial optimization on general (not necessarily compact) basic semialgebraic sets.

Remark 7.1. Concerning the assumption that the semialgebraic set S(g) has nonempty interior,
a technique from [1] maybe helps us remove this assumptioﬂ,

1Tien-Son Pham, Personal communication, 2021.
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Technical insights. We start to recall the two main steps in the proof of Nie and Schweighofer
[150] for the degree bound of SOS polynomials involved in Putinar’s Positivstellensatz:

1. Find a large enough k£ € N such that the polynomial
F=fte=AYicm9i— 1)*g; (7.0.8)

is positive on [—1,1]™. An estimate k > O(¢~°) is obtained. Here £ > 0 measures how close
the polynomial f (assumed to be nonnegative on S(g)) is to have a zero on S(g).

2. Apply Schmiidgen’s Positivstellensatz to F on [—1,1]™.

Notice that Schweighofer’s degree bound of Schmiidgen’s Positivstellensatz is exponential in the
degree of the given positive polynomial (n?/ in (1.3.5))). Accordingly, Nie and Schweighofer obtain

©(=7%) in the second step since deg(F) ~ Ck as k — oo for some positive

an exponential bound n
constant C.

One notable difference in our proof is that the weight A(g; — 1)* in is replaced by a
non-differentiable positive function ;. Surprisingly, we can prove that the square root v/v; is a
Lipschitz continuous function. Thus each 1/1); can be approximated with a Bernstein polynomials
g; on [—1,1]. Here, the advantage of using Bernstein polynomials is that the approximation error
between 1/4; and ¢; decreases with a rate which only depends on a Lipschitz constant of 1/4;, and
|gi| is upper bounded by the supremum of v/4); on [—1,1]".

Next, we apply Reznick’s Positivstellensatz to the homogeneous polynomial H obtained from
the homogenization of

being such that the bounds of H and H on the unit sphere are the same. The important point to
note here is that the degree bound of Reznick’s Positivstellensatz is quadratic in the degree of H and
linear in the ratio §(H) (see (1.3.1)). This is in deep contrast with Schmiidgen’s Positivstellensatz,
as there is no exponential dependency in these two quantities. This leads to the difference between
our convergence rate O(e~¢) and Nie-Schweighofer’s rate O(exp(e~°)).

One may ask whether with the same techniques from our proof, one could improve the existing
degree bound for Putinar’s Positivstellensatz. We have tried to apply the degree bound
of Poélya’s Positivstellensatz to H after a change of coordinate, but unfortunately this leads to
the same bound as Nie and Schweighofer. The underlying reason is that the norm |/¢|| in
depends on the coefficients of ¢. In our situation, ¢ coincides with H and the coefficients of H
are bounded by a value involving the coefficients of the Bernstein polynomials. The bound on
the largest coefficient, even for a univari?tte Bernstein polynomial, seems to be exponential in the

approximation order ¢, namely, (2:) ~ o as t — 0o. The same issue occurs when we apply the

degree bound of Schmiidgen’s Positivstellensatz instead of the one of Pdlya’s Positivstellensatz.

7.1 Representation theorems and degree bounds

In this section, we derive representations of polynomials nonnegative on semialgebraic sets
together with degree bounds. We extend these representations to the set of continuous functions
being nonnegative on compact domains.

7.1.1 Polynomials nonnegative on general semialgebraic sets

We analyze the complexity of Putinar—Vasilescu’s Positivstellensatz [I69] in the following the-
orem:

Theorem 7.1. (Homogenized representation) Let g1, ..., gm be homogeneous polynomials of even
degrees such that the semialgebraic set

S:={xeR": g1(x) >0...,gm(x) >0} (7.1.1)
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has nonempty interior. Let f be a homogeneous polynomial of degree 2ds for some dy € N such
that f is nonnegative on S. Then there exist positive constants ¢ and ¢ depending on f,g1, ..., Gm
such that for all e > 0, for all k € N satisfying

k>t (7.1.2)
there exist homogeneous SOS polynomials og, ..., such that
deg(op) = deg(o191) = - - - = deg(omgm) = 2(k + dy) (7.1.3)
and
2k 2dpy _
[x[2°(f +ellxl27) =00+ o191+ + Tmgm - (7.1.4)
In particular, if m = 1 and g1 = 22 — |X'||3 with X' := (x1,...,2n_1), then ¢ = 65. Moreover,

each SOS polynomial o; involved in (7.1.4]) can be chosen as the (single) square of a homogeneous
polynomial, for i € [m].

The proof of Theorem [7.1] is postponed to Subsection In Theorem [7.1] all polynomials
are assumed to have even degrees. Next, we provide two corollaries where each polynomial can
have odd degree.

The following corollary is a direct consequence of Theorem

Corollary 7.1. (Dehomogenized representation) Let g1, . . ., gm be polynomials such that the semi-
algebraic set
S:={x€eR": g1(x) 20...,gm(x) = 0} (7.1.5)

has nonempty interior. Let f be a polynomial nonnegative on S. Denote dy := |deg(f)/2] + 1.
Then there exist positive constants ¢ and ¢ depending on f,g1,...,gm such that for all e > 0, for
all k € N satisfying

k>, (7.1.6)
there exist SOS polynomials og, . .., 0, such that
deg(oo) <2(k+ds) and deg(oigi) <2(k+ds), i€ [m], (7.1.7)
and
OF(f +e0%) =00+ 0191+ + OimGm » (7.1.8)

where 0 := 1+ ||x||3. Moreover, if m =1 and g; = 1 — ||x||3, then ¢ = 65.

Proof. The proof of Corollary is similar to the proof of [I30, Theorems 4 and 5]. We recall the
basic ingredients. Let S be a homogenized version of S, defined by

S = {(x, n41) €ER™ : Gi(x, p41) >0, 0 € [m]}, (7.1.9)

with g;(x, zpy1) == xiﬂfﬂ 9i(X/2n11) being the degree-2[g;] homogenization of g;, for i € [m].

Then the proof consists of three steps:
1. Prove that the degree-2d; homogenization of f, denoted by f , is nonnegative on S.

2. Use Theorem to obtain a representation of f together with the degree bound on SOS
polynomials.

3. Obtain a representation of f by evaluating the representation of f at Tpy1 = 1.

To apply Theorem we need to show that if S has nonempty interior, then S has nonempty
interior. This statement holds since when a belongs to the interior of S, one has g;(a, 1) = g;(a) > 0,
implying that (a, 1) belongs to the interior of S. O

Note that the ice cream constraint 22, — ||x[|3 is the degree-2 homogenization associated to
the ball constraint 1 — ||x||3.
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7.1.2 Polynomials nonnegative on compact semialgebraic sets

The following corollary is deduced from Corollary

Corollary 7.2. Let g1,...,9gm be polynomials such that g1 := R — ||x||3 for some R > 0 and the
semialgebraic set
S:={xeR": gi1(x) >0...,9m(x) >0} (7.1.10)

has nonempty interior. Let f be a polynomial nonnegative on S. Denote dy := |deg(f)/2] + 1.
Then there exist positive constants ¢ and ¢ depending on f,g1,...,gm such that for all € > 0, for
all k € N satisfying

k>, (7.1.11)
there exist SOS polynomials og, . ..,0, such that
deg(oo) < 2(k+dy) and deg(oigi) <2(k+ds), i€ [m], (7.1.12)
and
L+ [xI3)"(f +€) =00+ 0191+ + OmGim - (7.1.13)

Moreover, if m =1 and L =1, then ¢ = 65.

Proof. By using Corollary [7.1] there exist positive constants ¢ and ¢ depending on f,g1,...,gm
such that for all € > 0, for all k& € N satisfying k£ > ce™¢, there exist SOS polynomials oy, ..., 0.,
such that

deg(oo) <2(k+dy) and deg(oig;) <2(k+dys), i€ [m]. (7.1.14)

and
Hk(erede):00+0191+~~-+0mgm, (7.1.15)

where 0 := 1 + ||x||3. In addition,

(R+1)% —0% = (R—[x13) Y (R+ )% '767 = 5191, (7.1.16)

=0
where s = Zgigl(R +1)47=179697 is an SOS polynomial of degree 2(ds — 1). From this,

OF[f +e(R4+ 1)) = 0%(f +e0%) + 0F[(R+1)% — 0]

m 7.1.17
=00+ (€108 + 01)g1 + im0 0iGi » ( )

which yields the desired result. O

Remark 7.2. In Corollary[7.3, if m = 1 and L > 0, we still obtain ¢ = 65. Indeed, up to a
scaling, one can always assume L = 1.

Remark 7.3. We can apply the technique used in the proof of Corollary[7.3, which consists of
replacing the perturbation 0% by e, to represent polynomials nonnegative on R™. Let us consider
an arbitrary large positive constant L and a polynomial f of degree 2d; which is nonnegative on R™.
Then, thanks to [130, Theorem 3.2], for any e > 0, for allk € N such that k > O(e~ 1), 6%(f +e6r)
is an SOS polynomial, so that 0% (f +¢) = oo+o1(R—||x||2) for some SOS polynomials o;, i = 0, 1.
This is the so-called “big ball trick”. This representation yields a linear convergence rate O(e~1)
for the minimization of polynomials on R™.

Remark 7.4. (Removing the denominator in Putinar—Vasilescu’s Positivstellensatz) Let f,g; €
R[x] with g1 := 1. Set d = |deg(f)/2] + 1. Assume that f >0 on S(g) C {x € R™ : 1 > ||x||3}.
Then f € R[x,z,41] is nonnegative on S(g) x R. Let (X, 2p41) = 1+ ||[(X,2ns1)||3. Putinar—
Vasilescu’s Positivstellensatz yields that there is k € N such that

Vet =D g
1=1
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for some SOS o; in R[x,zy41]. Setting xn1 = /1 — ||x]|3, we get v =2 so

m

1
f+e2t= 23 oo y1- IxI3)gs.

i=1

By removing all terms which are not polynomial, we obtain

1 m
f+e2t= 5 > lai +b:(1 = [x13)]g: - (7.1.18)
=1

for some SOS a;,b; in R[x]. It is due to the fact that each o;(x,\/1— ||x||3) is a sum of the

following squares:
(u+vy/1— [x]5)* = u® +0*(1 — [|x[[3) + 2uvy/1 — [|x]3,

for some u,v € R[x|. Based on the degree bound for Putinar—Vasilescu’s Positivstellensatz in

Corollary we obtain a similar one for representation (7.1.18]).

7.1.3 Preliminary material

This subsection presents some important lemmas that we use to prove the main results.

Given 2 C R"™, the distance of a € R™ to  is denoted by dist(a, 2). Denote by B(a,r) (resp.
B°(a,r)) the closed (resp. open) ball centered at a € R™ with radius r > 0.

We recall the Lojasiewicz inequality in the following lemma:

Lemma 7.1. Let g : U — R be an analytic function on an open set U C R™ and Z := {x € K :
g(x) = 0} for some compact set K C U. Then there exists o > 0 and C > 0 such that

d(x, 2)* < Clg(x)|, Vo € K .
As a consequence of Lemma we obtain the following result:

Lemma 7.2. ( [22, Corollary 2.6.7]) Let v > 0 and the semialgebraic set S := {x € R" : g;(x) >
0,14 € [m]}, where g1,...,gm are polynomials. Then there exist positive constants a and C such
that, for all x in B(0,r),

dist(x, 5)¢ < —C'min{g;(x), ..., gm(x),0}. (7.1.19)

Given an open set U C R™ and a differentiable function ¢ : U — R, denote by Vp(x) =
[0z, 0(%), ..., 0z, ¢(x)] the gradient of ¢ at x € U. Given x = (z1,...,%,) € R”, let x’ :=
(Q?l, ‘e ,xn_l).

As mentioned in [I64, Theorem 3.8], one can prove that o € {1,2} in Lemma if gis a
quadratic polynomial. The following lemma states an instance of this result:

Lemma 7.3. (Lojasiewicz inequality with ice cream constraint) Let g = x2 — ||X'||3 and Z =
{x € R" : g(x) =0}. Then for all x € R",

l9(x)|
-

Proof. If x € Z, both sides of (7.1.20) are zeros. Let x € R"\Z be fixed. Then d(x,Z)? =
ming {||x — y|3 : g(y) = 0}. Assume that (y,u) € R™ x R satisfies the Karush-Kuhn-Tucker
conditions:

dist(x, Z)* < (7.1.20)

{vy|x—y|§ = uVyg(y), (7.1.21)

9(y) =0.
9/
The first condition of (7.1.21)) implies that 2(x —y) = pu [ 2§y ] ,s0x' —y' = —uy' and z, —y, =

Y- Ass1lune that 4 ¢ {1,-1}. Then y’ = % and y, = {%*;. Since g(y) = vz —[ly'lI3 = 0,
Yn = E[y'|2.
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’

Let us consider the first case y, = [|yl]2. Then {5, = Hl’i‘llfl. It/ implies that p = %
Note that z, # —||x'||2 since g(x) # 0. From this, y’ = % and y, = % Thus,
e — [} = enmlpele)

’ 2
Similarly, if we consider the case y, = —||y’||2, then ||x — y||3 = %
Let us consider the case of p € {1,—1}. Assume that 4 = 1. Then x’ = 0 and y, = 5.
2
From this and the fact that 0 = g(y) = y2 — ||y’[l3, we obtain ||y’[|3 = . It implies that
2 2 ERTIATIRY ] IRTTRY
I = ¥l3 = 1513 + (n —yn)* = T + G = 5 = Co=feleh Thus, [1x — y[3 = C==feler,
’ 2
Similarly, if we consider the case y = —1, then ||x —y||3 = w
Thus,
d(x,2)* < gmin{(z, — [¥'||2)*, (@n + [¥]2)?}
< 5v/(@n = [[¥'[l2) l(i(vn)lJr [1x[|2)? (7.1.22)
X
= 2|.’L'n HXIH | g2 )

yielding (|7.1.20)). O

A real-valued function f : U — R for some U C R"™ is called L-Lipschitz (or Lipschitz)
continuous on K C U if there exits a real L > 0 such that |f(x) — f(y)] < L|jx — y||2, for all
z,y € K. In this case, L is called the Lipschitz constant of f on K. Given an open set U C R", a
function f : U — R is called locally Lipschitz continuous on K C U if for every x € K there exists
a neighborhood W C U of x such that f is Lipschitz continuous on W N K.

The following lemma is similar in spirit to [I63, Section 2.4, Lemma 2]:

Lemma 7.4. Given an open set U C R”™, if the function f : U — R is locally Lipschitz on a
compact set K C U, then f is Lipschitz on K.

Proof. Since f is locally Lipschitz on K, for each x € K there is some 7, > 0 and Ly > 0 such
that B(x,rx) C U and f is Lyx-Lipschitz on B(x,7x) N K. Then the sets B(x, 3rx), x € K form
an open cover of K. Due to the compactness of K, there exists a finite subsequence of B(x, rx)
x € K covering K. For convenience, denote these by B(xk, 37)) and Ly = ka, k € [l] Let
M := supycg |[f(X)], 7 := §mingep 7, Lo = 2M and L = max{Lo,Ly : k € [I]}. Then L is
a Lipschitz constant of f on K. To see this, pick x,y € K. If ||x — y||2 2 r then we see that
% < 2M — Iy < L. If [x = y|l2 < r, then for some x; we have x € B(x, 57%). Then

Y € B(xg, k) and so | f(x) = f(y)] < Lellx = yll2 < Llx = yll2. 0

Lemma 7.5. (Kirszbraun’s theorem [96]) If U is a subset of R™ and f : U — R is a Lipschitz
continuous function, then there is a Lipschitz continuous function F' : R™ — R that extends f and
has the same Lipschitz constant as f. Moreover the extension is provided by

F(x) :=infyey{f(u) + Ls||x — ul|2}, (7.1.23)
where Ly is the Lipschitz constant of f on U.

Given Q C R”, denote by C(92) the set of continuous functions from € to R. We recall basic
properties of the multivariate Bernstein polynomials described, e.g., in [80, [73].

Definition 7.1. (Multivariate Bernstein polynomials) Let d € N™ and f € C([0,1]™). The poly-
nomials

dn n n Nk g
Bra(x) = Zkl 0" k=0t (%""’57) Hj:l {(Zi)zjj(l — ;)% k]} (7.1.24)
are called the multivariate Bernstein polynomials of f.

Note that deg(By,da) = > e[y dj and the binomial identity implies

SUPxelo,1)» | Br,a(x)| < supxejo 1y [£(x)]- (7.1.25)
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Lemma 7.6. (Error bound) If f € C(]0,1]™) is L-Lipschitz, namely |f(x) — f(y)| < L||x — y||2
on [0,1]™, then for all d € N", the inequality

|Bra(x) = f()]| < 5(Z7-, )3 (7.1.26)
holds for all x € [0,1]™.

Proof. Let x € [0,1]" be fixed. To simplify the notation, we define b; := (Z;)xf’(l — )%~k for

j€n], and k = (& ,...,S—Z).Then,wehave:

[Bra(x) = fG)P < (C1f(k) = f(x)[br . bn)*

< L2 (30 |k = x]|2b1 -+ - bn)

< L% (3 |Ik — x[3br - bn) (3001 - bn)

= L2y (0, (5 —2)?)by -+ by (7.1.27)

= L3, (0 (& —@r)?br- - by)

— 7‘(1_ 7‘)

- L2 Zr . d,.x

<L*Y, -
For the first inequality, we have used the multinomial identity 1 = ] j [+ (1—2;)]% =3 b1...by,
and the triangle inequality. For the second one, we have used the fact that f is L-Lipschitz.
For the third one, we use that for all a,b € R™ and all ¢ € R, one has () akbkck)2 <
(Z aick) (Z bkck) The last equality comes from the identities ZZ::O(kT —dyx,)?b, = dypx,(1—2,)
and H#T(ijzo b;) = 1. The last inequality is obtained by noticing that we have z,(1 — z,) <
1/4. O

Let e := (1,...,1) € R™. As a consequence of Lemma we obtain the following result after
a change of coordinates.

Lemma 7.7. If f € C([0,1]™) is L-Lipschitz, namely | f(x) — f(y)| < L||x —y||2 on [-1,1]", then
for all k € N2, the inequality

X+ e n 3
‘Byeﬂzye),ke ( 5 ) - f(X)‘ < L(k> (7.1.28)

holds for all x € [—1,1]™. Moreover, we have

e) | < supxer_1,1p» [ f(X)]- (7.1.29)

Proof. Define g : [0,1]" — R by g(x) := f(2x — e). Let us compute a Lipschitz constant of g.
With x,y € [0,1]™, by the Lipschitz continuity of f, we have

SUPxe[—1,1]» |By'—>f(2y—6)7ke (x;

l9(x) —g(¥)| = [f(2x—e) = f(2y —e)|
< Li2x—e—2y+e|2 (7.1.30)
= 2L[x—yls.

Then 2L is a Lipschitz constant of g. Let k € N=!. Using Lemma we get that for all x € [0, 1],

| Byoke(x) — g(x)| < 2(X5_1 £)% = L(})* . (7.1.31)
Let y € [-1,1]". Then ¥ € [0,1] implies that
By re(¥52) — £(y)| = | By re(¥2) — g(X£2)] < L(2)% . (7.1.32)
yielding ([7.1.28).
In addition, from ([7.1.25]),
SUPye[—1,1] |Bg,ke(yT+e)| = SUPxe(o,1]" |Bg’ke(x)|
< SUPye[o,1)r (X)I (7.1.33)

= SUDye[—1,1] |g( <) = SUDye[—1,1] lLfI,

which yields ([7.1.29). O
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7.1.4 The proof of Theorem

Recall that [I] :== {1,...,1} for | € N=!. Given real value functions g, h, we use the notation
{g*xh} ={x € R" : g(x)* h(x)}, where * € {=,>,<,>,<}. Given a real value function ¢ on
Q0 C R™, note ||¢|lo = supyeq |g(x)|. With Q C R™, denote by int(£2) the interior of .

Given U,V CR"andr € R,note U+ V ={u+v:uelU,veV}land rU = {ru: ue U}
Given a function f : U — R and A C U C R” such that A = —A, f is called even on A if
f(=x) = f(x) for all x € A.

To begin the proof, let us fix ¢ > 0. By assumption, deg(f) = 2d¢, deg(g;) = 2d,, for some
d,dg4, €N, for i € [m].

Construction of the positive weight functions
For j € [m], define
S;={xeR": gi(x)>0,1i€[j]}. (7.1.34)
Obviously, we have S,,, = S. Note Sy := R" and f,, := f.
We will prove that there exist functions ¢,, : R® — R such that the following conditions hold:

1. @, is positive, even and bounded from above by Cy, = Fpe™ " on B(0,/n + m) for some
positive constants 7, and r,, independent of €.

t

2. @, is Lipschitz with Lipschitz constant Lg,, = t;e~ ' for some positive constants ¢,, and

t,, independent of e.
3. fim—1:=fm + § — @2 Gm satisfies:

(@) fin—1 > 0o0n S,—1NB(0,/n+m—1);

(b) fm-1 <y, _, on B(0,y/n+m), where Cy, | = Cyp_16 “~" for some positive constants
Cm—1 and ¢,,,_1 independent of ¢;

(¢) fm—1 is Lipschitz on B(ﬁO7 V1 + m) with Lipschitz constant Ly, , = l,,_je ‘m= for
some positive constants [,,_1 and [,,_; independent of ¢.

Let £
M, inf fx+35 (7.1.35)
x€SmNB(0,/n+m)  Gm(X)

The constant M,, is a positive real number. Let Cy, = ||gmllp0, nim)- We claim that

ﬁ < M,, < co. Indeed, if z is a feasible solution of ([7.1.35)), z € S yielding f(z) > 0 so that
f(z)+5 > € > e
gm(z) ~ 2gm(z) ~ 2C,,

From this, we have M,, > 54—. On the other hand, there exists a € R™ such that g;(a) > 0 for

9gm

(7.1.36)

i € [m] since S has nonempty interior. For i € [m], since g; is homogeneous, a = 0 yields g;(a) = 0.
It implies that a # 0. With a = 2— € B" C B(0,+/n+ m), we obtain g;(a) > 0 for i € [m] since

llall2

gi(a):gi(| a )— 9(8) 4 viem]. (7.1.37)

- 2d,,
[allz/ Jafl,™
Thus, a is a feasible solution of ([7.1.35|) which yields

=) 1€ €
SIS VAP Ak SRS R

2 <o, 7.1.38
2Cgvn gm(a’) o gm(a) ( )

where Cy := ||f||B(0,\/ﬁ+m)'
Let 1., : R™ — R be the function defined by

max{M,,, f(x)+%} if gm(x) <0,
Y (x) = gm (x)
M, otherwise.

(7.1.39)
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The function f+ 5 —,,9,, is nonnegative on S,,,_1NB(0,/n+m). Namely, we claim that
f+§—¢mgm >0 on Syt N B(0, /1 +m). (7.1.40)

Let y € Spn—1 N B(0,/n+m). If gn(y) < 0, then

FO) +5 = Um@)om) = F¥) + 5 — gm(y) max{M,,, L2553 (7.1.41)
> fy)+5 - m<y> LS — 9.
Otherwise, g, (y) > 0 gives
f3) +5 = n¥)gmly) =)+ 35 =g Mm
> f(y)+ 5 — gm0 =0 if gu(y) >0, (7.1.42)
fy)+5=20 if g (y) =0,

since y € S is a feasible solution of (7.1.35)).

The function v, is positive, even on B(0,/n+m) and continuous on S,,_1NB(0, /n+m).
It is easy to see that 1y, is bounded from below by M, and continuous on B(0, /n+m)\{gm = 0}
since the max function (¢1, %) — max{ty,t2} is continuous.

We claim that t,, is continuous on S,,—1 N B(0,v/n+m)N{g, = 0}. Indeed, let us consider a
sequence (y;); C Sp—1NB(0, v/n+m)N{gm < 0} such that y; =y € Sp—1NB(0, /n+m)N{gm =

0}. Then ¢ (y;) — 0~ and f(y:) — f(¥) > 0 (since y € S) yielding that f(yl();)z — —oo. It

implies that max{M,,, gyl()yf)z } = M,,. Thus, ¥,, = M,, on a sufficiently small neighborhood of

any point in S,,—1NB(0, /n+m)N{gm = 0}. On the other hand, 1y, is even, i.e., 1, (X) = VY, (—X)
due to the fact that f,g1,...,gm are even and B(0,/n+m) = —B(0,y/n + m).

The upper bound of 1, depends on ¢. It follows from (7.1.38)) that ,,, = M,, on B(0,+/n+
m) N {gm > 0} and so is bounded from above by fg(:)(;)%
Let us compute an upper bound of v, on S,,_1 N B(0,v/n +m) N{g, < 0}. Lety €

Sm—1 N B(0,y/n + m) be such that g,,(y) < 0 and f(Y)+z > M,,. Then ,(y) = L2+2 By

m(¥) gm(y)
using the Lojasiewicz inequality (see Lemma [7.2), there exist C,, > O and a,, > 0 depending on
g1 -+, gm such that for all x € S,,,—1 N B(0,v/n +m) N {gm < 0},
dist(x, 5)*" < —Cp, min{g1(x), ..., gm(x),0} = =Crrgm(x) . (7.1.43)
Let 6, = C—(sz)o‘m, where Ly is a Lipschitz constant of f on B(0,y/n + m). Consider the

following two cases:

e Case 1: gn(y) < —d,, <0. Then

D+ —f-5_ ¢ _C 2L\
i) = = S e S < ()

o Case 2: —0y, < gm(y) < 0. Let z € S such that dist(y,S) = ||y — z||2. Then (7.1.43) turns
to —f(y) < § according to

—fly) = —f(2)+ Lslly —zllz < Ly dist(y, 5) (7.1.45)
S Lf(_Cmgm(y))am < Lf(C 5 )am - %
From this, we obtain
M, < IOt W5 57 gy (7.1.46)

9Im (}’) —9m (Y) N —9m (y)

The contradiction indicates that this case does not occur.
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Thus, the bound is given as follows

a)+ 5 2L\
sup Pm(x) < max {f(a)27 CrCy (f) } =:Cly,, - (7.1.47)
XESy _1NB(0,\/n+m) gm(a) €
Moreover, we obtain the inclusion
Sm—1N B0, vVn+m)N{&, > My} N {gm <0} C{gm < —6m}, (7.1.48)
where &,,(x) = fg(:)(i)%. Let ¢, be the square root of ¥,,, i.e., P (X) := \/¥m(x). Then @, is
well-defined on B(0,+/n + m) since 1), is positive. Moreover, @, is finitely bounded from above

on S,,—1NB(0,\/n+m) by C,, :=+/Cy, and p,, is continuous on S,,—1 N B(0,/n + m) since
& 1s continuous on S,,—1 N B(0,v/n + m).

The function ¢, is Lipschitz continuous on S,,_1 N B(0,y/n+m —1). Keep in mind that
¥, is defined by the constant function M, and the function &,,. Since ¢, takes the constant
value VM, on B(0,/n+m)\({&m > My} 0 {gm < 0}), ¢, is Lipschitz continuous on B(0, /1 +
m)\({em > Mp} N {gm < 0}) with zero Lipschitz constant.

On the other hand, ¢, = /&, on B(0,v/n+m)N{&, > My} N {gm < 0}. As a consequence

of (|7.1.48)), we have

Sm—1 N B(0,v/n+m) N{&n > Mp} N {gm < 0}

= Smo1NBO0,vn+m) N {&n > My} N {gm < —m}. (7.1.49)

It implies that

Om(x) = Vém(x) ifx € Sp_1nB(0, Vr+m) N {&m = My} N {gm < —0m}, (7.1.50)
" VM, if # € (Sm—1 N B0, v+ m)\({&m = M} N {gm < —0m}).

The second equality is due to the fact that ¢, = vV My, on (Sp—1 N B(0, vn + m))\({&m >
M} N {gm <0}) and

(Sm—1 N B0, v/n+m)\({&n = M} 0 {gm < 0})
= (Sm—l N B(O, \/ﬁ'i' m))\[sm—l N B(O, \/ﬁ+ m) N {fm > Mm} N {gm < O}] (7 1 51)
= (Sm—1NB(0,v/n+m)\[Spm-1 0 B0, yn+m) N {&m = M} 0 {gm < —0m}] -
= (Sm—l N B(O, \/ﬁJr m))\({fm > Mm} N {gm < *5m}) .
Let Lg, be a Lipschitz constant of g,, on B(0,/n +m). Set
Wy, = min {1, 3L, &Gy [L;Cyr + (Cy + 2)Lyn] } . (7.1.52)
and
Wi = (B(0,vn+m —1) N {&n > My} N {gm < =0 }) + w0, B". (7.1.53)
Then B(0,v/n+m —1)N{&n > Mp} N {gm < =0} C W,,. Next, we prove that
W, € B(0,v/n+m)N{&, > ]\g} N{gm < —% . (7.1.54)

Lety € W,,. Theny = z+wy,u for some z € S,,,_1NB(0,/n+m—1)N{&, > My} {gm < —0m}
and for some u € B". Combining ||z]2 < vn+m —1, 0 < wy,, < 1 and |jull2 < 1, one has
I¥llz < l1z]l2 + wm|[ull2 < v/n+ m, yielding y € B(0,v/n + m). Since g, (z) < —d,,, we have

67?’7. 67?’7.
< ——. 1
. 2Lg7n. N 2 (7 55)

9m(y) < gm(z) + Ly, ly —zll2 < —6m + LgmmeUHQ < —6m+L




140CHAPTER 7. ON THE COMPLEXITY OF PUTINAR-VASILESCU’S POSITIVSTELLENSATZ

Thus y € {gm < f%"}. This in turn implies

|£m(y) - gm(z)|
f»+s  fl2)+5
gm (¥) gm (2)
[(f¥)+5)9m(2)=(f(2)+5)gm (¥)]
|9m(}’)Hgm(z)‘

)+ 35— f(2) = $gm(@) + (f(2) + 5)(gn(2) — gm(¥))]
2 (11) = F@lgm(@)| + (1£(@)] + 5)gm(2) — gn(¥)]]
2 (Lilly — 2l2Cy,, + (Cy + 5)Lg, ||z — 2]

[
[LCop + (Cs + §) Ly, Jwmlulla < g5 < 2.

)

D3 1|

IA A IA A

)

3N

Since & (2) > My, we obtain Em(y) > &n(2) — [Em(y) — Em(z)] > My — o = 2

(7.1.56)

, yielding

y € {&m > MQ’" }, which concludes the proof of (7.1.54) and ensures that /&, is well-defined on

Wi
Let us prove that /&, is Lipschitz on W,,,. Let y,z € W,, such that y # z. Then

[V Em (¥)—v/&m(2)]

|ly—zll2
Em(}’)—fm(zﬂ

Iy —zll2(/€m (3)++/Em ()

F+5  F@+§

9m (¥) gm (2)
<
- 24/ 2 ly—=|»
< [(f Y)+%)gm(z)7(fm(z)‘i’%)gm(Y)l
- 29m(¥)9m (2) \ / 705 — Iy —=ll2
< AU +3)gm(2) = (fm(2)+5)gm(¥)]
- 5$n 4ngm Hy_ZHQ
_ 2AUM+5-f(2)=5)9m (@) +(f(2)+5)(gm(2)—gm (¥))]
6?n 4027” HY_ZHZ
< 2O =F@lgm @+ (@)]+5)1gm (2) = gm ()]
= 52,2t Iyl
< 2Lslly=2ll2Cm +(Cs+5) Lo 12—y l2]
- 8%/ a0 Iy =2ll2
< 2[Lfcgm+(cf+%)l*9m] =L .
= 62\ /70— Veém

Thus, L\/g: is a Lipschitz constant of /&, on W,.

(7.1.57)

Set K := S,,_1NB(0,/n+m—1), K1 := KN{&, > My} {gm < =6} and Ky := K\({&n >
M} N {gm < = }). Note that K = K; U Ky and Ky N Ko = (. From (7.1.50), ¢m = V& on

Ky and ¢, = VM, on K.

To conclude that ¢, is Lipschitz on K according to Lemma (see Figure , it is sufficient

to prove that ¢, is locally Lipschitz on K.

Explicitly, we will show that for all z € K, ¢y, is Lipschitz on B(z, “3*) N K with Lipschitz

Wi

2

constant L\/Ef. Let z € K. Let u,v € B(z,*2) N K and consider the following cases:

e Case 1: u,v € K;. Then u,v € W, by definition of W,,. Moreover, ¢,,(u) = y/&n(u) and

©m (V) = \/&n(v). In this case, by the Lipschitz continuity of /£, on W,,,

|om (1) = o (V)] = [VEn (1) = VEn(v)] < L jella—=vls.

e Case 2: u,v € Ks. In this case, p,,(0) = (V) = /M, so that

(W) = o) =0 L j—fu =+l

(7.1.58)

(7.1.59)

e Case 3: u € K; and v € K,. We claim that B(z, %) C W,,. Let q € B(z,“). Then
la—ulls < lla— 2l + 2 - ulls < wy yielding q € 1+ wnB" C Ky + wpB" C Wy,

Then u,v € B(z, “§*) C W,,. Moreover, @, (u) = \/&n(u) and ¢, (v) = /M,,. According
to the continuity of &, on B(z, %*) C W,, and the convexity of B(z, %), there exists

2
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9

4 N

\" /

Figure 7.1: Illustration for the proof of the Lipschitz continuity of ¢,, on K (rectangle). Here
K=8,1NB(0,y/n+m—1)and U = K + %= B°(0,1) with the notation of Lemma

y € B(z, %) N {&m = My} N {tu+ (1 —t)v : t € [0,1]}. Then with y = Au+ (1 — \)v for

some A € [0,1], we have

lom (1) = om(¥)] + [om(y) — Pm (V)]

[VEn () = /& (y)| + VM — /M|

Lela=vl. (7.1.60)
L\/aHu —du—(1-=A)v|2

L (1= Nu=vlk < I llu—vs.

lom (1) — om (V)|

IAIA ININIA

From the proof of Lemma [7.4] the Lipschitz constant of ¢, on K is given by

4
Lg,, = max{qo”‘,L e } , (7.1.61)

Wm

Here we have covered K by a finite sequence of balls with radii and centers lying on K.

Wi
2

The function ¢,, has a Lipschitz continuous extension ¢,,. Let ¢, : R — R be the
function defined by

B (%) = igf{gpm(y) + Lg, |x—=yl2 : y € Spm1NBO,v/n+m—1)}. (7.1.62)

By Kirszbraun’s theorem (stated in Lemma, ©m is Lipschitz continuous with Lipschitz constant
Ly, and @, = @, o0 Sy N B(0,/n+m —1).

The function ¢,, is even, positive and has a finite upper bound on B(0,/n + m) de-
pending on . Let us prove that ¢,, is even. Consider

Pm(—x) = t{pm(y) + Lo, | =x = ¥llz : y € Su-1 N B0,V +-m —1)}. (7.1.63)

Let y be any feasible solution of (7.1.63)). Since g1,...,gm—_1 are even, S,,_1 N B(0,/n +m) is
symmetric, i.e., S;,,—1 N B(0,/n+m) = —S,,_1 N B(0,/n+m), it turns out that —y is a feasible
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solution of ([7.1.63)). Thus,

Om(—x) = inf_y{om(=y) +Lg, [l —x+yl2 : =y € Smu_1NB(0,y/n+m—1)} (7.1.64)
infy {0 (y) + Lo, |y —x[l2 : ¥y € Sp_1 N B0, y/n+m —1)} = (%),

where the latter inequality is due to the fact that ¢,, is even (since &, gm are even). From this,
©m is even. It is not hard to show that ¢,, > /M, since p,, > /M,,.
Let us estimate the upper bound of ¢,,, on B(0,v/n +m). Let x € B(0,\/n+m) and y €

Sm—1 N B(0,v/n+m —1). From (7.1.62)), we get

Pm(X) < om(y) + Lo, Ix —yll2 < Cp,, + 2(Vn+m) — 1)Ly, =: Cp,, . (7.1.65)
Thus,
SUDxe B(0,v/n+m) (ﬁm(X) < C@m . (7166)

Set frno1:=f+5— 02 Gm.-
From (7.1.40) and since @, = ©m = V¥m on Sp—1 N B(O,v/n+m —1), fru_1 > 0 on

Sm—1 N B(0,y/n+m —1). Since @, is Lipschitz continuous, f,,—1 is Lipschitz continuous on

B(0,v/n+m).

A bound and a Lipschitz constant of f,,_; on B(0,v/n+ m) both depend on ¢. Let us
compute an upper bound of |f,,—1| on B(0,+/n + m). Let y € B(0,+/n +m). Then

|fma1 | S F @)+ 5+ @m(¥)?gm(¥)| < Cp+ 5§+ Cy,, C2 = Cy,_, . (7.1.67)
Thus,

||fm 1||B(0 V/n+m) < Cfrn 1 (7168)

We now estimate the Lipschitz constant of f,,_; on B(0,v/n + m). Let y,z € B(0,y/n + m)
such that y # z. Then

[frm—1(y)=fm—1(2)]
lly—zl2
Lf () = f (2) |+ 8m (¥) g (¥) = B (2) g (=)

<

= ly—=zl2
Isﬁm(y)zgm(y) B (2)2gm (¥)]

s ILpt Tyl

4 em(@)? gml(‘y) g‘olm(Z) gm (2)] (7.1.69)

m m (¥)+Pm (2)||Pm m (2) |+ Bm (2)*|gm (¥) —gm (z

_ Lf+|g WEm (¥)+0m(2)||2 (3‘/)_;0” (2)|+6m (2)"|gm (¥) —gm (2)]
2Cyg,, Corn Lo |ly=2ll24+C2 Ly, lly—2ll2

s Lpt —als

= Ly+2Cy Ls, Cs, + Lng’@m =:Ly .

Then, Ly, , is a Lipschitz constant of f,,_1 on B(0,/n+ m).
Notice that Cgp,.,Lg,,,Cy,._,,Ly,._, are obtained by composing ﬁnitely many times the fol-

lowing operators: “+47, €= “x7 €7 ¢ |7 4 (x1, 29) — max{z1, x2}”, “(21,22) — min{z1, z2}”,
“(-)*m” and “y/-”, where all arguments possibly depend on . Without loss of generahty we can
assume Cj, = 7me "™, Lg, = tpe tm, Cp | = Cpo16 “m1, Ly | = ly_1e7m=1 for some 7,

Ty s tms Cre1s Cr—1, lm_l, lm—1 large enough and independent of ¢.
Backward induction. Repeating the above process (after replacing f; by f;j_1) several times,
we obtain functions ¢; : R = R, j =m,m —1,...,1, such that,

1. @; is positive, even and bounded from above by Cy, = 7;¢7" on B(0,+/n + j) for some
positive constants 7; and r; independent of ¢.

2. ¢; is Lipschitz with Lipschitz constant Ly, = t;e~% for some positive constants ¢; and t;
independent of ¢.

3. f] 1 _fj om— J+1 @?g] satisfies:
(a) fi—1>0o0nS;_1NB(0,\/n+j—1);



7.1. REPRESENTATION THEOREMS AND DEGREE BOUNDS 143

(b) fj—1 < Cf,_, on B(0,y/n + j), where Cy, | = ¢;_16~ % for some positive constants
¢j—1 and c¢j_; independent of ¢;
¢) f;_1 is Lipschitz on B(0,+/n + j) with Lipschitz constant Ls, , = l;_1e %1 for some
J fi—1 J
positive constants [;_; and [;_; independent of .

Then
fo :fl-l-%—@%gl
= J(ffz +(@ J—r sOE%gﬂz) ﬁg% - ‘E’;gl
=fot(sm=r t352) — 5 — 1
SRR T S (7.1.70)
= f+ 55 - T, Pl
=f+e(l—57) = XL Plgi-

From this and since fo > 0 on Sy N B(0,+/n) = B(0,/n) D [—1,1]", we obtain

m B c N
fte- ;sofgi > o on [-1,1]" (7.1.71)

Polynomial approximations for the weight functions

Approximating with Bernstein polynomials. For each i € [m], we now approximate ¢; on
[—1,1]™ with the following Bernstein polynomials:

X+ e
B (%) = Byr, 5, (2y—0).de <2> , deN, (7.1.72)

with e = (1,...,1) € R". By using Lemma [7.7] for all x € [-1,1]", for i € [m],

1
3
B (x) — ¢i(x)| < Lo, (Z) , deN, (7.1.73)
and the following inequality holds for all x € [—1,1]™, for i € [m]:

1B ()] < subyef1.4p2 [$1(x)] < C, (7.1.74)

For i € [m], let

2C2 C% nL% (m + 1)222m
di == 2u; with wu; = [ 9: ¢ 9952( ) ] , (7.1.75)
where Cy, := | gill 5o, /m+i)> for i € [m]. Then for all x € [-1,1]",
d; - n 3
BM(x) - aix)| <L, ()
’ (7.1.76)

< _ n
< Lg, 7 o2 P 2527
Pi 4Cgi0¢inL¢i(1n+1) 22m

=

_ €
T 20y, Cg, (m+1)2m -

Converting to homogeneous approximations. For i € [m], we write BZ-(di) = Z;’ib hl(-j ) such
that hgj) is a homogeneous polynomial with deg(hl(j)) =j. Set p; := %[Bi(di)(x) + de'i)(fx)], for
i € [m]. Then p; = > ;% hgzt), for i € [m], since hz(-j)(x) = th)(—X) if j is even and hz(j)(x) =
—hl(j)(—x) otherwise. Since @; is even, ¢;(x) = [;(x) + @;(—x)]. It implies that for x € [-1,1]",
for i € [m],

1B (x) + B (—x)] — L[@i(x) + @i(—x))|
LB (x) - i(x)| + 3B (—x) — @i(—x)| (7.1.77)

g + &€ —
4C,y,Cy (m+1)2m T 4C,,Cg, (m+1)27

Ipi(x) = @i(x)]

IAIA

€
2C,,Cp, (mF1)27
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and

(0] < 2B ()] + [B) ()]) <

<3 (Cs +C3,) = Cp, . (7.1.78)

|~

on S"1, for i € [m]. Thus for i € [m], |gi(x) — @;(x)| < 56, oo G and [gi(x)] < Cp,, for all
x € S"!. From these and (7.1.71)), for all x € S"~ !,

(%) +& =220 4i(%)°gi(x)
(%) + = 370 i (x)%0i(x) + 25, 6 (%) [i(%)* — 4i(x)?]

Set ¢; ==Y 0 h§2t) Hx||§(m”7t). Then ¢; is a homogeneous polynomial of degree 2nu; and g; = p;

=

> 5w~ 2 9 [9:(x) + (%) |2i(x) — i ()] - 170
B Y & (1)1 R P M (7.1.79)
> aw = 21 2C4,C, 20, C%fm+1)2m
37— (mrf)zm = (m+€1)2m :
Moreover, for all x € S*~1,
Jx)+e—2" qi(x)?gi(x) < Cp+e+ 3" C2.Cy, = Cp. (7.1.80)
Applying the global positivity certificate
Set D := maxX;e[m]{2nu; + dg,,ds} and
2(D—d 2d m 2(D—2nu;—dg,)
F = x50+ ellxl5) = S g el (7.1.81)
Then F is a homogeneous polynomial of degree 2D and for all x € S*~!,
Cr > F(x) = f(x) +& = 27" 4i(%)%0:(%) > Ty - (7.1.82)
It implies that F is a positive definite form of degree 2D with infyecgn—1 F(x) > W and

SUPyesn—1 F(x) < Cp. There is no loss of generality in assuming Cp = be~? for some large enough
b > 0 independent of €. Similarly assume that D > de~¢ for some large enough d > 0 independent
of . From this,

b —b
§(F) < —=—— = b(m+1)2me 1. (7.1.83)
(m+1)2™
Set
_ 2nde~4(2de% — 1)
K = 1)2me=0=1, 1.84
Tlog? b(m +1)2™e (7.1.84)
Then
__2nD(2D —1) n+2D
K> ——=4§(F) — . 1.
- 4log?2 o) 2 (7.1.85)

Clearly there exist positive constants ¢ and ¢ independent of € such that ce™° > K. Let K € N
and K > ce~ ¢ > K. According to Lemmam there exists a homogeneous SOS polynomial sg of
degree 2(D + K) such that ||x||3% F = s¢. It implies that

2(D—d;+K 2d 2(D-2 ifd_i+K)
IEP = (4 elxIBY) = o+ X gaa? I (71.56)

=50+ ZZL 9iSi
where s; := qi2||x||§(D_2nui_dgi+K) is a homogeneous SOS polynomial such that deg(g;s;) = 2(K +
D), for i € [m]. Set k = D —dy + K. Then ||x||2*(f + 6Hx||§df) = S0+ Y10, gis; with deg(sg) =
deg(gisi) = 2(k + dy), for i € [m)].
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The case of the ice cream constraint. Assume that m = 1 and ¢g; = 22 — ||X'||3 with
x' = (z1,...,2%,—1). We shall show that ¢ = 65. Using Lemma we can take o, = 2 in
(7.1.43]). We then obtain the following asymptotic equivalences as ¢ — 07:

9
O ~ R1€2 = Cwm ~ R28_2 = Ctﬂm ~ R3€_1 = Wy ~ R4€5 = Lé/a ~ Rse™2
= L@m ~ R6€76 = C@m ~ R7€76 = Um ~ R86726 =d,, ~ Rge™ 6

- 7.1.87
= Cf NR105_12:>DNR118_26 =b= 12:>d=26:>KNR128_65 ( )
= ¢ = 65.
for some R; > 0 independent of €, j € [12]. This completes the proof of Theorem
7.2 Polynomial optimization
This section is concerned with some applications to polynomial optimization.
Consider the following POP:
* = inf
fri= if fx), (7.2.1)
where f € R[x] and
S(g) ={xeR" : gi(x) >0,1i€[m]}, (7.2.2)

for some g = {gi}iejm) € R[x]. Recall that § = 1+ [|x][3.

7.2.1 General case

In this subsection, we improve the convergence rate of the Moment-SOS hierarchy described in
[130, Theorem 4.3], based on Putinar—Vasilescu’s Positivstellensatz [169].

Theorem 7.2. Let f,g1,...,gm be polynomials such that f* defined as in (7.2.1) and S(g) defined
as in (7.2.2) satisfy that S(g) has nonempty interior and f* > —oc. Let e > 0 and denote go := 1.
Let d := |deg(f)/2| + 1. Consider the hierarchy of semidefinite programs indexed by k € N:

7 =inf Ly (6" (f + £0%))
S.t. y = (ya)aEN;<d+k) C R7
M 4a(y) = 0, (7.2.3)
My ra—rg:1(9:y) = 0, i € [m],
Ly(0%) =1.

For every k € N, the dual of (7.2.3)) reads as:

P = supyer{A: 08 (F — A+260%) € Qraln)}, (7.2.4)
where Q,.(g) is defined as in (1.3.8). The following statements hold:
1. For all k € N,
o <o <1 (7.2.5)

2. Assume that problem (7.2.1) has an optimal solution x*. Then there exist positive constants
¢ and ¢ depending on f,g1,...,9m such that for all k > ce™*,

0<pl® — f* <ef(x*)?. (7.2.6)

8. Strong duality holds for all orders k of the primal-dual problems (7.2.3))-(7.2.4]).

The proof of Theorem is exactly the same as the proof of [I30, Theorem 7]. The second
statement relies on Corollary The third statement is due to the Slater condition [201, Theorem
3.1] since S(g) has nonempty interior (see in detail [I30), Proposition 2 and Remark 3]).
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7.2.2 Compact case

In this subsection, we consider the case when S(g) is compact by assuming that a ball constraint
is present. We can then remove the perturbation term €6¢ in the hierarchy based on Putinar—
Vasilescu’s Positivstellensatz, described in the previous subsection.

Theorem 7.3. Let f,g1,...,9m be polynomials such that f* defined as in and S(g) defined
as in satisfy that S(g) has nonempty interior and f* > —oo. Denote go := 1. Let d :=
|deg(f)/2]+1. Assume that g1 = R—||x||3 for some R > 0. Consider the hierarchy of semidefinite
programs indezed by k € N:

7O =inf Ly (6" f)
sty = (Ya)aeny

2(d+k) ’

Mya(y) = 0, (7.2.7)
My.sd—[g,1(giy) = 0, i € [m],
Ly(ak) =1.

For every k € N, the dual of (7.2.7) reads as:

P = suprer{X 0% (F = X) € Qryalo)}, (7.2.8)
where Q,.(g) is defined as in (1.3.8). The following statements hold:
1. For allk € N,

pg)) < pgzl < f*. (7.2.9)
2. There exist positive constants ¢ and ¢ depending on f,g1,...,gm Such that
_ 1
0<f—p® < (;) (7.2.10)

8. Strong duality holds for all orders k of the primal-dual problems (7.2.7))-(7.2.8]).

Proof. The first and third statements of Theorem can be proved similarly to the ones of
Theorem Let us prove the second statement. By using Corollary there exist positive
constants ¢ and ¢ depending on f,g1,..., g, such that for any € > 0, for all £ > ce™¢,

0" (f — " +¢) € Qrrala)- (7.2.11)
Let K € N. Set € = (%)% Then € > 0 and K = ce™ ¢, so that
0% (f — f* +¢) € Qkralo) . (7.2.12)

It implies that f* — € is a feasible solution of ([7.2.8) with relaxation order K, yielding

osf*—pﬁ?éf*—(f*—d:e:()c- (7.2.13)

Hence the desired result follows. O

Remark 7.5. The authors’ bounds in Theorems[7.9 and[7.3 are only for worst cases. In fact, for
generic cases of polynomials, the Moment-SOS hierarchy based on Putinar’s Positivstellensatz (in
[102]) has finite convergence [147).



Chapter 8

A sparse version of Reznick’s
Positivstellensatz

Most of the content of this chapter is from [133].

Inspired by correlative sparsity due to Waki et al. [203] 103] and Putinar—Vasilescu’s Posi-
tivstellensatz that is applied for polynomial optimization in the previous two chapters, we prove
a sparse version of Reznick’s Positivstellensatz. Accordingly we obtain some representations that
involve uniform denominators and quadratic modules in the sparse setting.

Exploiting sparsity pattern. Let n,m € N>°. For T’ C [n], denote by R[x(T)] (resp. X[x(T)])
the ring of polynomials (resp. the subset of SOS polynomials) in the variables x(T") := {x; : j € T'}.
Also denote by R[x(T)]; (resp. X[x(T")];) the restriction of R[x(T")] (resp. X[x(7T)]) to polynomials
of degree at most ¢ (resp. 2t). For W C [m], we note gy = {g; : i € W}.

Designing alternative hierarchies for solving f* := inf{f(x): = € S(g)}, significantly (compu-
tationally) cheaper than their dense version , while maintaining convergence to the optimal
value f* is a real challenge with important implications.

One first such successful contribution is due to Waki et al. [203] when the input polynomial
data f,g; are sparse, where by sparse we mean the following:

Assumption 8.1. The following conditions hold:

(i) Runmning intersection property (RIP): [n] = \J'_, I. with p € N=2, I, # 0, ¢ € [p], and for
every ¢ € {2,...,p}, there exists s. € [c — 1], such that I. C I,_, where I, := I, N (U;;} Ij).
Note that sy =1 and w.lo.g, set I, :== 0. Denote n, := |I.| and n, := |I.|, ¢ € [p].

(i) Stru[m]fured sparsity pattern for the objective functz’oﬂ: [ =301 fc where f. € RX(I¢)]aeg(f)s
celp.

(iii) Structured sparsity pattern for the constraints: [m] = \J'_, J. and for every i € J., g; €
R[x(I.)], ¢ € [p].

(iv) Additional redundant quadratic constraints: There exists R > 0 such that ||x||3 < R for all
x € S(g) and R — ||x(L)|3 € gJ., ¢ € [p].

With 7 (< n) being the maximum number of variables appearing in each index subset I,
ie., 7 := max{n. : ¢ € [p]}, Table displays the respective computational complexity of the
sparse hierarchy of Waki et al. [203] and the dense hierarchy of Lasserre [I02] for SDPs with same
relaxation order k € N. Obviously the sparse hierarchy provides a potentially high computational
saving when compared to the dense one. In addition, convergence of the hierarchy of Waki et al. to
the optimal value of the original POP was proved in [103], resulting in the following sparse version
of Putinar’s Positivstellensatz:

L1f there are f. in the sum f such that deg(f.) > deg(f), we can always remove the high degree redundant term
in f. which cancel with each other to make degree of f. at most deg(f).

147
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Table 8.1: Comparing the computational complexity of the sparse and dense hierarchies.

SDP of order k sparse hierarchy dense hierarchy
number of variables Oo(r%F) O(n’F)
largest size of SDP matrix o(F) O(nF)

Theorem 8.1. (Lasserre, Waki et al.) Let Assumption hold. If a polynomial f is positive on
S(g), then there exist o9.c € X[x(Ic)]y,, 0ic € B[x(Le)]y_rg,1, 1 € Je, ¢ € [p] such that

F=> <Uo,c +> Ui,cgi> : (8.0.1)
c=1

i€Je

Compactness of the feasible set S(g) is a crucial ingredient of the proof in [I03]; shortly after,
Grimm et al. [68] provided another (simpler) proof where int(S(g)) # @ is not needed, but where
compactness of S(g) is still a crucial assumption.

Motivation for sparse representations on noncompact sets. We remark that Theorem [8.1]
requires the additional redundant quadratic constraints (Assumption (iv)), which is slightly
stronger than just assuming the compactness of S(g). When S(g) is compact, we can always add
these constraints but we need to know the radius R > 0 of a ball centered at the origin and
containing S(g). In this case, adding such constraints increases the number of positive semidefinite
matrices from m to m + p in each SDP. In addition, it may be hard to verify compactness of S(g)
and obtain such a radius R.

To the best of our knowledge, in the noncompact case there is still no Positivstellensatz allowing
one to build hierarchies for POPs satisfying:

- the RIP and the structured sparsity pattern from Assumption (4)-(zit),

- and a guarantee of convergence to the global optimum.

In fact we provide Examples [6.1} [8-3] and 84} which show that in both unconstrained and
constrained cases, there exist sparse nonnegative polynomials which do not have a sparse SOS-
based decomposition a la Putinar. Such examples have been our motivation to investigate
existence of sparse representations in the noncompact case, as well as to construct converging
SDP-hierarchies for sparse polynomial optimization in general.

Contribution. Our contribution is threefold:

I. We first provide a rational SOS representation for a positive definite rational form which is
a sum of sparse rational functions with uniform denominators, satisfying the structured sparsity
pattern and the RIP stated in Assumption (7). This representation is provided in Theorem
As a direct consequence, we obtain a sparse version of Reznick’s Positivstellensatz in Corollary

II. Then, we provide two positivity certificates for arbitrary small perturbations of — globally
nonnegative polynomials in Corollary — and polynomials nonnegative on a (possibly noncom-
pact) basic semialgebraic set in Corolla when the input data satisfy a similar sparsity pattern.
These two certificates are obtained via a sparse version of Putinar—Vasilescu’s Positivstellensatz
and do not require the additional constraints from Assumption (iv).

III. In Section [8:2] we build up a hierarchy of semidefinite relaxations for polynomial opti-
mization based on the sparse version of Putinar—Vasilescu’s Positivstellensatz. Convergence of the
hierarchy is guaranteed and illustrated on minimization of random quadratic forms on the nonneg-
ative orthant. However a naive implementation of this hierarchy leads to a heavy computational
burden when the number of variables is larger than 10.

Ilustrations of such positivity certificates for polynomials nonnegative on noncompact basic
semialgebraic sets are provided in Example [8:1] [6.1] [B-3] and [8-4] for which positivity certificates

(1.2.4) do not exist.

The existence of such sparse SOS-representations is proved by combining different tools:
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(a) First, we use an idea similar to that developed in Grimm et al. [68] (in the compact case) to
prove that a sparse positive definite form can be decomposed as SOS of sparse positive definite
rational forms; as expected the noncompact case is technically more involved. This yields a
sparse version of Hilbert-Artin’s representation theorem in the case of positive definite forms.

(b) Next, we use generalizations of Schmiidgen’s Positivstellensatz presented by Schweighofer [187],
Berr-Wérmann [17], Jacobi [85], and Marshall [136] [137], for a finitely generated R-algebra in
each term of the sum, to obtain again a sparse version, this time of Reznick’s Positivstellensatz
for positive definite forms.

(c¢) Finally we combine the homogenization/dehomogenization method that we already used in
[130] together with limit tools, to provide the two sparse versions of Putinar—Vasilescu’s Posi-
tivstellensatz.

We acknowledge that the computational benefits are so far rather limited and that the present
contribution is essentially theoretical, as it provides a sparse analogue of Reznick’s Positivstellen-
staz. In our opinion, the sparse analogue of Putinar’s Positivstellenstaz is still the “champion”
algorithm to beat. Indeed the versatility of its power, which applies to both dense (but of modest
size) problems and large size sparse problems, is yet to be surpassed. So the practical benefits
of sparse Reznick Positivstellensatz are not immediately available with its obvious (but naive)
implementation. In order to address this computational issue, we propose to use a sampling
technique in the spirit of that advocated by Parrilo and Lofberg [I18] for polynomial optimization,
and briefly described in Section In our context it allows us to avoid clearing denominators
and its efficiency is illustrated on some numerical experiments presented in Section [8:2.4] Its com-
plete validation for rational functions is beyond the scope of the present chapter and we believe
that in view of the appealing form of our sparse version of Reznick’s Positivstellensatz, additional
investigation of powerful algorithmic implementations are worth pursuing.

8.1 Representation theorems

8.1.1 Notation and definitions

A function h is homogeneous of degree t if h(Ax) = A'h(x) for all x € R™ and each \ € R.
Therefore a homogeneous polynomial can be written as h = Z‘ al=t hax®. A function f: R™ - R
is even if f(x) = f(—x) for all x. A rational function h is the ratio of two polynomials and denote
by R(x) the space of all rational functions. A homogeneous rational function (also called be a
rational form, or form in short) can be written as the ratio of two homogeneous polynomials.

The degree-d homogenization h of h € R(zy,...,x,) is a homogeneous rational function in
R(z1,...,2ne1) of degree d defined by h(x, z,11) = 28 h(x/Tni1). A rational positive definite
form of degree t is a homogeneous rational function of degree ¢ which is positive everywhere except
at the origin. Equivalently, a homogeneous rational function h of degree t is a rational positive
definite form of degree t if and only if there exists ¢ > 0 such that h > ¢||x||3".

For (i,7) € N2, we denote the Kronecker delta function by

s 1 ifi=j,
W0 i
When Assumption [8.1] (i) holds, define

2 —5. A 20,5 .
o DI T Il e e [p— 1]
Ut ife=p.

Obviously, one has ®. € R[x(I,)], for each ¢ € [p].

8.1.2 A key result

Let us state the first main result of this chapter which is of independent interest and very
useful in proving our representation results. In particular it yields a sparse version of Reznick’s
Positivstellensatz as a particular case.



150 CHAPTER 8. A SPARSE VERSION OF REZNICK’S POSITIVSTELLENSATZ

Theorem 8.2. Let Assumptz'on (i) hold. Let f € R(x) be a positive definite rational form of
degree 2d with d € N>° such that
f= Z AT

where ¢, € R[x(I.)] is homogeneous of degree 2(d + kc) for some k. € N, c € [p]. Then there exist
keN and o, € X[X(1e)]atk(14deg(®.)/2): € € [P], such that

[= ZW (8.1.1)

The proof of Theorem [8.2] can be found in [133] Section 4].
As a consequence, we obtain the following sparse version of Reznick’s Positivstellensatz.

Corollary 8.1. Let Assumption (i) hold. Assume that f is a positive definite form of degree
2d with d € N> and f = >"_, f., where f. € R[x(I.)] is homogeneous of degree 2d, c € [p]. Then
there exist k € N and 0. € X[X(Ie)]ayk(1+deg(®.)/2), € € [P], such that

14
f= Z%, (8.1.2)

where H, = ||x(I.)|3 ®., c € [p].

To prove Corollary we apply Theorem with k. = 0, ¢ € [p]. The representation (8.1.2))
can still hold even when f is not a positive definite form, as illustrated in the following example.

Example 8.1. Let f = f1 + fo, where

2 2.2 2
fr o= 2i(ale] + x3a3 + aiag — 3aiajad) + af

is the so-called Delzell’s polynomial and fy = 2232322, The polynomial f1 is nonnegative, but not
SOS as shown in [176, Section 6]. Let I :={1,2,3,4} and Iy := {1,2,3,5}. Then f; € R[x(I1)]
and fo € R[x(I3)] are nonnegative and homogeneous of degree 8. Since fi is nonnegative then f is

nonnegative. The following statements hold:

1. f is a nonnegative form, but is not positive definite;

2. f ¢ Spe(1)] + ()], but £ € e + Zhee
The first statement follows from the fact that f(0,0,0,1,1) = 0, ensuring that f is not a positive
definite form.
Proof of the second statement: Assume by contradiction that f = o1 + o2 for some o, € X[x(I.)],
¢ = 1,2. Ewvaluation at x5 = 0 yields fi = o1 + o2(x1,22,23,0), so that f1 is an SOS, which is
impossible. Thus, f ¢ X[x(I1)] + Z[x(I2)]. However, (23 + x3 + 23) f1 is SOS according to [182,
Example 4.4], so (22 + 23 + 23)f € X[x(I1)]5 + X[x(I2)]5. Note that ®; = &y = 23 + 23 + 2%.

Therefore
E[x(11)ls n Ex(l2)ls - Elx()]s N E[x(12)]s

S
f (I)l q)g Hl H2

Remark 8.1. A possibly simpler proof of Corollary based on Carathéodory’s the-
orem.

In [T]], Chapter I, Section 3], Barvinok provides a simple proof of Reznick’s theorem, based on

Carathéodory’s theorem. The basic idea is that a large enough power of the linear form (v, x>2k 18

a Dirac function on the unit sphere, centered at v. Therefore ||x||3¥f (which is the same as f on
the unit sphere, and strictly positive) can naturally be written as a positive combination of Dirac
functions, which can be in turn decomposed as a positive weighted sum of powers of linear forms.
Compared to Reznick’s proof, this simple proof has a less constructive flavor. It is due to the fact
that we need to know the power of the linear form (v, X>2k to construct the convex hull of such
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Dirac functions in order to apply Carathéodory’s theorem. If the shape of the uniform denomina-
tors involved in Reznick’s result is not available, finding such convexr hull is hard and unnatural.
To prove our sparse version of Reznick’s result via the application of Carathéodory’s theorem, we
would need to construct the Dirac functions of the form o./HE. However these Dirac unctions are
complicated because each denominator H* depends on the RIP. In our proof, we obtain the general
form of H. via inductions. In case that such denominators H* are known in advance, it might be
possible to prove our result in a simpler way.

8.1.3 Global nonnegativity
When Assumption () holds, define the following polynomials, for each ¢ € [p]:

o 0, :=||x(I)|2 + 1 and 0. := ||x(I.)||? + 1;

Al—6c1 D Abc,s .

o D, = Oc j= c+193 b ife<p,
c - Al—8.1 .

0. "> if c=p;

e O.:=0.D. and w, := deg(0.)/2.

Note that ©. € X[x(I;)].., for each ¢ € [p]. We next state the following sparse version of Putinar—
Vasilescu’s Positivstellensatz for polynomials nonnegative on R™.

Corollary 8.2. Let f be a nonnegative polynomial such that the conditions (i) and (ii) of As-
sumption [8.1] hold. Let ¢ > 0 and d > deg(f)/2. Then there exist k € N and 0. € S[x(I¢)]atkw, s
¢ € [p], such that

p

f—i—aZOd 3 gc . (8.1.3)

c=1

The proof of Corollary n 8.2| can be found in [I33], Section 4].
The representation (8 can still hold even if € = 0, as illustrated in the following examples.

Example 8.2. Let f = f1 + fa, where

1
—xfxd 4 (2 — 20)ad + (201 + 1027 4 422 + 321) 23 + 4(x; — 20%) 2y

fi 1=8+2

is the so-called Leep-Starr’s polynomial and fo := x3x3. Let I := {1,2} and I := {1,3}, so that
f1 € Rix(I1)] and f2 € R[x(I2)]. As shown in [I1], Example 2], f1 is nonnegative but not an SOS.
In addition, fs is an SOS, so that f is nonnegative.

We claim that f ¢ S[x(I1)] + X[x(I2)]. Indeed, assume by contradiction that f = o1 + o2 for
some o, € X[x(I.)], ¢ = 1,2. Fwvaluation at x3 = 0, yields f1 = o1 + 02(22,0), so that f1 is an
SOS, which is impossible.

However, (2 + 1)2f; is a sum of three squares of polynomials according to [11], Example 2],

o (23 +1)2f € S[x(I1)]5 + X[x(I2)]5. Note that Dy = Dy = 22 + 1. Thus,

Ex()]s | Bx()]s - Zx()]r | E[x)]
fe D%5 D%E)C 9%7 @%7

Example 8.3. As shown in [100, Example 5.2], the nonnegative polynomial
f=a? = 2x129 + 322 — 20225 + 22323 — 2w0w3 + 61'3 + 182323 — 54x2x3 + 142x2x3

satisfies f € R[x([1)] + R[x(I2)] and f ¢ X[x(I1)] + E[x(I2)], with I = {1,2} and I, = {2,3}.
However, f € 2 111)14 + Z[xg;)]“, where ©1 = (25 +1) (23 + 23+ 1) and Oz = (23 +1)(z3 + 23 +1).

It is due to the fact that f = g—ll + %22, where D1 = Dy = 23+ 1 and o1, o9 are SOS polynomials
given in [I133, Appendiz].
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8.1.4 Positivity on a semialgebraic set

We next state our second main result, namely a sparse version of Putinar—Vasilescu’s Posi-
tivstellensatz for polynomials nonnegative on (possibly noncompact) basic semialgebraic sets.

Corollary 8.3. Let f € R[x]| be nonnegative on S(g) such that the conditions (i), (i) and (ii7)
of Assumption hold. Let e > 0 and d > 1+ |deg(f)/2]. Then there exist k € N, oo, €
B[x(1)]atrw, and o € B[X(Le)]atkw,—g:15 ¢ € Je, € € [p], such that

p P
00,c + Zz Je 0i,c9i
fredol=>" @]f « : (8.1.4)
c=1 ¢

c=1
The proof of Corollary can be found in [I33, Section 4].

Example 8.4. Let f = f1 + fo, where fi = x129 and fo = x3x3. Let g = {g1, 92,93}, where
g1 =13, go = —g1 and g3 = x3. It is not hard to show that f =0 on S(g), so that f >0 on S(g).
By noting I := {1,2} and I := {2,3}, one has {f1,91,92} C R[x(I1)] and {f2,93} C R[x(I2)].
We claim the following statements:

1. f ¢ Bx(I)] + i R[x(1)] + Z[x(L2)] + gsX[x(12)];
2. for every e > 0,

E[x()]2k+2 + I R[x(I1)]ak+1 n E[x(L2)]2k+2 + g3X[x(I2)]ak+3
oF 65 ’

f+e(0?+62) ¢

for some k € N depending on €.

Proof of the first statement: Assume by contradiction that there exist o1 € X[x(11)], ¥1 € R[x(I1)]
and o9, 03 € X[x(13)] such that f = o1 +1191 + 02 + 0393. Evaluation at x4 = 1 and x3 = 0 yields

wo = 01 (1, 22) + 1 (1, 29)x3 + 0o(w2,0) € X[xs] + 25R[zs],

which is impossible due to [I30, Lemma 3.3 (i)].
Proof of the second statement: With € > 0 fized,

fi+ebf =aawy +e(1+ 2] +23)° =200 + e+ 22} + 04,

for some o4 € X[x(I1)]2. Let k € N22 be fized. Then DY = (1 + 22)k = 1 + ka3 + z305 for some
o5 € X[xa|k—2, which implies

D’f(fl + 50%) =x1T9 + aﬁ + 5kx§ + og + 1/)2:53 ,

for some o6 € B[x(I1)]k+2 and g € R[x(I1))2k+1. Assume that k > e=2/4. Then

2
DY(fi+eb?) =ai(e— )+ (:@\/&:79-# 2\””/1&) + 06 + o3
€ X[x(I)]kt2 + aiR[x(11)]2k41 5

which implies fi + 6% € E[x(h)}2’“+2J{_)9,3R[x(11)]4’”1. We also have
1

Y[x(L2)]2k+2 + g3X[x(12)]ak+3

2
f2+592 [S @5

since fa € g3X[x(I2)]1, proving the second statement.
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8.1.5 General case

For f € R[x], define

_ [deg(f)/2]  if S(g) = R",
d'_{ 1+ |deg(f)/2] if S(g) #R". (8.1.5)

For [ € [p], let us note

Qgs.)x(I)]k = {Uo,c + Z 0i,cYi

i€Je

00,c S Z[X(IC)]k,
Gie € SX(I)hora+ 1 € T (8.1.6)

the truncated quadratic module of order k associated with the polynomials g;, = {g; : i € J.}.

Gathering the two situations from Corollary and Corollary we obtain the following
general statement.

Theorem 8.3. Let f € R[x] be nonnegative on S(g). Let us suppose that the conditions (i) and
(ii) of Assumption hold if S(g) = R™, otherwise let us suppose that the conditions (i), (i) and
(iii) of Assumption hold. Let us fiz € > 0 and let d be defined as in . Then there exists
k € N such that

f + EZ@? c Z Q(ch)[X@(ic)]dJrkwc ) (817)
c=1 c=1 c

8.2 Application to polynomial optimization

Based on Theorem [8.3] we build up two hierarchies of SDP relaxations for unconstrained sparse
POPs and sparse POPs on possibly noncompact basic semialgebraic sets.
Consider the general POP:

= xeiréfg) f(x). (8.2.1)

When the condition (i) of Assumption [8.1| holds, with d defined as in one notes:

o Yq =30 1 0

o ¢:=][_, Oc

o do:=¢/Oc=11}_1 20 Ors c € [p].

Let € > 0 be fixed. Let us suppose that the conditions (i) and (ii) of Assumption hold if
S(g) = R™, otherwise let us suppose that the conditions (i), (ii) and (iii) of Assumption [8.1] hold.

8.2.1 Semidefinite relaxations

Consider the hierarchy of semidefinite programs indexed by k € N:

PP (g) 1= sup {)\ ER : ¢"(f —A+eyy) € Z: ¢I§Q(9Jc)[x(]c>]d+kwc} . (8.2.2)

Theorem 8.4. The following statements hold:

1. The sequence (p;>*"*°(€))ken is monotone non-decreasing.

2. Assume that problem (8.2.1)) has an optimal solution x*. Then there exists K € N such that
[* <P (e) < f* +ea(x*) forallk > K.

The proof of Theorem [3.4| can be found in [I33] Section 4].
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8.2.2 Duality
For every k € N, the dual of (8.2.2) reads:

szaI‘SE(S) — 12f Ly(¢k(f +€wd))

st. y= <ya)aeNg(d+pkrnaxc oo CR,
M ko, (¢Fy, Ic) = 0, c € [p], (8.2.3)
Mt kwo—u; (B8 giy, 1) = 0,i € J., c € [p],

Ly(¢*) = 1.
We guarantee strong duality for the pair of primal-dual problems (8.2.3))-(8.2.2]).

Proposition 8.1. Assume that S(g) has nonempty interior. Let k € N. Then 7,7 (e) =

P (e). Moreover, if T,°*™(g) > —oo, the optimal value p}**°(e) is attained.

The proof of Proposition [8.1| can be found in [I33], Section 4].

Remark 8.2. The condition 7,7*"°(e) > —oo is always satisfied whenever k is sufficently large.
Indeed by weak duality, when € is fived and k is sufficiently large then 7,7*(e) > piP*™(e) >
f* > —oo. However, when k is small, 7,°*"*°(¢) = —co may happen.

8.2.3 Sampling technique

Even though our sparse variant of Reznick’s Positivstellensatz has an appealing shape, the
computational benefits can be limited in the context of polynomial optimization. It is due to the
very large number of constraints involved in the SDP relaxations when we clear the denominators
in these certificates. To avoid this explosion of SDP constraints, one possible route is to use the
sampling technique suggested in Parrilo and Léfberg [I18] for semidefinite relaxations in polynomial
optimization. To state that two polynomials are identical, instead of equating their coefficients
one rather states that their respective values at sufficiently many points are equal.

More explicitly, in our context we take a sample (a;)Y.; C R™ and consider the following SDP
relaxations indexed by k € N:

FPe(e) = sup A

p P ooc(ai)t+) ., ojcl(ai)g;(ai)
SN CY PSR SYNCHLID pRitiuiie ELELLIL
c=1 c=1 . ) (8.2.4)
i € [N],
00,c € E[x(Le)]dtkw, »
Oj.c € E[X(IC)]d+kwc—fgﬂ s JEJe, cE Lp] .
It is not hard to see that
sparse sample sample
P (e) < Pk,Np (e) < pk,NIil(E)' (8.2.5)

Since the denominators ©F have fixed forms, their evaluations ©.(a;)* become constants in SDP
(8-2.4). Thus, we do not need to clear the denominators as in the SDP (8.2.2)) with value p**"™(¢).
The constraints

Fla)— A+ 8290(32')(1 _ Z oo.c(a;) + Zojce(:i;j,c(ai)gj(ai) e [N,

directly provide linear constraints on the coefficients of the polynomial weights o; ..

The underlying rationale behind (8.2.4) comes from the following observation in the case of
sparse polynomial optimization, i.e., without denominators. Let us consider the simplified equality
constraint:

P P

Z fc = Z(UO,C + Z Ui,cgi) s (826)

c=1 c=1 i€,

with o¢,. € X[x(Ic)|x and 04 € B[x(1e)]p—1g:7-
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The polynomials involved in both left-hand side and right-hand side of have degree less
than 2k.

If we do not exploit sparsity, we need to sample N = (2]“:") points (a;)Y., € R™, in order to
potentially obtain a set of equality constraints equivalent to . Let us consider the multi-
dimensional Vandermonde matrix associated to (a;)Y , with rows indexed by all monomials of
degree < 2k. If this Vandermonde matrix is invertible, then the set of equations obtained after
sampling is equivalent to as a consequence of Theorem 4.1 from [I53], namely the N points
are in this case so-called “polynomially poised” if and only if they do not belong to a common
algebraic hypersurface of degree < 2k.

If we exploit sparsity, we can do a similar reasoning with the multi-dimensional sparse Van-
dermonde matrix, with rows indexed by all sparse monomials of degree < 2k. In this case, the
number of rows is upper bounded by >°%_, (%jc), and so is the number of required sample points.
By using Theorem 4.1 from [I53], the points are poised if and only if the Vandermonde matrix is
non-singular, which guarantees a unique sparse interpolating polynomial of degree < 2k passing
through the data points.

Obtaining similar equivalent conditions in the case of rational function evaluation is left for
future work. Our numerical experiments presented in the following section suggest that we obtain
the same value as p;"*"*°(e) with (8:2.4), after selecting a large enough number N of samples.

8.2.4 Numerical experiments

The main goal of this section is to illustrate the correctness of our representation results, on
a sample of nontrivial polynomials involving up to 10 variables. Let us report the numerical
results obtained with SDP to approximate the minimum of quadratic polynomials on the
nonnegative orthant. The quadratic polynomials are generated randomly as follows:

1. Take u € N, p := |n/u] and

{1,...,u} ife=1,
Io=<c{ulc—1),...,uc}t ifce{2,...,p—1}, (8.2.7)
{u(p—1),...,n} ifc=p.

2. Let f=>""_, f.such that f. € R[x(I.)]2, ¢ € [p]. For each ¢ € [p], the coefficient f, o of f. is
generated randomly in (0,1) with respect to the uniform distribution, for every a € N2\ {0}
and fc70 =0.

3. Take m = n and g; := z;, j € [n]. Then S(g) is the nonnegative orthant which is a
noncompact set. Set J; = I and J, = 1.\ Uf;ll I, forc=2,...p.

4. Take a sequence (a;); C [~1,1]" of uniformly random sample points as mentioned in
Section [8.2.3)

With the above setting, the conditions (i), (ii) and (iii) of Assumption hold and the optimal
value of the corresponding POP (8.2.1)) should be f* = 0.

The experiments are performed with the JuMP Julia package [53], relying on the Mosek solver
[41] to solve the SDP relaxation (8.2.2). We use a desktop computer with an Intel(R) Core(TM)
i7-8665UCPU @ 1.9GHzx8 and 31.2 GB of RAM. The numerical results are displayed in Table
5.16] with the following information:

e nummat: number of semidefinite matrices involved in SDP (8.2.2));

e numcons: number of constraints involved in SDP (8.2.2));

val: the optimal value of SDP (8.2.2));

time: the total time in seconds;

the symbol “—” means that the SDP solver runs out of memory.
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Table 8.2: Numerical results obtained when solving the SDP relaxations
minimization of quadratic forms on the nonnegative orthant with ¢ = 10~

CHAPTER 8. A SPARSE VERSION OF REZNICK’S POSITIVSTELLENSATZ

(18.2.2)), (8.2.4) associated to the
and k = 1.

POP . ) )

size SDP size (JuMP+Mosek) (JuM’P—i—Mosek)

n | w | nummat | numcons val time N val time
5 |2 10 432 30x10° | 3 [ 100 | 3.0x107° 3
712 14 2368 6.0x 107" 3 140 | 6.0 x 1077 4
10 | 3 20 22528 9.0x 107> | 109 | 200 | 9.0 x 10~° 17
12 | 4 22 229520 — — 240 | 1.0 x 107 % 65
15 | 5 29 1157120 - - 300 | 1.3x 10~ | 2601

For n < 10, the optimal value obtained at the first order SDP relaxations and
is very close to the exact optimal value of POP (8.2.1). Besides the solver runs out of memory
for n > 12 when we compute p;"*"°(¢) as the number of equality constraints in SDP is
already very large even for £ = 1. This large number of constraints arises while computing the
common denominator within the sparse representation.  Explicitly, it is the number of terms
of the polynomial ¢*(f — X\ + evq), according to (8.2.2). This number is upper bounded by
(”+2d+k deg(‘z’))7 where d is the smallest positive integer such that 2d > deg(f). Note that &k needs

n

p
to be sufficiently large to ensure that the cone Y ¢*Q(gs.)[x(1e)]dtkw, in (8.2.2)) is well-defined,
=1

> m[ax} deg(g;)- Never&leless, we still obtain the optimal value of SDP
i€[m

relaxation (8.2.4) for n > 12 by using the sampling technique from Section The value is
also close to the exact optimal value of POP (8.2.1)). The number of constraints involved in SDP
(8-2.4) is equal to the sample size N which is much smaller than the one involved in SDP ({8.2.2).

namely 2(d + k min w,)
c€l[p]



Chapter 9

Exploiting nonnegativity of
variables

In the previous three chapters, we have relied on uniform denominators to solve POPs over
possibly noncompact semialgebraic sets. In this chapter, we present another advantage related
to uniform denominators. More explicitly, such denominators enable us to decompose the Gram
matrices, arising in the SOS strengthenings of POPs over the nonnegative orthant, into finitely
many smaller ones with prescribed sizes.

For each A C N, denote v4(x) = (x%)qea. We say that a polynomial ¢ is even in each
variable if for every j € [n], q(@1,...,2j—1, =%, Tjt1,.. ., Tn) = @(T1, .., Tj1, L), Tjg1, ., Tn).
A polynomial g is called a SOS of monomials if ¢ = AaX?® for some Ay > 0. Accordingly,
b(n,d)

N

acNn
if ¢ is an SOS of monomials, then ¢ = v(—ir diag(u)vy for some d € Nand u € R

Factor width: Originally defined in [23], the factor width of a real positive semidefinite matrix
G is the smallest integer s for which there exists a real matrix P such that G can be decomposed as
G = PP and each column of P contains at most s nonzeros. In this case, if u is a vector of several
monomials in x, the SOS polynomial u’ Gu can be written as u(x) " Gu(x) = }_,(q, u(x))?, where
q; is the i-th column of P. It is not hard to prove that the Gram matrix of each square (q, u(x))?
has size at most s since q; has at most s nonzeros. Thus, if an SOS polynomial has Gram matrix
of factor width at most s, it can be written as a sum of SOS polynomials with Gram matrix sizes
at most s. The inverse also holds true thanks to eigen decomposition. The applications of factor
width for polynomial optimization can be found in, e.g., [3| [I41].

POP with nonnegative variables: In the present chapter, we focus on the following POP on
the nonnegative orthant:

f* = inf f(x), (9.0.1)

xeS

where f is a polynomial and S is a semialgebraic set defined by

S:={xeR":2; >0,j€[n], gi(x) >0,i€[m]}, (9.0.2)

for some g; € R[x], i € [m] with g,, := 1. Letting §(x) := q(x?) (with x? := (22, ..., 22)) whenever

q € R[x], it follows immediately that problem (9.0.1]) is equivalent to solving

[* = inf f(x), (9.0.3)
xeS
where S is a subset of R” defined by
S:={xeR": §(x)>0,ic[m]}. (9.0.4)

157



158 CHAPTER 9. EXPLOITING NONNEGATIVITY OF VARIABLES

Contribution. Our contribution is twofold:

I. In our first contribution, we provide in Corollary a degree bound for the extension of
Pélya’s Positivstellensatz originally stated in [45]. Explicitly, if

- f ,J1,--+,0m are polynomials even in each variable,

- S defined as in has nonempty interior, §; = R — ||x||3 for some R > 0,

- f is of degree at most 2dy, each g; is of degree at most 2d,,, and f— f* is nonnegative on g,
then there exist positive constants ¢ and ¢ depending on f, g; such that for all € > 0, for all
k>ce™ ¢, 5

(4 IR~ £ 4 ) = S i (905)

for some o; being SOS of monomials such that deg(c;g;) < 2(k + dy). (Here g, :=1.)
Consequently, the resulting LP-hierarchy of lower bounds (pL°!)yen for POP (9.0.3):

pl,zél =sup A
A,u;
st AeR,u; e RE™ e [m], (9.0.6)

0 (f —X) = > icpm) 0iVE, diag(ui)vi, .

where k; := k+ dy — d,, for i € [m]. converges to f* with a rate at least O(e~¢). This linear
hierarchy is originally stated by Dickinson and Povh in [46] without convergence rate.

Unfortunately, for large relaxation order k this LP is potentially ill-conditioned (see for instance
Example. In order to address this issue, we replace each diagonal Gram matrix diag(u;) in LP
by a Gram matrix of factor width at most s € N5 to obtain a semidefinite relaxation, which
is tighter than LP . Namely, consider the following SDP indexed by k € N and s € N5q:

pbéli= sup A
’ \,G i
s.t. A€ Ra Gij =0, J € [b(nakz)] 5 1€ [m] 3 (907)
O (f = A) = Zicpm 9 ( Zjetpinrn) V;gs,knGz‘jVA;sw) :
J

where each Aﬁf*d) C N7, chosen as in Section is such that (Aﬁf’d))re[b(nyd)] covers N7, i.e.,
P D) gD — Nn | (9.0.8)

and the cardinal number of Aﬁs’d) is at most s. Here §,, := 1. We call s the factor width upper
bound associated with the semidefinite relaxation . It is easy to see that the size of each
Gram matrix Gy; in @ is at most s. In addition, due to , we obtain the following
estimate for every s € [b(n, k)]:

P = pkd < pka < (9.0.9)
so that for every fixed s € Ny, Tls ol  f* as k increases, with a rate at least O(¢~°). Notice that
when s = 2, becomes an SOCP thanks to [123, Lemma 15].

We emphasize that in our semidefinite relaxation , for fixed k the size of Gram matrices
G;; can be bounded from above by any s € Ny while the maximal matrix size of the standard
semidefinite relaxation for POP ({9.0.1) (defined as in Section [2.4) is fixed for each relaxation order
k. Nevertheless, since we conv to the form so as to use Corollary 7 the
degrees of the resulting objective and constraint polynomials are doubled, i.e., deg( f) = 2deg(f)
and deg(g;) = 2deg(g;).

However, numerical experiments in Sections [9.3]and [9.4.7)suggest that our method works better
than existing methods on examples of POPs with nonnegative variables. For instance, for 20-
variable dense POPs on the nonnegative orthant, the standard SOS-relaxations based on Putinar’s
Positivstellensatz provide a lower bound for f* in 356 seconds while we can provide a better lower
bound in 5 seconds.

Next, in Sections [9.4.6] and [9.4.6] we provide two convergent hierarchies of linear and semidef-
inite relaxations for POPs on the nonegative orthant, that exploit correlative sparsity, and with
properties similar to those of and . Accordingly, for POPs on the nonnegative orthant
with up to 1000 variables, we can provide lower bounds in 19 seconds which are better than those
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obtained in 56360 seconds with the sparsity-adapted version of the standard SOS-relaxations of
Waki et al. [203].

II. In our second contribution, we provide a degree bound for an extended version of Handel-
man’s Positivstellensatz to arbitrary compact basic semialgebraic sets. More explicitly, Corollary
03] states the following result. If

- f ,J1,--+,0m are polynomials even in each variable,

- S defined as in has nonempty interior, §; = R — ||x||2 for some R > 0,

- §; is of degree at most 2d,, and f — f* is nonnegative on S,

then there exist positive constants ¢ and ¢ depending on f, g; such that for all € > 0, for all
k>t ¢,

s * k—d 7 ~ ~]
(f =)+ e=Yicm 2i=0" 0iidid1 (9.0.10)

for some o;; being SOS of monomials such that deg(aijf;ig{) < 2k. (Here gy, :=1.)

When compared with the extension of Pélya’s Positivstellensatz in , the one of Handel-
man’s Positivstellensatz in does not have multiplier (1 + ||x||3)* but its number of SOS
of monomials is .-, (k — dy, + 1) becomes larger when k increases. In contrast, the extension
of Polya’s Positivstellensatz involves the same multiplier and its number of SOS of monomials is
m + 1, so does not depend on k.

As a consequence, we obtain in Section [0.2.2] the rate of convergence for the hierarchy of linear
relaxations based on the extension of Handelman’s Positivstellensatz. In addition, we also
propose a new hierarchy of semidefinite relaxations in based on even symmetry and the
concept of factor width similarly to the one relying on Pdlya’s Positivstellensatz. A sparse version
of this semidefinite hierarchy is also obtained in Section [9.4.6]

As shown in Sections [9.3] and [0.4.7] these hierarchies of semidefinite relaxations have the same
numerical behavior as the ones based on Podlya’s Positivstellensatz. In almost all cases, the ones
based on the extension of Handelman’s Positivstellensatz are several times slower but provide
slightly better accurate bounds, compared to the ones based on the extension of Pdlya’s Posi-
tivstellensatz.

Related works

Exploiting sparsity: Structure exploitation in , is comparable to term sparsity and cor-
relative sparsity (see Chapter [3]) but here we can deal with dense POPs of the form . More-
over, the maximal block sizes involved in the sparsity-exploiting SDP relaxations mainly depend
on the POP itself as well as on the relaxation order. By comparison, the maximal block size of
our SDP relaxations is controllable. Under mild conditions, the rate of convergence pgin — f*as

k increases, is at least O(e~°).

Dickinson—Povh’s hierarchy of linear relaxations: Dickinson and Povh state in [45] a spe-

cific constrained version of Polya’s Positivstellensatz. Explicitly, if f, g1,...,gm are homogeneous
polynomials, S is defined as in (9.0.2), and f is positive on S\{0}, then

e @) = Xicim) 9ii » (9.0.11)
for some homogeneous polynomials o; with positive coefficients. (Here g, := 1.) They also

construct a hierarchy of linear relaxations associated with (9.0.11]).

The extension of Pélya’s Positivstellensatz restated in Corollary is indeed analogous to
(19.0.11). However the approach is different and importantly, the result is more convenient as we
provide degree bounds for the SOS of monomials involved in the representation. Similarly, our
corresponding linear relaxations are the analogues to those of Dickinson and Povh [46].
As shown in Example [0.2] and other examples in Sections [0.3] and [0.4.7] this hierarchy of linear
relaxations usually have a poor numerical behavior in practice when k is large. Our new hierarchy
of semidefinite relaxations is used to improve this issue.
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DSOS and SDSOS: Recent work of Ahmadi and Majumdar [3] presents two alternative cones
for SOS cones, namely, DSOS and SDSOS, which involve factor widths at most 2 and are more
tractable than SOS cones. In the unconstrained case of POP (9.0.3)), our semidefinite hierarchy
based on the extension of Pélya’s Positivstellensatz can be seen as a generalization of DSOS and
SDSOS while using the notion of factor width, see Remark[9.17] In fact, to obtain our semidefinite
relaxations for the constrained case , we replace each SOS of monomials involved in the
certificate by an SOS polynomial whose Gram matrix has factor width at most s; see
Remark [0.10]

9.1 Representation theorems

In this section, we derive representations of polynomials nonnegative on semialgebraic sets
together with degree bounds.

9.1.1 Polynomials nonnegative on general semialgebraic sets

Extension of Pélya’s Positivstellensatz: We analyze the complexity of the extension of
Pélya’s Positivstellensatz in the following theorem:

Theorem 9.1. (Homogenized representation) Let gi,...,gm be homogeneous polynomials such
that g1, ..., gm are even in each variable. Let S be the semialgebraic set defined by
S:={xeR": g1(x) >0...,gm(x) >0}. (9.1.1)

Let f be a homogeneous polynomial of degree 2dy for some dy € N such that f is even in each
variable and nonnegative on S. Then the following statements hold:

1. For all e > 0, there exists K. € N such that for all k > K., there exist homogeneous SOS of
monomials o; satisfying

deg(og) = deg(o191) = - - - = deg(omgm) = 2(k + dy) (9.1.2)

and
1|25 (f + el x[2") = 00 + T191 + -+ + OonGom - (9.1.3)

2. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that

for alle > 0, one can take K. = te™°.

The proof of Theorem [0.1]is postponed to Section [0.4:2]
Note that some other homogeneous representations for globally nonnegative polynomials even
in each variable have been studied in [64], [72} [37].

Remark 9.1. The Gram matriz associated with each SOS of monomials is diagonal. In other
word, it is a block-diagonal matriz with mazximal block size one. It would be interesting to know for
which types of input polynomials we could obtain other representations involving SOS with block-
diagonal Gram matrices of very small mazimal block size, similarly to Theorem[9.1 Some of them
have been discussed in [66], [123] that includes SOS of binomials, trinomials, tetranomials and SOS
of any s-nomials. We emphasize that such representations allow one to build up SDP relaxations
of small mazimal matrix size that can be solved efficiently by using interior-point methods as shown
later in Section[9.3.

The following corollary is a direct consequence of Theorem

Corollary 9.1. (Dehomogenized representation) Let g1, ..., gm be polynomials even in each vari-

able. Let S be the semialgebraic set defined by (9.1.1). Let f be a polynomial even in each variable
and nonnegative on S. Denote dy := |deg(f)/2] + 1. Then the following statements hold:
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1. For all e > 0, there exists K. € N such that for all k > K., there exist SOS of monomials o;
satisfying

deg(og) < 2(k+dy) and deg(oig;) <2(k+dyf), i€ [m], (9.1.4)

and
08 (f +€0%) =09+ 0191+ + TmGm » (9.1.5)

where 6 := 1+ ||x]|3.

2. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
for all e > 0, one can take K. = ce~°.

The proof of Corollary is similar to the proof of [I32] Corollary 1].

9.1.2 Polynomials nonnegative on compact semialgebraic sets

In this section, we provide a representation of polynomials nonnegative on semialgebraic sets
when the input polynomials are even in each variable. We also derive in Section [9.4.5] some sparse
representations when the input polynomials have correlative sparsity.

Extension of Pélya’s Positivstellensatz

The following corollary is deduced from Corollary [0.1]

Corollary 9.2. Let f,g;,S,d; be as in C’orollary such that g1 := R — ||x||3 for some R > 0.
Then the following statements hold:

1. For all e > 0, there exists K. € N such that for all k > K., there exist SOS of monomials o;

satisfying (9.1.4)) and

(14 [x[I5)*(f + ) = 00 + o191 + - + TmGm - (9.1.6)

2. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
for alle > 0, one can take K. = ce™*.

Corollary can be proved in the same way as [I32, Corollary 2].

Remark 9.2. If we remove the multiplier (1 + ||x||3)* in (9.1.6)), C’orollary is no longer true.
Indeed, letn =1, f = (2® — %)2 and assume that f = oo +o1(1 —x2) for some SOS of monomials
oi, © = 0,1. Note that f is even and positive on [—1,1]. We write o; := a; + bz + x4ri(x) for
some a;,b; € Ry and r; € Rlz]. It implies that

at =322 + 2 = (ap + boz? + 2lro(2)) + (a1 + bra? + zlry(2))(1 — 2?). (9.1.7)
Then we obtain the system of linear equations: % = a9+ ay and =3 = by — a1 + by. Summing

gives 72 = ag + by + b1. However, ag + by + b1 > 0 since a;,b; € Ry. This contradiction yields
the conclusion. Thus, Putinar’s Positivstellensatz with SOS of monomials does not exist when the
input polynomials are even in each variable. However, we are still able to exploit term sparsity/even
symmetry for Putinar’s Positivstellensatz in this case as shown later in Proposition |9.1].

It is not hard to see that with the multiplier (14 x2)?, we obtain the Pélya’s Positivstellensatz
as follows:

(14 22)2%f =060 +01(1 — 2?), (9.1.8)
where 6 1= % and 61 = z* + %xz + % are SOS of monomials.

We prove in the following proposition the existence of block-diagonal Gram matrices in Putinar’s
Positivstellensatz when the input polynomials are even in each variable:
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Proposition 9.1. Let f, g1, ..., gm be polynomials in R[X] such that f, g; are even in each variable.
Assume that there exists a decomposition:

F =Y 0ivg, GYva, (9.1.9)

(@)

for some d; € N and real symmetric matrices G = (Ga,ﬁ)aﬁeNZi' For every i € [m], define

G := (Gg?ﬁ)a,ﬁeNg_; where:

~(i el ; 2N™
Gy =4 P Voot e Nt (9.1.10)
' 0 otherwise.
Then GO are block-diagonal up to permutation and
f=30"9vy GOvy, . (9.1.11)

Moreover, if G = 0, then G = 0.

Proof. The proof is inspired by [61], Section 8.1]. Removing all terms in (9.1.9) except the terms
of monomials x2%, o € N, we obtain (9.1.11)). It is due to the fact that f,g; only have terms of
the form x?*, o € N” and

Vi GOV, =5, genn GugxotP. (9.1.12)

Next, we show the block-diagonal structure of G(). For every v € {0,1}", define
AD ={aeN] : ,a—~ve2N"}. (9.1.13)

Then AY'NAY = 0if v # 1 and N := Uyeqo13+AY. In addition, for all ar, B € AY), at-B € 2N™.
Moreover, if o, 8 € Njj and a + 8 € 2N", then there exists v € {0, 1}" such that a, 8 € Ag). It
implies that all blocks on the diagonal of G() must be

(G ) apenes » v € (0.1} (9.1.14)
This yields the desired results. O

Remark 9.3. The block-diagonal structure in Proposition [9.1] can be obtained by using TSSOS
[212]. For general input polynomials f,g;, we cannot ensure that the mazximal block size in this
form is upper bounded or possibly goes to infinity as each d; increases. However, as shown in
Remark[9-3, we cannot obtain blocks of size one for this form. In order to improve this, we provide
another representation with diagonal Gram matrices in the next corollary.

Extension of Handelman’s Positivstellensatz
The following corollary is a consequence of Theorem [9.1}

Corollary 9.3. (Dense representation without multiplier) Let f,g;,S be as in Corollary such
that g1 := R — ||x||3 for some R > 0 and g, := 1. Denote dg, := [deg(g;)/2]. Then the following
statements hold:

1. For all e > 0, there exists K. € N such that for all k > K., there exist SOS of monomials
05,5 satisfying
deg(oijg19:) < 2k (9.1.15)
and

k—d,. ,
f+e=>0, > =0 0i 919 - (9.1.16)

2. If S has nonempty interior, then there exist positive constants ¢ and ¢ depending on f, g; such

that for all € > 0, one can take K. = ce™¢.
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Proof. Denote dy := |deg(f)/2]+1. With an additional variable z,,11, we first define the following
homogeneous polynomials:

n 2d x _ 2d, x
Fr= 60" fe ) and Gii= [0zl " (o). (9.117)

It is not hard to prove that f is nonnegative on the semialgebraic set {(x,z,.1) € R"*!
9i(X,xp41) > 0, 7 € [m]}, so that Theorem yields the representation

z 2d _ _
166, 2 DIZF + el 2 )IEY) = 0130+ + O (9.1.18)
for some SOS of monomials o;. By replacing x,,+1 by /R — ||x||3, we obtain the results. O

Remark 9.4. The number of SOS of monomials in the representation is Yo, (k—dg, +1)
which becomes larger when k increases, while the number of SOS of monomials in the representation
is m + 1, thus does not depend on k. However, a large number of Gram matrices is not a
computational issue, since the complexity of interior-point methods mainly depend on the maximal
block sizes of the Gram matrices and are still efficient when their number is large.

Remark 9.5. With f being defined as in Remark[9.3, the following decomposition is an instance
of the extended Handelman’s Positivstellensatz:

f=m+ml—2%) +m-2%?2, (9.1.19)

where Ny = %, m =12 = 1 are SOS of monomials. Note that the degrees of these SOS of monomials
are zero while the degrees of the ones from (9.1.8)) for the extension of Pdlya’s Positivstellensatz
are 8 and 4.

Remark 9.6. In Section [9.].3, we provide some variations of Pélya’s and Handelman’s Posi-
tivstellensatz where the input polynomials are not required to be even in each variable. Moreover,
the weighted SOS polynomials of these representations are still associated with Gram matrices of
factor width one thanks to a change of monomial basis.

9.2 Polynomial optimization on the nonnegative orthant:
Compact case

This section is concerned with some applications of the extensions of Pélya’s and Handelman’s
Positivstellensatz for polynomial optimization on compact semialgebraic subsets of the nonnegative
orthant. The noncompact case is postponed to Section[9.4.4] Moreover, Section[9.4.6]is devoted to
some applications of the sparse representation provided in Section[9.4.5]for polynomial optimization
with correlative sparsity.

Consider the following POP:

fr= inf f(x), (9.2.1)
where f € R[x| and
S={xeR" :2;>0,j€n], gi(x) >0,i€[m]}, (9.2.2)

for some g¢; € R[x], i € [m], with g, = 1.

Throughout this section, we assume that f* > —oo and problem has an optimal solution
x*.
Remark 9.7. Every general POP in variable x = (x1,...,2,) can be converted to the form
by replacing each variable x; by the difference of two new nonnegative variables xj' —z;.
In particular, if there are several constraints x; > a;, we can obtain an equivalent POP on the
nonnegative orthant by defining new nonnegative variables y; = x; — a;. However, we restrict
ourselves to POPs on the nonnegative orthant in this chapter.
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Recall that §(x) := q(x2), for a given polynomial ¢q. In this case, ¢ is even in each variable.
Then POP (9.2.1) is equivalent to
f* = inf f, (9.2.3)
xeSs
where
S={xeR": §(x)>0,ie[m]}, (9.2.4)

with x*2 being an optimal solution.
Let 0 := 1+ ||x||3. Denote dy := deg(f) + 1, d,, := deg(g;), i € [m] and let diag(-) stand for
the vector of diagonal entries of a square matrix.

9.2.1 Linear relaxations
Based on the extension of Pélya’s Positivstellensatz
Consider the hierarchy of linear programs indexed by k € N:
ol = ir;f Ly(ka)
s.t. y= (ya)"‘eNQ(df+k) CR,Ly(0*) =1, (9.2.5)
diag(My, (¢:y)) € Ri(n’k"') , 1€ [m],
where k; ==k +dy — dg,, t € [m]. Note that g, = 1.

Remark 9.8. The optimal value 759 only depends on the subset of variables {yoa : ¢ € N3f+k},
i.e., the optimal value of LP (9.2.5)) does not change when we assign each of the other variables with

any real number. It is due to the fact that 0, f, and g; only have nonzero coefficients associated to
the monomials x** for some o € N",

Theorem 9.2. Let f,g; € R[x], i € [m], with g, =1 and g1 := R =}, x; for some R > 0.
Consider POP (9.2.1) with S being defined as in (9.2.2)). For every k € N, the dual of (9.2.5))

reads as:

proli=sup A
Au;
st AeR,u; e R e [m], (9.2.6)

ek(f —A) = Zie[m] gzvl diag(u;) v, -
The following statements hold:

1. For all k € N,
pE < b8 < fr (9.2.7)

2. The sequence (pL°)ren converges to f*.

3. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
0< f*— b < (B)7F.

— (o
The proof of Theorem relies on Corollary and can be proved in almost the same way as
the proof of [I32, Theorem 4].
Based on the extension of Handelman’s Positivstellensatz
Consider the hierarchy of linear programs indexed by k € N:
mHen = inf Ly (f)
y
s. t. Yy = (ya)aeNgk C Ra Yo = 17 (928)
. v vj b(n,k;; . .
diag(Mi, (3:51)y) € RLM i€ [m], j € {0} ULk - dy.].

where k;j :=k —dg, — j, for i € [m], for j € {0} U [k — dg,]. Note that g, = 1.
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Theorem 9.3. Let f,g; € R[x], i € [m], with g, =1 and g1 :== R — Zte[n] xy for some R > 0.
Consider POP (9.2.1) with S being defined as in (9.2.2)). For every k € N, the dual of (9.2.8)

reads as:

plan = sup A
AU
st AeR, uy; € REM) iem], je{0}Ulk—d,], (9.2.9)

< k—dg, o +j .
f —A= Zle[m] Zj:oi gigivgij dlag(uij)vkij .
The following statements hold:

1. For all k € N, pllan < p?jrl’ < f*.

2. The sequence (pp*™)en converges to f*.

3. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
0 < f*— pHan < (E)_7.

- ¥

The proof of Theorem [9.3| relies on Corollary [9.3] and can be proved in almost the same way as
the proof of Theorem (9.2

9.2.2 Semidefinite relaxations

In this subsection, we construct the sparsity pattern .A;s’d) C N} inspired by even symmetry
reduction in Proposition |9.1]

We write N* = {a1, g, ...,y @ty 1, . . . } such that
o << <o <oy <.l (9.2.10)
Let
W;={ieN:i>j, a;+a; €2N"}, je&Nsy. (9.2.11)

Then for all j € Nsg, W, # 0 since j € W;. For every j € N, we write W, := {igj),igj), ...} such
that j =i < i) <. .. Let

E(S,d) = {ai(j)y- “s ai(j)} NNG, j,s€Nso,deN. (9.2.12)
B E

For every s € Nyg and d € N, define Aﬁs’d) = 7'1(s’d) and for j =2,...,b(n,d), define

9.2.13
J 0 otherwise . ( )

4D {7;“’6” it TNAPD 20, e [j-1],

Note that Ug(znl’d

the sequence

)A§S’d) = N7 and |A§S’d)| < s. Here | - | stands for the cardinality of a set. Then

(@+B)q peacy, J € [b(n, d) (9.2.14)

are overlapping blocks of size at most s in (o + B)(a,BeNg)- Note that o + 8 € 2N" for all
a,Be Ag»s’d).

Example 9.1. Consider the case of n = d = s = 2. The matriz (o + B)(a’ﬁeNg) can be written
explicitly as

0,0) (L0) (0,1) (20) (11) (0.2)

(L,0) (2,0 (L1) (3.0) (21) (L2

0,1) (L1 (02) (21 (L2) (0,3) 92.15)
(2,00 (3.0) (21) (400 (3.1 (2.2) >
(L) (21 (1L2) (1) (22) (13)

(0.2) (L2) (0,3) (2.2) (L3) (0.4)
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In this matriz, the entries in bold belong to 2N2. Then A§2’2) = {(0,0),(2,0)}, AéQ’Q) ={(1,0)},
AP? = {(0,1)}, AP? = {(2,0),(0,2)}, AZ? = {(1,1)} and APP = 0. The blocks (o +
ﬁ)(a BeA® ) Jj € [5], are as follows:

[Egigi Eigﬂ [(2.0], [(0,2)] [E;g% Eﬁiﬂ  [2.2)] . (9.2.16)

For all B = {B,,...,8,} € N” such that 8, < --- < B,, for every h = Z'y hx" € R[x| and
for every y = (Ya)aene C R, let us define

B

v = ,8 and Mg(hy) = (Z‘Y h’)‘y’H‘,ﬂﬁ‘ﬁj )i,jE[T] . (9217)
X=r

Based on the extension of Pélya’s Positivstellensatz

Consider the hierarchy of semidefinite programs indexed by s € Nyg and k € N:

o= inf Ly (6" f)
’ Y
8.t ¥ = (Ya)aeny, CR, Ly(0*) =1, (9.2.18)

2(dg+k)
MA(s,ki)(giy) =0,5¢€ [b(n,k‘l)] , 1€ [m],
where k; ==k +dy — dg,, i € [m]. Here g, = 1.

Remark 9.9. If we assume that 6 = 1 then (9.2.18) becomes a moment relazation based on
Putinar’s Positivstellensatz for POP (9.0.3). Here each constraint My, (g;y) = 0 is replaced by
the constraint MA(S,ki)(giy) = 0. If s is large enough, (9.2.18]) corresponds to an SDP relaxzation

obtained after exploiting term sparsity (see [212)).

Theorem 9.4. Let f,g; € R[x], i € [m], with g, =1 and g1 := R =}, x; for some R > 0.
Consider POP (9.2.1) with S being defined as in (9.2.2)). For every s € Nsg and for every k € N,
9.2.18)

the dual of reads as:
proli= sup A
’ Gy
s.t. AER, Gy =0, 7€ [b(n,k;)], i € [m], (9.2.19)

ek(f -A) = Zie[m] gi(Zje[b(n,ki)] V;(s,ki>GijVA§_S”%)) :

The following statements hold:

1. For all k € N and for every s € Nso, pp = ppd < ppd < f*.

3§ —
2. For every s € Ny, the sequence (pf‘il)keN converges to f*.

3. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
) 1
for every s € Ny and for every k e N, 0 < f* — pggl < (5) ‘.

c

4. If S has nonempty interior, for every k € N and for every s € Nsq, strong duality holds for

the primal-dual problems ((9.2.18))-(9.2.19)).

Proof. Tt is not hard to prove the first statement. The second and third one are due to the first
statement of Theorem (9.2l The final statement is proved similarly to the third statement of [I32]
Theorem 4]. O

Remark 9.10. In order to construct the semidefinite relaxation , the SOS of monomi-
als in the linear relaxation are replaced by a sum of several SOS polynomials associated
to Gram matrices of small sizes. This idea is inspired by [215], where the authors replace the
first nonnegative scalar by an SOS polynomial in the linear relazation based on Krivine—Stengle’s
Positivstellensatz.
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Remark 9.11. At fized s € Nsg, the sequence (pgil)keN may not be monotonic w.r.t. k, and
similarly at fized k € N.

Example 9.2. (AM-GM inequality) Consider the case where n = 3, f = x1 + x2 + x5 and
S={xeR3:2;>0,j€[3], z12203—1>0,3 -z — 22 —x3 > 0}. Using AM-GM inequality,
we have

f(x) > 3(xyaow3)'/® >3, Vzes, (9.2.20)
yielding f* = 3. We solve SDP with Mosek and report the corresponding numerical results
in Table . The table displays T;ZI = 2.9999 which is very close to f*. However, 75! = Tlr}‘?ll =
1.5030 is smaller than TH' = %’11 = 2.4000, which violates the theoretical inequality (9.2.7). The
underlying reason is that the matrix A used to define the convex polytope P = {x € R™ : x >
0, Ax < b} in the equivalent form minyepc'x of LP is ill-conditioned, and the solver is
not able to solve accurately the LP corresponding to T

Based on the extension of Handelman’s Positivstellensatz

Consider the hierarchy of semidefinite programs indexed by s € N5g and k € N:

Thg" o= inf - Ly(f)
s.t. ¥ = (Ya)aeny, CR,y0=1, (9.2.21)
M ke ((G:87)y) = 0, 7 € [b(n. ki), i € [m], j € {0} U [k — dy,]
where k;j :=k —dg, — j, for i € [m], for j € {0} U [k — dg,]|. Note that g,, = 1.

Theorem 9.5. Let f,g; € R[x], i € [m], with g;, =1 and g1 :== R — Zje[n] x; for some R > 0.

Consider POP (9.2.1) with S being defined as in (9.2.2)). For every s € Nsg and for every k € N,
the dual of (9.2.21) reads as:

plan .= gup A
’ \Gijr
s. t. )‘GRa Gij’” =0,j€ [b(nvklj)]v i€ [m]vj € {O}U[k_dgi]v (9222)

% k—dg, o j
f=Xx= Zie[m] Zj:()gl i1 ( Zre[b(n,kij)] V;<s,kij>GierA<j”w>) :
The following statements hold:

1. For all k € N and for every s € Ns, pilan = pl,jj“ < pllj;“ < f*.

2. For every s € Ny, the sequence (pg’in)keN converges to f*.

3. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
Han E\ ¢
for every s € Nso and for every k € N, 0 < f* — pp & < (%) .

4. If S has nonempty interior, for every k € N and for every s € N5, strong duality holds for

the primal-dual problems ((9.2.21))-(9.2.22)).
The proof of Theorem is based on Theorem [9.3] and similar to the proof of Theorem

Remark 9.12. To make the use of the extended Handelman’s Positivstellensatz, we need at least
one ball constraint §1 = R — ||x||3 for some R > 0. Thus, Theorem is applicable only when
the domain S of POP is compact. To deal with the noncompact case, we might combine it
with the so-called “big ball trick”.

9.2.3 Obtaining an optimal solution

A real sequence (ya)aeny has a representing measure if there exists a finite Borel measure
such that yo = [, x*du(x) is satisfied for every o € N

Next, we discuss about the extraction of an optimal solution x* of POP from the optimal
solution y = (Yo )aenn of the semidefinite relaxations ((9.2.18)).

2(d g +k)
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Table 9.1: Numerical values (in the first subtable) and computing time (in the second subtable)
for T,f f,’;l in Example

ks 1 2 3 4 5 6 7 8
0 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
1 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
2 1 0.0000 | 0.0000 | 0.4999 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
3 | 1.0000 | 0.9999 | 0.0999 | 2.7454 | 2.8368 | 2.8383 | 2.9999 | 2.9999
4 | 1.4399 | 1.4999 | 1.4999 | 1.4999 | 1.4999 | 1.4999 | 2.9999 | 2.9999
5 | 1.8615 | 1.9961 | 1.9999 | 1.9999 | 1.9999 | 1.9999 | 2.9999 | 2.9999
6 | 2.1999 | 2.4526 | 2.4998 | 2.4999 | 2.4999 | 2.4999 | 2.4999 | 2.4999
7 | 2.3971 | 2.8090 | 2.9633 | 2.9950 | 2.9996 | 2.9999 | 2.9999 | 2.9999
8 | 2.4109 | 2.9022 | 2.9989 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
9 | 25161 | 2.9137 | 2.9997 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
10 | 2.5896 | 2.9520 | 2.9993 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
11 | 2.6210 | 2.9607 | 2.9983 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
12 | 2.6937 | 2.9615 | 2.9973 | 2.9998 | 2.9999 | 2.9999 | 2.9999 | 2.9999
13 | 2.7330 | 2.9662 | 2.9977 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
14 | 2.7390 | 2.9687 | 2.9974 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
15 | 2.3704 | 2.9697 | 2.9972 | 2.9998 | 2.9999 | 2.9999 | 2.9999 | 2.9999
16 | 2.4000 | 2.9710 | 2.9971 | 2.9997 | 2.9999 | 2.9999 | 2.9999 | 2.9999
17 | 1.5030 | 2.9723 | 2.9968 | 2.9999 | 2.9999 | 2.9999 | 2.9999 | 2.9999
18 | 0.5833 | 2.9732 | 2.9966 | 2.9996 | 2.9999 | 2.9999 | 2.9999 | 2.9999
19 | 0.8121 | 0.0000 | 0.0000 | 2.9995 | 2.9999 | 2.9999 | 2.9999 | 2.9999
20 | 0.7457 | 0.0000 | 0.0000 | 2.9994 | 2.9999 | 2.9999 | 2.9999 | 2.9999

ks 1] 2] 3 4 5 6 7 8

0 [11] 13|10 1.0 | 1.0 | 1.1 | 1.0 | 1.0

T |11 |11 | 11] 12 | 11 | 11 | 1.1 | 11

2 (11| 11 |11 11 | 1.1 | 11 | 11 | 1.1

3 [ 11| 11|11 11| 1.1 | 11| 15 | 1.1

4 (11|12 11| 11 | 11 | 11 |12 ] 12

5 (11| 11|11 12 | 12 | 1.3 | 1.2 | 1.3

6 |12 |12 12| 13 | 13 | 15 | 13 | 1.2

7 14 12| 12| 14 | 14 | 16 | 16 | 1.4

8 12|12 13| 1.3 | 15 | 1.4 | 18 | 1.9

9 [13 |12 13| 14 | 15 | 1.7 | 1.7 | 1.6

10 |13 13|15 18 | 1.7 | 19 | 22 | 1.9

11 |13 15| 1.4 19 | 1.9 | 20 | 22 | 23

12 |13 1.7 ] 18 21 | 22 | 23 | 27 | 26

13 141619 22 | 23 | 24 | 29 | 34

4 |12 [ 15 ] 20| 25 | 26 | 29 | 35 | 38

15 |12 16|23 28 | 31 | 35 | 42 | 50

16 | 13|25 | 28] 35 | 39 | 44 | 59 | 7.1

17 | 14 | 23 | 38| 53 | 62 | 72 | 79 | 97

18 |16 |29 [ 52| 72 | 79 | 97 | 106 | 12.3

19 |15 | 27 | 41| 98 | 13.3 | 140 | 141 | 16.6

20 | 1.4 | 34 | 48 | 12.6 | 165 | 20.8 | 245 | 27.2
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Remark 9.13. A naive idea is to define the new sequence of moments u = (Ua)aeN;(d . given
o

by Ue := Y2, for a € N;‘(df+k). Obviously, if y has a representing Dirac measure 6,+, then u has a

representing Dirac measure 8,+2. In this case, we take x* := z*>. However, there is no guarantee
that u has a representing measure in general even if y has one.

Based on Remark we use the following heuristic extraction algorithm:

Algorithm 14 Extraction algorithm for POPs on the nonnegative orthant

Input: precision parameter ¢ > 0 and an optimal solution (A, G;;) of SDP (9.2.19).
Output: an optimal solution x* of POP (9.2.1]).
(4)

1: For j € [b(n, k)], let G; = (wl(’Jg)PaquZ such that (wpg
(p,q) ¢ (A;S’km))Q. Then Gj > 0 and

)pqeatcim = Gy and wlig = 0 if

T A, —vT , .
Vg Gjvny = VA;s,kquJVA;Svkm ; (9.2.23)

2 Let G = X cim b)) G;. Then G is the Gram matrix corresponding to o, in the SOS
decomposition 3
0" (f =) = Xicpm 9i0i » (9.2.24)

where o; are SOS polynomials and ¢, = 1;

3: Obtain an atom z* € R™ by using the extraction algorithm of Henrion and Lasserre in [77],
where the matrix V in [77, (6)] is taken such that the columns of V form a basis of the null
space {u € R“* : Gu=0};

4: Verify that z* is an approximate optimal solution of POP by checking the following
inequalities: 5 5

[f(2) = Al < €]l fllmax and §i(z") = —€l|gillmax , i € [m], (9.2.25)

where ||¢||max := maxq |¢a| for any ¢ € R[x].
5: If the inequalities (9.2.25)) hold, set x* := z*2.

9.3 Numerical experiments

In this section we report results of numerical experiments obtained by solving the Moment-
SOS relaxations of some random and nonrandom instances of POP . Other results for some
random instances of POP ({9.0.1) can be found in Section Notice that our relaxations from
Section are to deal with dense POPs while the ones from Section are for POPs with
correlative sparsity.

For numerical comparison purposes, recall the semidefinte relaxation based on Putinar’s Posi-
tivstellensatz for solving POP (9.0.1)) indexed by k € N:

o i=1inf Ly(f)
y
s.t. y= (ya)aeNgk CR,yp =1, (9.3.1)
M 4,1(giy) = 0, i €[],

and its sparse version:

szput :=inf Ly(f)
y
s. t. y = (ya)aeN;k - Ra Yo = ]-7 (932)

My  (9iy) =0,i€ Je, c€p].
k=Tgil

Here m := m + n and gmy; = xj, j € [n]. Here g, :=1and m € J. C [m], for ¢ € [p]. As

shown by Baldi and Mourrain [13], the sequence (T,f Ut en converges to f* with the rate of at
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Table 9.2: The notation

Pb the ordinal number of a POP instance

Id the ordinal number of an SDP instance

n the number of nonnegative variables in POP (9.0.1))

Mineq the number of inequality constraints of the form g; > 0 in POP ((9.0.1)
Meq the number of equality constraints of the form g; = 0 in POP (9.0.1)

the SDP relaxation based on Putinar’s Positivstellensatz (9.3.1]) modeled
by TSS0S and solved by Mosek 9.1

the SDP relaxation based on the extension of Pélya’s Positivstellensatz
(9-2.19) modeled by our software InterRelax and solved by Mosek 9.1
the SDP relaxation based on the extension of Handelman’s Positivstellen-
Han satz modeled by our software InterRelax and solved by Mosek
9.1

the SDP relaxation for a sparse POP based on Putinar’s Positivstellensatz
(9-3-2) modeled by TSSOS and solved by Mosek 9.1

the SDP relaxation for a sparse POP based on the extension of Pélya’s
spPdl Positivstellensatz modeled by our software InterRelax and
solved by Mosek 9.1

the SDP relaxation for a sparse POP based on the extension of Han-
spHan | delman’s Positivstellensatz (9.4.83)) modeled by our software InterRelax
and solved by Mosek 9.1

Put

Pol

spPut

k the relaxation order

s the factor width upper bound used in SDP ((9.0.7)) and SDP (9.4.81)

d the sparsity order of the SDP relaxation (9.4.81])

nmat the number of matrix variables of an SDP

msize the largest size of matrix variables of an SDP

nscal the number of scalar variables of an SDP

naff the number of affine constraints of an SDP

val the value returned by the SDP relaxation

" there exists at least one optimal solution of the POP, which can be ex-
tracted by Algorithm [T4] or [9.4.9]

time the running time in seconds (including modeling and solving time)

00 the SDP relaxation is unbounded or infeasible

— the calculation runs out of space

least O(e=°) when POP ([9.0.1) has a ball constraint, e.g., g1 := R — ||x||3 for some R > 0. If

g =R~— Zje[n] z; for some R > 0, then (7 1%)cy still converges to f* due to Jacobi-Prestel [86]

Theorem 4.2] (see also [8, Theorem 1 (JP)]).

Remark 9.14. If we assume that g1 := R — .., @; for some R > 0, SDP (9.3.1) may be
unbounded when k is too small since its variables y are possibly unbounded. This issue occurs later
on, see, e.g., Section|9.5.1, However, if we assume that g1 := R—||x||3 for some R > 0, then SDP

(0:31) is feasible for any order k > 1 (see Section[9.4.7).

The experiments are performed in Julia 1.3.1. We rely on TSS0S [212] to solve the Moment-SOS
relaxations of sparse POPs.
The implementation of our method is available online via the link:

https://github.com/maihoanganh /InterRelax.
We use a desktop computer with an Intel(R) Core(TM) i7-8665U CPU @ 1.9GHz x 8 and 31.2
GB of RAM. The notation for the numerical results is given in Table

9.3.1 Dense QCQPs

Test problems: We construct randomly generated dense quadratically constrained quadratic

programs (QCQPs) in the form (9.0.1)-(9.0.2) as follows:


https://github.com/maihoanganh/InterRelax
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Table 9.3: Numerical results for randomly generated dense QCQPs.
d | Pb POP size Put Pol Han
n [ Mineq [ Meq | K [ val [ time k [ s [ val [ time | k [ s [ val [ time
1 1 o) 0.0 «
9 1 20 2 0 2 | -1.99792 92 0] 17 -1.99792 1 2 5 -1.99792 1
3 1 [eo) 0.03 .
4 2 20 5 0 2 | -0.350601 349 1|20 | -0.265883 9 3 1 -0.265883 1
5 1 0 0.02
6 3 20 5 4 9 | _0.431543 356 1 7 -0.429442 5 3 7 | -0.429430 9
7 1 o) 0.0 .
3 4 30 2 0 2 | -2.31695 3545 0] 20 -2.31695 2 2110 -2.31695 1
9 5 30 7 0 L &0 0.2 0] 31 -1.79295 45 3| 20 -1.79295 238
10 2 -2.13423 15135 : ’
11 1 o) 0.1
12 6 30 7 6 9 | -1.56374 | 12480 1|31 -1.56374 54 3| 15 -1.56374 236
Id Put Pol Han
nmat [ msize [ nscal [ naff | nmat [ msize [ nscal [ naff | nmat [ msize [ nscal [ naff
1 1 21 22 231
9 2 231 1 10626 5 17 232 231 17 5 255 231
3 1 21 25 231
4 25 231 1 10626 44 20 1604 | 1771 0 1 2344 1771
5 1 21 29 231
6 25 231 925 10626 330 7 1688 | 1771 345 7 1945 1771
7 1 31 32 496
N 39 196 1 16376 11 21 497 496 22 10 530 496
9 1 31 37 496
10 37 196 1 16376 32 31 5116 | 5456 396 20 5650 | 5456
11 1 31 43 496
12 37 196 9977 | 46376 32 31 5302 | 5456 561 15 5836 | 5456
1. Take a in the simplex
w.r.t. the uniform distribution.
2. Let g1 :=1— Zje[n] x; and go := 1.
3. Take every coefficient of f and g;, i = 2,...,m, in (—1,1) w.r.t. the uniform distribution.

4. Update g;(x) := g;(x)

—gi(a) +0.125, for i = 2,..., Mipeq-

5. Update Jitmineq (x) = Jitmineq (x) — Jitmineq (a) and set Jitmeq+mineq

[Meq)-

= “Jitmineq>s for i €

Here m = Mipeq + 2Meq With Mineq (resp. meq) being the number of inequality (resp. equality)
constraints except the orthogonal constraints x; > 0. If mizeq = 2 and meq = 0, we obtain the
case of the minimization of a polynomial on the simplex A,,. The point a is a feasible solution of

POP (0.0.1).

The numerical results are displayed in Table

Discussion:
For instance, when n = 20, Mineq = 5 and meq = 0, Put takes 342 seconds to return the lower
bound —0.350601 for f*, while P6l only takes 9 seconds to return the better bound —0.265883 and

Table [9.3| shows that P4l and Han are typically faster and more accurate than Put.




172 CHAPTER 9. EXPLOITING NONNEGATIVITY OF VARIABLES

an approximate optimal solution. It is due to the fact that P6l has 44 matrix variables with the
maximal matrix size 20, while Put has 25 matrix variables with the maximal matrix size 231 in
this case. In addition, Han provides slightly better bounds than P64l in Pb 3 and the same bounds
with P4l in the others. Moreover, P4l runs about five times faster than Han in Pb 5 and 6.

9.3.2 Sparse QCQPs

Test problems: We construct randomly generated QCQPs in the form (9.0.1))-(9.0.2) with cor-
relative sparsity as follows:

1. Take a positive integer u, p := |n/u] + 1 and let

[u], ife=1,
I =< {u(c—1),...,uc}, ifce{2,....,p—1}, (9.3.4)
{u(p—-1),...,n}, ifc=p;

2. Generate a quadratic polynomial objective function f = Zce[p] fe such that for each ¢ € [p],

fe € R[z(I.)]2, and the coefficient f. o, € Ni¢ of f. is randomly generated in (—1,1) w.r.t.
the uniform distribution;

3. Take a random point a such that for every ¢ € [p], a(I.) belongs to the simplex

Al = {x(I.) €eR™ : 2, >0, j €L, Y ey w5 <1} (9.3.5)
4. Let g := |Mineq/p] and

{(c=1)g+1,...,¢cq}, ifcep—1],

Je= {{(p—l)q—i—l,...,l}7 ife=p. (0.3.6)

For every ¢ € [p] and every i € J., generate a quadratic polynomial g; € R[x(I.)]2 by

(a) for each o € N\{0}, taking a random coefficient G, of h; in (—1,1) w.r.t. the
uniform distribution;

(b) setting g; 0 := 0.125 — ZaeNéc\{O} 9j,0a®.
5. Take g;, :=1—>7,.; @, for some i, € J;, for ¢ € [p];
6. Let 7 := |meq/p| and

., {(c=1Dr+1,...;cr}, ifcep-1],
Wﬂ_{ﬂp—nr+L“wn, if c=p. (9.3.7)

For every c € [p] and every i € W,, generate a quadratic polynomial h; € R[x(I.)]2 by

(a) for each a € N£°\{0}, taking a random coefficient h; o of h; in (—1,1) w.r.t. the uniform
distribution;

(b) setting h; o = — ZaeNéc\{O} hi,aa®.
7. Take gitmyn., (X) = hi and set gifmo +mineq = —hi, for i € [megy).

Here m = Mineq + 2Meq With Mineq (resp. meq) being the number of inequality (resp. equality)
constraints except the orthogonal constraints z; > 0. The point a is a feasible solution of POP
(19.0.1)).

The numerical results are displayed in Table
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Table 9.4: Numerical results for randomly generated QCQPs with correlative sparsity of n = 1000 and
d=deg(f)=2.

| Pb POP size spPut spPol spHan
u [ Mineq [ Meq | K [ val [ time k [ s [ val [ time | k [ s [ val [ time

1 1 00 1.5
9 1 10 201 0 2 | -129.061 385 0] 10 -128.906 15 2 7 | -128.660 20
3 2 10 201 200 L i 2.0 1|12 65.3195 51 3|10 65.3050 | 283
4 2 | -66.0696 | 475 e o
5 1 00 3.6
6 3 20 201 0 2 | -66.1306 | 56360 0] 15 -65.9794 19 2 | 15 | -65.8646 24
; 4 20 201 200 ; O_O 2 1| 22 -38.2061 | 319 | 3 | 20 | -38.2035 | 2146
Id spPut spPdl spHan

nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff
1 100 12 1201 7491
9 1300 78 1 135641 299 10 7889 7491 599 7 9288 7491
3 100 12 1401 7491
4 1300 78 15577 | 135641 1299 12 39920 43813 4184 10 41419 35926
5 50 22 1201 12481
6 1250 953 1 630231 399 15 25407 25109 399 15 13978 12481
7 50 22 1401 12481
3 1250 953 50513 | 630231 1149 22 108641 | 113428 | 3574 20 109990 | 100751

Discussion: Similarly to the previous discussion, spP6l and spHan in Table are also much
faster and more accurate than spPut. For instance, when u = 20, Mmipeq = 201 and meq = 0, spPol
takes 20 seconds to return the lower bound —65.9794 of f*, while spPut takes 56360 seconds to
return a worse bound of —66.1306. In this case, spPdl has 399 matrix variables with maximal
matrix size 15, while spPut has 1250 matrix variables with maximal matrix size 253. In particular,
spHan provides slightly better bounds than spPél for Pb 1, 2, 4 while it is seven (resp. five) times
slower than spPél in Pb 4 (resp. Pb 2).

9.3.3 Stability number of a graph

In order to compute the stability number «(G) of a given graph G, we solve the following POP
on the unit simplex:

1 T . —
aoy = i {x (A +Dx 2 ) e 7 = 11 (9.3.8)
where A is the adjacency matrix of G and I is the identity matrix.

Test problems: We take some adjacency matrices of known graphs from [I80]. The numerical
results are displayed in Tables 9.5 and Note that in Table [9.6] we solve POP (9.3.8]) with an
additional unit ball constraint 1 — ||x||3 > 0. The columns under “val” show the approximations
of a(G).

Discussion: The graphs from Table [9.5] are relatively dense so that we cannot exploit term
sparsity or correlative sparsity for POP in these cases. For the graph GD02_a in Table
Pél and Han provide better bounds for a(G) compared to the ones returned by the second order
relaxations of Put. In Table Put provides negative values for the first order relaxations. The
additional unit ball constraint does not help to improve the bound for the second order relaxation
for 1d 2. Besides, Table[9.5]shows that Han provides slightly better bounds than Pél for johnson16-
2-4, but its value is less accurate than the corresponding one from Table
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Table 9.5: Numerical results for stability number of some known graphs in [180].
Id Ph POP size Put Pél Han
n k [ val [ time | k [ s [ val [ time | k [ s [ val [ time
; GDO02_a 23 ; 13'30110 %gj 0 25 13.0000 1 2 25 13.0000 1
i johnson8-2-4 28 ; 7.0%%00 SO(S)):; 0| 30 | 7.00000 1 2| 30 | 6.99999 1
2 johnson8-4-4 70 ; O_O i 0 72 | 5.00000 5 2 72 | 5.00001 8
; hamming6-2 64 ; O_O 0;5 0| 66 1.99999 3 2| 66 1.99999 6
190 hamming6-4 64 ; O_O 0;6 0| 66 12.0000 3 2 | 66 12.0000 5
}; johnson16-2-4 120 ; O_O 0;6 0 | 122 | 15.0001 54 2 | 122 | 15.0000 78
Id Put Pél Han
nmat [ msize [ nscal | naff nmat [ msize [ nscal | naff | nmat [ msize [ nscal [ naff
; 214 32040 32051 1?2(5)0 1 24 301 300 1 24 326 300
i 219 42395 43306 3§320 1 29 436 435 1 29 466 435
2 711 22%6 2227 11255056626 1 71 2557 | 2556 1 71 2629 | 2556
; 615 2(1325 2(134616 8?}1325 1 65 2146 | 2145 1 65 2212 | 2145
190 615 2(1325 2?36 8?i§25 1 65 2146 | 2145 1 65 2212 | 2145
g 1;1 7132811 7132820 93783182151 1 121 7382 | 7381 1 121 7504 | 7381
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Table 9.6: Numerical results for stability number of some known graphs in [I80] with an additional unit

ball constraint.

Id POP size Put Pol Han
n k [ val [ time | k [ s [ val [ time | k [ s [ val [ time

1 1 | -0.62896 | 0.02
9 GDO02.a 23 9 13.0170 449 0 13 13.0000 1 2 13 13.0000 1
3 . 1 | -0.30434 | 0.03
4 johnson&-2-4 28 2 | 7.00000 | 3010 0 23 7.00000 1 2 23 | 7.00000 1
2 johnson8-4-4 70 ; _0'1f056 i 0 70 | 5.00000 10 2 70 | 5.00000 8
; hamming6-2 64 ; _0'33989 i 0| 64 | 2.00000 7 2 | 64 | 2.00000 7
190 hamming6-4 64 ; _0'1i764 0;6 0| 64 | 12.0000 6 2| 64 12.0000 7
1; johnson16-2-4 120 ; _0'0§982 2_6 0 | 121 | 15.0000 75 2 | 121 15.0026 74
Id Put Pol Han

nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff | nmat [ msize [ nscal [ naff
1 1 24 26 300
9 25 300 301 17550 12 13 302 300 12 13 327 300
3 1 29 31 435
4 30 435 436 35960 7 23 437 435 7 23 467 435
5 1 71 73 2556
6 79 92556 9557 | 1150626 2 70 2558 | 2556 2 70 2630 | 2556
7 1 65 67 2145
8 66 9145 2146 814385 2 64 2146 | 2145 2 64 2213 | 2145
9 1 65 67 2145
10 66 2145 2146 814385 2 64 2146 | 2145 2 64 2213 | 2145
11 1 121 123 7381
19 199 7381 7380 | 9381251 1 121 7383 | 7381 1 121 7505 | 7381
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Table 9.7: Numerical results for some instances of MAXCUT problems.

Id Pb POP size Put Pél Han
n k [ val [ time | k [ s [ val [ time | k [ S [ val [ time

1 1 30310.915 0.2
9 burmal4 14 2 | 30301.999 4 1|16 30302.000 1 3 | 16 | 30301.999 1
3 1 25089.044 0.2
4 grl7 17 9 | 24985.999 o4 1119 24986.000 1 3 | 19 | 24985.999 2
5 . 1 22220.657 0.4
6 fri26 26 9 | 22217.999 | 1970 1] 28 22218.000 12 3 | 28 | 22217.999 28
; att48 48 ; 7992§1'420 i 1 | 50 | 798857.049 | 1129 | 3 | 50 | 798890.722 | 3600
Id Put Pol Han

nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff
1 1 15 29 130
9 15 120 1681 3060 15 15 666 680 16 15 787 680
3 1 18 35 171
4 18 171 2908 5985 18 18 1123 1140 19 18 1295 1140
5 1 27 53 378
6 97 378 9829 | 27405 27 27 3628 3654 28 27 4007 3654
7 1 49 97 1225
3 30 465 13486 | 40920 49 49 20777 | 20825 50 49 22003 | 20825

9.3.4 The MAXCUT problems
The MAXCUT problem is given by:

TW(e — 9.3.9
X (e —x), (9.3.9)

where e = (1,...,1) and W is the matrix of edge weights associated with a graph (see [38, Theorem

1]).

Test problems: The data of graphs is taken from TSPLIB [I73].
The numerical results are displayed in Table Note that all instance of matrix W are dense.

Discussion: The behavior of our method is similar to that in Section [0.3.11

9.3.5 Robustness certification of deep neural networks

In [I72], the robustness certification problem of a multi-layer neural network with ReLU acti-
vation function is formulated as the following QCQP:

— o\ Ty L
L(x.9) = max (e —cy)'x
st ai(zi - Wilxi ) =0, 20 >0, 2 > Wi xi !, (9.3.10)

temy,ie€l[L]
—e<a) -z, <e,te€m,

wit
where we use the same notation as in [I72, Section 2] and write W=t = | ...
Wi

We say that the network is certifiably e-robust on (x,y) if [} (%,y) < 0 for all y # y.




9.3. NUMERICAL EXPERIMENTS

Table 9.8: Information for the training model ((9.3.11]).

Dataset BHPD
Number of hidden layers L=2
Length of an input 13
Number of inputs 506

Test size 20%
Number of classes k=3
Numbers of units in layers m = (13,20, 10)
Number of weights 490
Opimization method Adadelta algorithrrﬂ
Accuracy 70%
Batch size 128
Epochs 200

177

Table 9.9: Numerical results for robustness certification on BHPD, n = 43, Mineq = 43, meq = 30 and

d =deg(f) =2.
d Pb spPut spPdl spHan
k [ val [ time | k [ s [ val [ time | k [ s [ val [ time
; y=1 ; 88‘17571 0;4 1 (35| -11.8706 | 625 | 3 | 35 | — | 1364
i y=2 ; 208;934 0;4 1|35 |-13.3240 | 518 | 3 | 35 | — | 1270
Id spPut spPdl spHan
nmat [ msize [ nscal [ naff | nmat [ msize [ nscal [ naff | nmat [ msize [ nscal [ naff
1,3 23 22 117 737
9.4 97 595 14431 | 86285 297 35 46233 | 28195 308 35 47629 | 9670

Test problems: To obtain an instance of weights W*, we train a classification model by using
Keras{ﬂ Explicitly, we minimize a loss function as follows:

min % Z(xo,yO)ED ||f(xo) — €y ”% )

wo T (9.3.11)

where the network f is defined as in [I72} Section 2] and e,o has 1 at the y°-th element and zeros
at the others. Here the input set D is a part of Boston House Price Dataset (BHPD). The class
label 3° is assigned to the input x°. We classify the inputs from BHPD into 3 classes according to
the MEDian Value of owner-occupied homes (MEDV) in $1000 as follows:

1 if MEDV < 10,
y* =<2 if 10 < MEDV < 20,
3 otherwise.

(9.3.12)

We also take a clean input label pair (X,y) ¢ D with § = 3 from BHPD.

As shown in [35] Section 4.2], POP has correlative sparsity. To use our method,
we convert to a POP on the nonnegative orthant by defining new nonnegative variables
Zp = x? — x; + . Here we choose € = 0.1. More detailed information for our training model are
available in Table [0.8

The numerical results are displayed in Table

Discussion: Compared to spPut, spP6l and spHan provide better upper bounds in less total
time. Moreover, in Table the values returned by spPut with k£ = 1 are positive and are much

Thttps://keras.io/api/models/model_training_apis/
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larger than the negative ones returned by spPut with £ = 2. Since in Table the upper bounds
on l;(X,y) are negative, for all y # y, [3(X,y) must be negative. Thus, we conclude that this
network is certifiably e-robust on (X, 7).

9.4 Appendix

9.4.1 Preliminary material

!
ol g1 each o € N™.
i Oyl

R[x], we have

For each ¢ = ) gax™ € R[x], we note ||¢|| := maxq % with cq 1=

This defines a norm on the real vector space R[x]. Moreovgr7 for p1,q9 €

larg2ll < llaullllg=ll (9.4.1)

according to [I88, Lemma 8§].
We recall the following bound for central binomial coefficient stated in [94] page 590]:

Lemma 9.1. For allt € Nso, it holds that (%) g < .

Define the simplex

A, ={xeR":z;>0,j€[n], Zje[n} xz; =1}, (9.4.2)

We recall the degree bound for Pélya’s Positivstellensatz [165]:

Lemma 9.2. (Powers and Reznick [167]) If q is a homogeneous polynomial of degree d positive
on A, then for all k € N satisfying

Lo _dld=Dld|

—d 9.4.3
~ 2mingen, ¢(x) (6.43)

(Xjem z;)*q has positive coefficients.

Let us recall the concept and the properties of polynomials even in each variable in [I82]
Definition 3.3]. A polynomial ¢ is even in each variable if for every j € [n],

(@1, T, =T, Tty Tp) = QX1 Tt Ty Ty e T - (9.4.4)

If ¢ is even in each variable, then there exists a polynomial § such that ¢ = G(a%,...,22).
Indeed, let ¢ = > cyn GaX® be a polynomial even in each variable. Let j € [n] be fixed. Then
q(x) = %(q(x) +q(z1,..., 2521, —%j,Tj41,...,%y)). It implies that go = 0 if ¢; is odd. Thus,
4= aenn (2aX>® since j is arbitrary in [n]. This yields G = Y cenn 2aX.

For convenience, we denote x? := (22,...,22). Moreover, if ¢ is even in each variable and

rYn
homogeneous of degree 2d,, then ¢ is homogeneous of degree d,. Conversely, if ¢ is a polynomial
of degree at most 2d such that ¢ is even in each variable, the degree-2d homogenization of ¢ is even

in each variable.

9.4.2 The proof of Theorem 9.1
Proof. Let € > 0. By assumption, deg(f) = 2dy, deg(g;) = 2d,, for some dy,d,, € N, for j € [m].

Step 1: Converting to polynomials on the nonnegative orthant. We claim that f is
nonnegative on the semialgebraic set

S:={xeR":z;>0,j€n], gix)>0,ic[m]}. (9.4.5)

Let y € S. Set z = (VY1 ---+/Yn)- Then g;(z) = §i(z%) = §i(y) > 0, for i € [m]. By assumption,
f(y) = f(z%) = f(z) > 0. Tt implies that ers(Z?:l ;)% is homogeneous and positive on S\{0}.
To prove the first statement, we proceed exactly as in the proof of [45, Theorem 2.4] for

f+ E(Z;-lzl ;Uj)df and derive the bound on the degree of polynomials having positive coefficients
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when apply Pélya’s Positivstellensatz. To obtain (9.1.3)), we replace x by x? in the representation
of f "‘E(Zn )4
We Shall prove the second statement. Assume that S has nonempty interior. Set m :=m +n

and g1 = 23 with d,, ., =1, j € [n]. Then g1, := x;, j € [n], and

S:={xeR": g(x)>0,ic[m]}. (9.4.6)

Note that deg(g;) = dg,, i € [m]. Since S has nonempty interior and U?_;{x € R" : z; = 0} has
zero Lebesgue measure in R”, S\(U7_;{x € R" : x; = 0}) also has nonempty interior. Then there
exists a € S\(Uj_;{x € R" : z; = 0}) such that g;(a) > 0, i € [m]. Let b = (V0ail, -+, /]an]).
Then b € (0,00)" and b* = (|ai, ..., |a,|). Since each g; is even in each variable, g;(b) = gi(b2) =
gi(a) >0, ¢ € [m], yielding S has nonempty interior.

Step 2: Construction of the positive weight functions. We process similarly to the proof
of [I32, Theorem 1] (see [I32, Appendix A.2.1]) to obtain functions ¢; : R* — R, j € [m], such
that,

1. @; is positive and bounded from above by Cjp, = 7;e™" on B(0,/n + j) for some positive
constants 7; and r; independent of .

2. @; is Lipschitz with Lipschitz constant Ly, = tje~% for some positive constants ¢; and t;
independent of e.

3. The inequality

Y

. m . . .
_ 25> = on [=1,1]", 9.4.7
f+e ;:1 $i0i 2 5 on [-1,1] (9.4.7)

holds.

Note that we do not need to prove the even property for each weight ¢; above.

Step 3: Approximating with Bernstein polynomials. For each ¢ € [m], we now approx-
imate ¢; on [—1,1]"™ with the following Bernstein polynomials defined as in [I32] Definition 1]:

X+e
(d)( ) By>—>tp (2y—e),de <2> , deNj (948)
with e = (1,...,1) € R". By using [I32] Lemma 6], for all x € [-1, 1], for i € [m],
%
1B{" (x) — @i(x)| < Lo, <Z) , deN, (9.4.9)

and for all x € [—1,1]", for i € [m]:

1BY (x)] < supye(_y a0 |§:(X)] < Cp, - (9.4.10)
For i € [m], let

(9.4.11)

2 2 2 (= 2021
di = 2u; with u; = [ZCﬁiC@”L@(mJF 1)°2 mw
i - 1 i 2 ,

where Cj, is an upper bound of [g;| on B(0,\/n+1i). Set ¢; := Bi(di), i € [m]. Then for all
e [-1,1]",

l4i(x) — gi(x)| =B (x) - @i(x)|

Ll(

(402 c2 nL2 <m+1)222m>

5, Co (m+1)2m .

IN

Nl

(9.4.12)

\ /\
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Step 4: Estimating the lower and upper bounds of f(x) +¢ — Zzﬁ;1 qi(x)%Gi(x) on A,,.

From these and (9.4.7)), for all x € A,,,

F) +e =20 ai(x)%Gi(x) ]
= f(x)+ €= Zi:l @i(x)%i(x) + Zi:l gi(x)[@(x)Q - Qi(x)2]
Z g = 2 [9i(0)[10i (%) + ¢ (%)@ (x) — ¢i(x)] (0.4.13)
([ %) M -
= Z:; 205, Cg, 2C5, c¢jm+1)2ﬁl
= QLﬁL - (77L—T1€)277z = (7?L-l—€1)2ﬁL :
Thus, R B
fre=0 40 > mygyee on A (9.4.14)
Step 5: Estimating the upper bound of ||¢;||. For i € [m], we write
2u; 2u; 2u; —u; n—U;
qZ:BZ( ): Zklzo'” kfn:OSOi(klui 7'“,kui ) ( )
k; 2u;—k; 9.4.15
n 2u; T;+1 7 1—xz; v J
xHj—1|:(kj)(2) (2) ]
Then
deg(q;) < 2nu; , (9.4.16)
for i € [m]. From (9.4.1), we have
2u; 2u; > —U n—Uj
lal < SR T, [ (B, )|
X Ty [ o) e los + 1S 1 = a2 |
2u; 2u; Ui
< Zk?:o e kZ:o C@' H?:l ((Zui ) 2211%) (9-4~17)
= Cp ((%Zi) 2;‘5551)
< Cp () =1
The second inequality is due to ||z; + 1|| = ||1 — z;|| = 1 and (212) > (2];;), for k; =0,...,2u;.
The third inequality is implied from Lemma [9.1!
Step 6: Converting to homogeneous polynomials. Thanks to (9.4.14)), we get
f + 28 - Eze[m] (qz2 + mégi )gz Z (771—&-61)277” on Ana (9418)

since |g;| < Cj, on A,,. Note that f, G: are homogeneous polynomials of degree d £, dg,, respectively.

For each ¢ € R[x]4, § is a d-homogenization of ¢ if

A d —
a=> o h(t)(zj'e[n] xj>d L

(9.4.19)

for some h(®) is the homogeneous polynomial of degree ¢ satisfying ¢ = Zf:o R®). In this case,

Gg=qonA,.

Let p; := ¢2+ e iem) z;)" with §; being a 2nu;-homogenization of g;, for i € [m]. Then
94

p; is a homogeneous polynomial of degree 4nu;,

— 52 € £
Pi =4 + 7me, 2 mo,, OB An,

i

and
Ipill < sl + e < T2 + e =2 Ty

Set D :=max{dys,4nu; +dg, : i € [m]} and

F= (Eje[n] afj)D_df(f‘i‘Qg(Zje[n] xj)df)
- Zie[m] Qipi(zje[n] xj)D_Mui_dgi .

(9.4.20)

(9.4.21)

(9.4.22)
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Then F' is a homogeneous polynomial of degree D and

Moreover, ~
IFI < 1 e 2P~ AN+ 22l 325y 251%)
sy 1GNPl 5 gy gl P70 (9.4.24)
< A+ 28 4 Xiepmy Do l1Gill = T
since || 2 e @]l = 1.

Step 7: Applying the degree bound of Pélya’s Positivstellensatz. Using Lemma [9.2] we
obtain:

e For all k£ € N satisfying

DD —-1)T
gy 2O VIr _ g (9.4.25)
(mt1)2™
(X jem x;)*F has positive coefficients.
e For each i € [m] and for all k € N satisfying
A (Anu; — 1T,
g > dnd e i _ g, (9.4.26)
mC;,i

(Xjem x;)*p; has positive coefficients.

Notice that K;, i = 0,...,m, are obtained by composing finitely many times the following op-

erators: 44+777 44_777 “X”, 44%77’ 44‘ . |77’ 44|’_‘|777 “(.1'17.'1}2) — maX{.’I}l,.’L’Q}”7 “($1;$2) — mil’l{.ﬁ:u.’l}g}”,
“(-)*m” and “y/-”, where all arguments possibly depend on €. Without loss of generality, let ¢, ¢ be
positive constants independent of ¢ such that te™¢ > max{ Ky, ..., Kz}

Let k > ce™* be fixed. Multiplying two sides of ((9.4.22)) with (Zje[n] z;)F, we get

_ ND—ds+k( \d
0= e %)™ T 220 23)7) (9.4.27)
- Zie[m] gisi(Zje[n] ;) R

where so 1= (3¢ z;)*F and s; == (3 el z;)*p; are homogeneous polynomials having nonneg-
ative coefficients. Replacing x by x2, we obtain:

—dj+k d

I3+ 2ex]37) = 00+ S 9101 (9.4.28)

where . J )
70 = 50(x%) + Xjcim Gitm () sjam Ol T 0.4.20
2 2 2 2(D—4nujtm—dg, ) ( ke )

= 50(X7) + 2 jepn) 25 85+m (X7) X2 :
and

o; = Si(XQ)||X||§(D—4n,ui—dg,;) = [m] 7 (9430)
are SOS of monomials. Set K = D —dy + K. Then |x|35(f + 25||x|\§df) =00+ Y0, gio; with
deg(og) = deg(gi0;) = 2(K + dy), for i € [m]. This completes the proof of Theorem [9.1 O

9.4.3 Variations of Pdlya’s and Handelman’s Positivstellensatz
For every t € N, denote
Vi(x) == vi(5(x+e), 5(x —e)) = (grapar (x +€)*(x — e)ﬁ)(aﬂ)eN?n , (9.4.31)

where e := (1,...,1) € R™.

As a consequence of Corollary [0.2] the next proposition shows that the weighted SOS polyno-
mials in Putinar—Vasilescu’s Positivstellensatz can be associated with diagonal Gram matrices via
a change of monomial basis.
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Proposition 9.2. (Putinar—Vasilescu’s Positivstellensatz with diagonal Gram matrices) Let g1, ..., gm
be polynomials such that g1 :== R — ||x||3 for some R > 0 and g,, :== 1. Let S be the semialgebraic
set defined by

S:={xeR": g1(x)>0...,gm(x) >0}. (9.4.32)

Let f be a polynomial of degree at most 2dy such that f is nonnegative on S. Denote dg4, =
[deg(g;)/2]. Then the following statements hold:

1. For all ¢ > 0, there exists K. € N such that for all k > K., there exist vectors n'¥ ¢
b(2n,k+ds—d,,) e
R 7 satisfying

(I3 +n+2)"(f +e) = X Vi, —a,, diag()Visa,—a,, - (9.4.33)

2. If S has nonempty interior, then there exist positive constants ¢ and ¢ depending on f,g; such
that for all e > 0, one can take K. = ce™°.

Proof. Take two vectors of n variables y = (y1,...,y,) and z = (21,...,2,). Given ¢ € R[x],
denote the polynomial §(y,z) = q(y? — z%) € Rly,z]. Let gm41 = 5(L +n) — ||(y,2)||3 and
dg,,., = 1. Define

Si={(y,2) ER¥ : ji(y,2) >0,i € [m+1]} (9.4.34)

Note that §; := R — |ly? — z2||3 and §,, := 1. Since f > 0 on S, replacing x by y? — z? gives

f >0 on S. From this and Corollary there exist (") € R$2n’k+df_dgi) such that
S+ fre) =2 g T diag(n® 9.4.35
Iy 22+ D*(f + ) = 250 §iVitds—d,, (v,2) diag(n')Vira;—a,, (v,2). (9.4.35)
With y = 2(x + e) and z = 3(x — e), it becomes
e (x5 + 1+ 2)5(f +¢) = X7 9V g, —a, diag(m?)Vera,—a,, - (9.4.36)

(+e).5( —e)=

(1
ze[m Since y? + z% =

N

Here gp11(- ) =
9i(y,2z) = gi(x),
that

Om+ g1 (- ) Indeed, since y2 — 22 = x, f(y,z) = f(x) and
for =1
2

(x*+e), [yl + llzI3 = 3(|x/3 + n). This implies

G (v,2) = (L +n) — (7. 2)]3 = (R~ [x]3) = Lo (x). (9.4.37)

Moreover, if a belongs to the interior of S, then (3(a+e), 3(a — e)) belongs to the interior of s.
Thus, the desired result follows. O

As a consequence of Corollary the next proposition states a new representation associated
with diagonal Gram matrices for a polynomial positive on a compact semialgebraic set without
assumption on even property.

Proposition 9.3. (Representation without even symmetry) Let f,g;,S,d,, be as in Proposition
[9-3 Then the following statements hold:

1. For all € > 0, there exists K. € N such that for all k > K., there exist vectors n(") €
b(2n,k—dg, —1) . e
R ‘ satisfying

m kidgi TG s ,7)\ o
fHe=31"112—0 giglvlldgi,r dlag(n( ’ ))Vk—dgi—r- (9.4.38)

2. If S has nonempty interior, then there exist positive constants ¢ and ¢ depending on f,g; such
that for all e > 0, one can take K. e ",

The proof of Proposition [9.3] relies on Corollary [0.3] and can be proved in almost the same way
as the proof of Proposition
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Remark 9.15. Representation (9.4.38)) in Pmposz’tion is similar in spirit to the one of Roebers
et al. in [179, (3), page 4]. The difference here is that the weight of each constrained polynomial

gi, © & {1,m}, in (9.4.38)) is the polynomial
k—dg, ,._ . N
ZT:OQI g{V;——in —r dlag(n(l’r))kadgi -7 (9439)

which does not involve g;. This is in contrast with the weight associated to each g; in [179, (3),
page 4], which is of the form o;(U; — g;), where U; is an upper bound of g; on the ball {x € R™ :
g1(x) > 0} and o; is a univariate polynomial, e.g., o;(t) = t* for some ¢ € N.

Remark 9.16. In view of Propositions[9.9 and[9.3, replacing the standard monomial basis v, by
the new basis vy can provide a Positivstellensatz involving Gram matriz of factor width 1. Thus,
ones can build up hierarchies of semidefinite relaxations with any mazimal matrix size, based on
both representations (9.4.38) and (9.4.33). However, expressing the entries of the basis v is a
time-consuming task within the modeling process. A potential workaround is to impose ((9.4.38)
and on a set of generic points similarly to [109, Section 2.3]. This needs further study.

9.4.4 Polynomial optimization on the nonnegative orthant: Noncom-
pact case

Linear relaxations
Given € > 0, consider the hierarchy of linear programs indexed by k € N:
Tio(e) = inf Ly (0%(f +£0%))
s.t. y= (yo‘)"‘ENZuﬁk) CR, Ly(0%) =1, (9.4.40)
diag(Mj, (giy)) € R i € [m],
where k; ==k +dy — dg,, t € [m]. Here §,,, = 1. Note that
diag(My, (giy)) = (quNgagi Yooty Jisy)aeny - (9.4.41)

Theorem 9.6. Let f,g; € R[x], i € [m], with g,, = 1. Consider POP (9.2.1)) with S being defined
as in (9.2.2)). Let € > 0 be fized. For every k € N, the dual of (9.4.40) reads as:

pé(e) i=sup A
Au;
st AeR,u e R e [m], (9.4.42)

OF(f — X +e0%) = oy givy, diag(ug)vy, .
Here g, = 1. The following statements hold:
1. For all k € N, pfdl(e) < pl,z_?_ll(a) < f*.
2. There exists K € N such that for all k > K, 0 < f* — pFdl(e) < ef(x*2)%s.

8. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
forallk >cc ¢, 0< f*— pll:él(g) < ef(x*2)ds .

The proof of Theorem [9.6]relies on Corollary[0.1and is exactly the same as the proof of Theorem
Semidefinite relaxations
Given € > 0, consider the hierarchy of semidefinite programs indexed by s € N5y and k € N:
Pe) i=inf Ly (6F(f + 0%r))
’ y

st Y = (Ya)aeny, ., CR, Ly(0F) =1, (9.4.43)

MAfsvk'i)(giy) t 07 J S [b(n7 kl)] 9 1€ [m] 3

where k; ==k +dy — dg,, © € [m]. Here §,,, = 1.
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Theorem 9.7. Let f,g; € R[x], i € [m], with g,, = 1. Consider POP (9.2.1)) with S being defined

as in (9.2.2). Let € > 0 be fized. For every k € N and for every s € Nsg, the dual of (9.4.43)) reads
as:

PRol(e) :== sup A
AGij
s.t. AER, Gy =0, € [b(n, k)], i € [m], (9.4.44)

9k(f — A +ef?) = Eie[m] gi(Zje[b(n,ki)] V;gs,k,»GijVA;s’kﬂ) :

The following statements hold:
1. For all k € Nsq and for every s € Nsg, pbol = plgﬁl(e) < pggl(s).
2. For every s € Nsg, there exists K € N such that for every k € N satisfying k > K,
0< f* —pf9(e) < ebx).

8. If S has nonempty interior, there exist positive constants ¢ and ¢ depending on f,g; such that
for every s € Nyg and for every k € N satisfying k > ¢, 0 < f* — pffgl(a) < ef(x*2)ds.

4. If S has nonempty interior, for every s € Nsg and for every k € N strong duality holds for

the primal-dual problems (9.4.43))-(9.4.44)).
The proof of Theorem is based on Theorem Theorem [7.2| and the inequalities pf°! () <
Pro(e) < P\, where p\® is defined as in (7.24). For each ¢ € R[x]4, denote the degree-d
homogenization of ¢ by 2 1 ¢(=*~) € R[x, zp41].

Tn+1

Remark 9.17. Let (X, G;;) be a feasible solution of (9.4.44]) and consider the case of m = 1.
Then the equality constraint of (9.4.44|) becomes

Ok (f — A+ c0%r) = > e lb(n )] Vj;(.s’km)ijVAg.s,km) . (9.4.45)
J

It implies that the degree-2d; homogenization of f — X+ 0% belongs to the cone k-DSOS, 11,24,
(resp. k-SDSOSy11,24;) when s =1 (resp. s = 2) according to [3, Definition 3.10]. More generally,
the polynomial Hk(f — X+ €07 belongs to the cone of SOS polynomials whose Gram matriz has
factor width at most s (see [3, Section 5.5]).

9.4.5 Sparse representation theorem

For every I = {i1,...,4,} C [n] with i; < --- < i,, denote x(I) = (z4,,...,T;, ).
We will make the following assumptions:

Assumption 9.1. With p € Ny, the following conditions hold:
1. There exists (Ic)cepp) being a sequence of subsets of [n] such that U.epp I = [n] and
Vee{2,....,p}, Irc€c—1] : .0 (U L) C I, . (9.4.46)
Denote n. :=|I.|, for c € [p].

2. With m € Nsg and (gi)icim) C R[x], there exists (J.)ce[p) being a finite sequence of subsets
of [m] such that U.cpp)Je = [m] and

Ve € [p], (9i)ies. € Rx(L)]. (9.4.47)

3. For every c € [p), there exists i. € J. and R, > 0 such that

9i. = Re — [|x(L)3 - (9.4.48)

The condition (9.4.46)) is called the running intersection property (RIP).
Let 0, := 1+ ||x(1.)|3, c € [p].
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Extension of Pélya’s Positivstellensatz

We state the sparse representation in the following theorem:

Theorem 9.8. Let g1,...,9mnm be polynomials such that g1,..., g, are even in each variable and
Assumption[9.1] holds. Let S be the semialgebraic set defined by

S:={xeR": g1(x) >0...,gm(x) >0}. (9.4.49)

Let f = fi+-- -+ fp be a polynomial such that f is positive on S and for every c € [p], f. € R[x(I.)]
is even in each variable. Then there exist d,k € N, h. € R[x(I.)], 0o, 0j.c € R[x(I.)], for j
and ¢ € [p|, such that the following conditions hold:

1. The equality f = h1 + --- + hy holds and h. is a polynomial of degree at most 2d which is
even in each variable.

2. Foralli € J. and c € [p], 00,c,0ic are SOS of monomials satisfying
deg(oo,c) <2(k+d) and deg(oicg:) < 2(k+d) (9.4.50)

and
G’th =00,c + ZiEJC 0i.cGi - (9451)

Proof. Let € > 0. Similarly as in Step 1 of the proof of Theorem f=fi+-+ fm is positive
on the semialgebraic set S defined as in (9.4.5). For every ¢ € [p], let J. := J. U (m + L.). Recall
that gmq4; == 2, j € [n]. By applying [68, Lemma 4], there exist polynomials s, ¢; . € R[x(I.)],
for j € J. and ¢ € [p], such that

=30 (se+ Y ics a2.3i) (9.4.52)
and for all ¢ € [p], s. is positive on the set
{x(I) eR™ 1 2;>0,j €I, Gi.(x) = Re —>_cp xj 2 0}. (9.4.53)

Set he 1= s.(x*) + ;. €i.e(x?)?3i(x?), ¢ € [p]. Let d € N such that 2d — 1 > max{deg(h,) :
c € [p]}. Then f = >"_, h. with h. € R[x(I.)]2q being even in each variable and positive on the
semialgebraic set

Se i ={x(I.) e R™ : g;(x)>0,7i€ J.}. (9.4.54)

Note that g;, := R. — ||x(I.)||3 with i, € J.. By applying Corollary there exists k. € N
such that for all K > k., there exist oo, 0 € R[x(I.)], i € J., such that o¢,0;. are SOS of
monomials satisfying

deg(oo,c) < 2(K +d) and deg(o;.cg:i) < 2(K +d) (9.4.55)

for all ¢ € J., and
afhc = 00,c + ZiEJC O0i.cYi- (9456)
Set k = max{k(®) : ¢ € [p|]}. Finally, we obtain the desired results. O

Remark 9.18. In Theorem[9.8, it is not hard to see that f has a rational SOS decomposition

Uo,c+ZA Oi,c9i
f = Zce[p] + . (9.4.57)
This decomposition is simpler than the ones provided in [133] and thus is more applicable to poly-
nomial optimization.

Another sparse representation without denominators can be found in the next theorem. How-
ever, the number of SOS of monomials is not fixed in this case.
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Extension of Handelman’s Positivstellensatz

We process similarly to the proof of Theorem [0.8/and apply Corollary[0.3]to obtain the following
theorem:

Theorem 9.9. (Sparse representation without multiplier) Let f,q1,...,gm be as in Theorem .
Assume that gn, =1 and m € J., for all ¢ € [p]. Denote dg, = [deg(g;)/2]. Then there exist
k € N, SOS of monomials 0; ;. € Rx(1.)], for j =0,...,k —dg,, i € J. and c € [p], satisfying

deg (0 j.cq] i) < 2k (9.4.58)

and
k—dg, ;
f= ZcE[p] Zie]c ijogl Ui,j,cgfcgr (9.4.59)

9.4.6 Sparse polynomial optimization on the nonnegative orthant

Consider the following POP:

fr = inf flx), (9.4.60)
where f € R[x] and
S={xeR":2;>0,j€n], gi(x) >0,i¢€[m]}, (9.4.61)

for some g; € R[x], ¢ € [m], with g,, = 1. Assume that f* > —oo and problem (9.4.60) has an
optimal solution x*.
Then POP ({9.4.60) is equivalent to

f* = inf f, (9.4.62)
xes
where
S={xeR": §(x)>0,ie[m]}, (9.4.63)

with optimal solution x*2.

We will make the following assumptions:

Assumption 9.2. With p € Ns, the first two conditions of Assumption [9-1] and the following
conditions hold:

1. For every c € [p|, there exist i. € J. and R. > 0 such that
9i.=Re = > cr. ) (9.4.64)

2. There exist f. € R[x(I.)], for c € [p], such that f = f1 +--- + fp.

Linear relaxations

Based on the extension of Pélya’s Positivstellensatz: Consider the hierarchy of linear
programs indexed by k,d € N:

szdpél = in(f) Ly(f)
’ vy
s. t. (ya)aeNn CR,yl© = (y,(x))aeN CR,celp],

2(d+k)

dlag M,(y, I.)) = diag(My(65y(9) 1.)), ¢ € [p],

: (9.4.65)
(c) blne k" )) .
diag(M B (Giy'?, 1)) e Ry ,i€[m],cepl,yo =1,

where k" := k + d — d,,.
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Theorem 9.10. Let f,g; € R[x], i € [m], with g,, = 1. Consider POP (9.4.60) with S being
defined as in (9.4.61)). Let Assumptz'on hold. The dual of SDP (9.4.65)) reads as:

spP6l

Pra = Sup A
)\,uc,wgc)
s.t. AER, u, € Red) | w )eRb(n“ ied., celp, (9.4:66)
f=x= Zce ) e s he = v dlag(uc)VNzc , c€[p], o
OFhe =Y e Giv Ic dlag( (e ))VNIC( c € [p].
Nt i
The following statements hold:
1. For all k € N and for every s € Ny, pkaloil < pi{’gél < pi‘?gfl < f*
2. One has
sup{p;’y% + (k,d) € N?} = f*. (9.4.67)

Proof. 1t is fairly easy to see that the first statement holds. Let us prove the second one. Let
Ji. = Re — ||x(I.)||2 and € > 0. Then f — (f* —¢) > 0 on S. By applying Theorem there
exist d,k € N, h, € R[x(I.)], 00,c,0j,c € R[x(I.)], for j € J. and ¢ € [p], such that the following
conditions hold:

1. The equality f— (f*—¢€)=h1+---+hy, holds and h, is a polynomial of degree at most 2d
which is even in each variable.

2. For all i € J. and ¢ € [p], 0¢,c,0:,c are SOS of monomials satistying

deg(oo,c) <2(k+d) and deg(o;.c8:) <2(k+d) (9.4.68)
and
eghc = 00,c + ZiGJC Ui,cgi . (9469)
o @D
It implies that there exists u, € Rb(e:4) W( 9 e Rb( eki) such that
he = VNIC diag(u.)v Nl and 0= ;’i@ diag(wgc))VNI?d) , (9.4.70)
kg k;

for i € J. and ¢ € [p]. It implies that (f* — ¢, u, WEC)) is an optimal solution of LP (9.4.66)). Thus

pkOl > f* —g, y1e1d1ng " )

Based on the extension of Handelman’s Positivstellensatz: Consider the hierarchy of
linear programs indexed by k € N:

T,ipHan :=inf L (f)
y
s. t. (ya)aeNgk C Ra Yo = 1
dmg(MkU((giazC)y, 1) € R e ol i€ fm]. g € {0} ULk —dy].

(9.4.71)

where k;; :=k —dg, — j, for i € [m], for j € {0} U [k — d,].

Theorem 9.11. Let f,g; € R[x], i € [m], with g, = 1. Consider POP (9.4.60) with S being

defined as in (9.4.61)). Let Assumption hold. The dual of SDP (9.4.71) reads as:

spHan

Py = sup A
AW, C)
St Ae R, w eRI"M) cepl i€, je{0}uUlk—dy,], (9.4.72)

f )\ Zce p] ZlGJ Z] ng g’bgf Tic dlag( Ej))VNIC .

ij

The following statements hold:
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1. For allk € N, pSpHan < p?ﬂan < f*.

2. The sequence (pzp M ren converges to f*.

The proof of Theorem relies on Theorem [9.9] and is similar to Theorem [9.3]

Semidefinite relaxations

For every I C [n], we write N/ = {agl), a(QI), .. ay), 0‘5{217 ...} such that
V<ol <o <ol <o) <. (9.4.73)
Let o u s
wii={ieN:i>j, o’ +al” 2N}, jeNs, Ic[n]. (9.4.74)
Then for all j € N5 and for all T C [n], W»(I) # () since j € W»(I). For every j € N and for every
I C [n], we write W(I) = {zgj},zg},. .} such that 2(1]} < 2(2]} <....Let
T = {azﬁgf}}, . <{)>} NNL, Icn],j,s€Nsg,deN., (9.4.75)

For every s € Nsg, for every d € N and for every I C [n], define A} Sd) = 7'1(’5[’(1) and for
j=2,...,b(]I|,d), define

d d)\ 4(s.d .
A T3P T NAGY £ 0, Ve [j-1], 94.76)
U otherw1se.
Note that U?ill"d)A;sI’d) = N} and |A§fjd)| < s. Then the sequence
(@4 8) ey 4 € BT (9.477)

are overlapping blocks of size at most s in (o + B)(a,ﬂeN{ly

Example 9.3. Consider the case of n =d = s =2, I = {1} and I = {2}. Matriz (0t+)(a,penz)
is written explicitly as in (9.2.15)). We obtain two blocks:

[(0,0) (1,0) (2,0)]
(@+B8) o penmy = | (1,0) (2,0) (3,0) (9.4.78)

1(2,0) (3,0) (4,0)]

" [(0,0) (0,1) (0,2)]
(a ™ 'B)(Q,BEN?) = (07 1) (07 2) (07 3) (9.4.79)

(0,2) (0,3) (0,4)]

I

Then A7) = {(0,0),(2,0)}, A7 = {(10)}, AT = 0 and AP = {(0,0),(0.2)}, A% =
{00}, A% =0.

For every I C [n], with B = {B4,...,8,} C N/ such that 8, < --- < B,, for every h =
Z’yGNl hyxY € R[x(I)] and y = (Yo )aen= C R, denote Mp(hy,I) := (Z’yGNI h'yy'y+ﬁi+ﬂj)i,j€[r]~

Based on the extension of Pélya’s Positivstellensatz: Consider the hierarchy of linear
programs indexed by k,d € N and s € Ny :

PP~ it Ly(f)
» &y y7y(c)
s.t. = (Yo aeN” CR y(c) = (y‘(")>°‘€Nzl(d+k) CR,celpl, (9.4.80)
dmg( oy, 1) = diag(Ma(0hy©, 1)) < ] yo = 1, h

M (s,k<d>)(g7fy( )a I.)=0,j€ [b(nc’kz(d))] i€ de, € [p}v
A 7

Jilc

where k" := k + d — d,,.
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Theorem 9.12. Let f,g; € R[x], i € [m], with g,, = 1. Consider POP (9.4.60) with S being
defined as in (9.4.61)). Let Assumptz'on hold. The dual of SDP ((9.4.80) reads as:

spPél |
Prds ‘= Sup A
Aue, G

st AR, u. € RD G =0, j e [b(ne, k)], i€ J., celp],
fﬁ A= Zce[p] hey he = VI;EI; diag(uc)VNéc y CE [p] ’
Oche = e, gi(zje[b(nmkgd))] V;(s,k§d>>GE7CJ?VA<s,k§d>)) e p]

jiIc J e

(9.4.81)

The following statements hold:

1. For allk,d € N and for every s € Ny, pipgc’l = p??;?l < pZ{’iil < f*.

2. For every s € Ny, sup{pif’izl . (k,d) € N2} = f~.

Proof. Tt is not hard to prove the first statement. The second one is due to the second statement
of Theorem and the inequalities p; pPOI < 2"521 < f*. O

Based on the extension of Handelman’s Positivstellensatz: Consider the hierarchy of
linear programs indexed by k € N and s € Ny:

y

Tzf’SHan = inf Ly(f)
s.t. ¥y

9.4.82

MA(S,M]‘)((glgu)y’I ) =0, ( )
r I

celpl,iede,je {0} Uk —dy], e blne ki),

where k;; :=k —dg, — j, for i € [m], for j € {0} U [k — d,].

Theorem 9.13. Let f,g; € R[x], i € [m], with g,, = 1. Consider POP (9.4.60)) with S being
defined as in ((9.4.61)). Let Assumption hold. The dual of SDP (9.4.82)) reads as:
spHan

Prs = sup A
)\ G(C)

ijr

s.t. AER, GW, =0,celpl,i€d.,je{0}Ulk—dg], r € blne ki),
k—dg; o vj
f A= X Z 0" gigic(ZTE[b("mkij)] V:Lr\(s}kiﬂGEJZvA(s kw))

c€[p]i€de
(9.4.83)
The following statements hold:
1. For all k € N and for every s € Nsg,
pZPHan _ p;}:{{an < pz;:;{an < f*- (9484)

2. For every s € Nsg, the sequence (prsHan)keN converges to f*.

Proof. 1t is not hard to prove the first statement. The second one is due to the second statement
of Theorem and the inequalities piP"™" < psPHan < f*. O

Obtaining an optimal solution

In other to extract an optimal solution of POP ({9.4.60)) with correlative sparsity, we first extract
atoms on each clique similarly to Algorithm [I4] and then connect them together to obtain atoms
in R™. Explicitly, we use the following heuristic extraction algorithm:
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Algorithm 15 Extraction algorithm for sparse POPs on the nonnegative orthant
Input: precision parameter € > 0 and an optimal solution (A, u., GEC])) of SDP (9.4.81)).
Output: an optimal solution x* of POP (9.4.60)).

1: For ¢ € [p], do:

a For j € [b(ne, i)} let G = (wid)p qeype, | such that (wig) ) = Gr; and
k‘n"[, ’ j?IC
W — 0 ( (s, kD)2 ~ (©)
bd = p.q) ¢ (A; 7™ 7). Then G;” = 0 and
T al _ T () .
N N G VAi-f}kg))Gm’ijfz’fg)” (9.4.85)

b: Let G(©) := Zje[b(nc,kiff))] Gg.c). Then G is the Gram matrix corresponding to oy, ¢ in the

rational SOS decomposition

F=2=Ycp # . (9.4.86)
where each o; . is an SOS polynomial and §,, = 1;
c: Obtain an atom z*(®) € R™ by using the extraction algorithm of Henrion and Lasserre in
[77), where the matrix V in [77, (6)] is taken such that the columns of V form a basis of the
null space {u € R“* : G(9u = 0};

2: Let z* € R" such that z*(I.) = z*(), for ¢ € [p].

3: If z* exists, verify that z* is an approximate optimal solution of POP by checking the
following inequalities:

1/(#*) = Al < el fllmax and §i(z*) = —&gillmax » i € [m], (9.4.87)

where ||¢||max = maxq |¢a| for any ¢ € R[x].
4: If the inequalities (9.4.87) hold, set x* := z*2.
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Table 9.10: Numerical results for positive maximal singular values.

POP size Put Pol

Id | Pb m [ n k [ val [ time | k [ s [ val [ time
1 1 47.48110 0.02
9 1 4 16 2 | 30.18791 16 0| 17 | 30.18791 1
3 1 168.4450 0.04
4 2 5 25 2 | 91.28158 77 0| 26 | 91.28158 0.7
2 3 6 36 é 4753'12 0;2 0| 37 2462.03 0.9
Tlapr ] |0 TR0 g b0 | er0202 | 2

Id Put Pol

nmat [ msize [ nscal | naff nmat [ msize [ nscal [ naff

1 1 17 38 153

2 17 153 154 4845 1 17 138 153

3 1 26 27 351

4 26 351 352 23751 1 26 327 351

5 1 37 38 703

6 37 703 704 91390 1 37 668 703

7 1 50 51 1275

8 50 1275 1276 | 292825 1 50 1227 1 1275

9.4.7 Numerical experiments

In this section we report results of numerical experiments for random instances with the same
settings and notation as in Section [9.3

Positive maximal singular values

Test problems: We generate a matrix M as in [54] (12)]. Explicitly,

D 0 0 .0
CB D 0 .0

M:= | CAB CB D .o, (9.4.88)
CA™ 2B CA™ 3B CA™ B ... D

where A, B, C, D are square matrices of size r = m. Every entry of A, B, C,D is taken uniformly
in (=1,1). In order to compute the positive maximal singular value o (M) of M, we solve the
following POP on the nonnegative orthant:

o (M)? = max{x" (M M)x : ||x|3=1}. (9.4.89)

x€eR?

Note that n = m x r = m?2.

The numerical results are displayed in Table The columns of val show the approximations
of o4 (M)2.

Discussion: The behavior of our method is similar to that in Section [9.3.1]

Stability number of a graph
Let us consider POP ((9.3.8]) which returns the stability number of a graph G.
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Table 9.11: Numerical results for stability number of randomly generated graphs.

1 | Py | FOURE | A [time [ 5 ] o [ime
; 1 10 ; 309305 0()'961 0|11 | 3.00000 | 1
i 2 15 ; 5 01808 Oi(())l 0| 16 | 5.00000 | 1
2 3 20 ; 5 09051 (i'fg 1|21 | 500001 | 4
; 4 25 ; 6.00801 f(')%i 1|26 | 6.00000 | 10
1d Put POl
nmat | msize [ nscal | naff [ nmat | msize [ nscal | naff
; 111 éé éi 1331 1 11 67 | 66
?1 116 11366 11377 3183766 1 16 137 | 136
2 21 22311 22322 132;6 21 21 | 1562 | 1771
; 216 32561 32572 22%1 2 | 26 | 2952 | 3276

Test problems: We generate the adjacency matrix A = (ayj);jem of the graph G by the
following steps:

1. Set a;; =0, for i € [n].
2. For i € [n], for j € {1,...,i— 1}, let us select a;; = a;; uniformly {0, 1}.

The numerical results are displayed in Table
Note that the columns of val show the approximations of a(G).

Discussion: The behavior of our method is similar to that in Section Note that the graphs
from Tables are dense so that we cannot exploit term sparsity or correlative sparsity for POP
(19.3.8)) in these cases. Moreover, for all graphs in Table spPdl provides the better bounds for
a(G) compared to the ones returned by the second order relaxations of Put.

Remark 9.19. In Pb 3, 4 of Table Pol with k = 1 provides a better bound than Pdl with
k = 0. As shown in Remark[9.9, each SDP relaxation of Pél with k = 0 and sufficiently large s
corresponds to an SDP relaxation obtained after exploiting term sparsity.

Deciding the copositivity of a real symmetric matrix

Given a symmetric matrix A € R"*", we say that A is copositive if u" Au > 0 for all u € R7.
Consider the following POP:

f* = m}%}L {XTAX : Zje[n] T = 1}. (9.4.90)

x€RY

The matrix A is copositive iff f* > 0.

Test problems: We construct several instances of the matrix A as follows:
1. Take B;j randomly in (—1,1) w.r.t. the uniform distribution, for all i, j € {1,...,n}.
2. Set B := (Byj)1<ij<n and A := 2(B+BT).
The numerical results are displayed in Table
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Table 9.12: Numerical results for deciding the copositivity of a real symmetric matrix.

Id | Pb POP;size 3 v;l)ut e | 5] s Piil _—
2| 1] 10 |5| obaser | g | 0] | 09esex | 1
i 2 15 ; __&_'ééi;% 0'{)87 0|13 | -0.65197" | 1
2 3 20 é _'&_’3%3216 0;;2 0| 20 | -0.98026" | 1
; 4 2 é -_01.'3%5405 %fg 0|19 | -0.97345" | 2

Id Put Pol

nmat | msize [ nscal | naff [ nmat | msize [ nscal | naff

; 111 (15(15 (153 1gg1 4 8 67 | 66

?1 116 11366 11377 3183766 4 13 137 | 136

Z 211 22311 22322 132;6 2 20 | 232 | 231

; 26 32561 32572 23%1 8 19| 352 | 351

Discussion: The behavior of our method is similar to that in Section In all cases, we can
extract the solutions of the resulting POP and certify that A is not copositive since f* is negative.
Deciding the nonnegativity of an even degree form on the nonegative orthant

Given a form ¢ € R[x], ¢ is nonnegative on R} iff ¢ is nonnegative on the unit simplex
A={xeR} : 3,z =1} (9.4.91)
Given a form f € R[x] of degree 2d, we consider the following POP:

= xmeig f(x). (9.4.92)

Note that if d = 1, problem ([9.4.92)) boils down to deciding the copositivity of the Gram matrix
associated to f. Thus, we consider the case where d > 2.
Test problems: We construct several instances of the form f of degree 2d as follows:
1. Take fo randomly in (—1,1) w.r.t. the uniform distribution, for each @ € N™ with || = 2d.
2. Set f:= ZIOLI:?d fax®.
The numerical results are displayed in Table
Discussion: The behavior of our method is similar to that in Section In these cases, we
were able to extract the solution of the resulting POPs. One can then conclude that f is not
nonnegative on the nonnegative orthant since it has negative value at its atoms.
Minimizing a polynomial over the boolean hypercube

Consider the optimization problem:

min  f(x), (9.4.93)
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Table 9.13: Numerical results for deciding the nonnegativity of an even degree form on the nonegative
orthant, with d = 2.

Id | Pb POljlsize 3 V:;ut e b P\?il -
2 [ 1] 5 |5 | olssozo | oog | 0| 8 |-0es020 | 1
R I ) o I el
5 | ® 15| 5| Joseons | rars | O | 44 | 086938 | 79

1d Put Pol

nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff

; 2 Eé 22322 zlég 31 6 72 | 126

Z ﬁ 26668 2312 51388; 111 11 | 617 | 1001

2 12 gg 9133177 534827664 213 | 44 | 2637 | 3876

where f is a polynomial of degree at most 2d. It is equivalent to the following POP on the
nonnegative orthant:

min {f(x) : z;(1 —z;) =0, j € [n]}, (9.4.94)

x€eR?

Test problems: We construct several instances by taking the coefficients of f randomly in
(=1,1) w.r.t. to the uniform distribution.
The numerical results are displayed in Table

Discussion: The behavior of our method is similar to that in Section [0.3.1] Note that P4l with
order k = 0 provides worse bounds than Put with order k£ = 2. However, as shown in Table
Pél with order k£ = 1 provides the same bounds as Put with order k = 2.
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Table 9.14: Numerical results for minimizing polynomials over the boolean hypercube, with d = 1.

Id | Pb POIZLSize 3 vaﬁut e b P\(Zl .
o | L]0 |5 Gaasas | oo | 1| M| -4se3es |
D] o] Gdeass | wos | 1| 2| 1esess |
2 3 30 é _'223.'3;;3131 8%'58 1|31 |-27.6311 | 41

1d Put Pl

nmat [ msize [ nscal [ naff nmat [ msize [ nscal [ naff

; é ;(15 22312 46662 11 11 276 | 286

1] = 22311 4;%1 1(2)2;6 21 | 21 | 1751 | 1771

o | st | o | st | agye | 1| 3| 5426 | 5456
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Chapter 10

Conclusion and Perspectives

10.1 Achievements

10.1.1 General discussion

We have provided several methods that use positivity certificates with and without denomina-
tors, for solving POPs on compact and non-compact basic semi-algebraic sets.

On the one hand, we have exploited correlative-term sparsity and constant trace property for
the Moment-SOS hierarchy based on Putinar’s Positivstellensatz without denominator. On the
other hand, we have relied on Putinar—Vasilescu’s Positivstellensatz with uniform denominator
to provide an appropriate Moment-SOS hierarchy for solving POPs on noncompact semialgebraic
sets.

It is worth pointing out that correlative-term sparsity enables us to reduce the matrix sizes
involved in the SDP relaxations, and hence to solve them efficiently with interior-point methods.
Besides, one advantage of exploiting constant trace property is to benefit from a class of first-order
methods to speed up the resolution of the SDP relaxations. The sparse setting for methods based
on Reznick’s Positivstellensatz with uniform denominators has been also considered. We emphasize
that the same uniform denominator allows us to control the sizes of the SDP relaxations for POPs
on the nonnegative orthant.

On the theoretical side, we have proved that methods with uniform denominators can have
polynomial time complexity, similarly to methods without denominators. On a practical side,
the efficiency of our methods has been illustrated on real-life problems arising from engineering,
machine learning, and power networks.

10.1.2 Discussion and perspectives specific to each chapter

We list the detailed conclusions for each chapter:

e In Chapter [3| we have introduced the CS-TSSOS hierarchy, a sparse variant of the Moment-
SOS hierarchy, to solve large-scale real-world nonlinear optimization problems whose input
data are sparse polynomials. In addition to its theoretical convergence guarantees, CS-TSSOS
allows one to make a trade-off between the quality of optimal values and the computational
efficiency by controlling the types of chordal extensions and the sparse order k.

By fully exploiting sparsity, CS-TSSOS allows one to go beyond Shor’s relaxation and solve
the second-order Moment-SOS relaxation associated with large-scale POPs to obtain more
accurate bounds. Indeed CS-TSSOS can handle second-order relaxations of POP instances
with thousands of variables and constraints on a standard laptop in few minutes. Such
instances include the optimal power flow (OPF) problem, an important challenge in the
management of electricity networks. In particular, our plan is to perform advanced numerical
experiments on HPC cluster, for OPF instances with larger numbers of buses [56].

Some additional further potential research directions are listed below:
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1) The standard procedure of extracting optimal solutions for the dense Moment-SOS hierar-
chy does not apply to the CS-TSSOS hierarchy. It would be interesting to develop a procedure
for extracting (approximate) solutions from partial information of moment matrices.

2) Recall that chordal extension plays an important role for both correlative and term spar-
sity patterns. It turns out that the size of the resulting maximal cliques is crucial for the
overall computational efficiency of the CS-TSSOS hierarchy. So far, we have only considered
mazximal chordal extensions (for convergence guarantee) and approximately smallest chordal
extensions. It would be worth investigating more general choices of chordal extensions.

3) The CS-TSSOS strategy could be adapted to other applications involving sparse polyno-
mial problems, including deep learning [34].

4) At last but not least, a challenging research issue is to establish serious computationally
cheaper alternatives to interior-point methods for solving SDP relaxations of POPs. The re-
cent work [219] which reports spectacular results for standard SDPs (and Max-Cut problems
in particular) is a positive sign in this direction. Such a computationally cheaper alternative
is presented in Chapter [5 Appendix

In Chapter [4 we have provided a nonsmooth hierarchy of SDP relaxations for optimization
of polynomials on varieties contained in a Euclidean sphere. The advantage of this hierarchy
is to circumvent the hard constraints involved in the standard SDP hierarchy by
minimizing the maximal eigenvalue of a matrix pencil. This in turn boils down to solving
an unconstrained convex nonsmooth optimization problem by LMBM and to computing
largest eigenvalues by means of the modified Lanczos’s algorithm. Our numerical experiments
indicate that solving this nonsmooth hierarchy is more efficient and more robust than solving
the classical semidefinite hierarchy by interior-point methods, at least for a class of interesting
POPs, including equality constrained QCQPs on the sphere, QCQPs with a single inequality
(ball) constraint, and minimization of quartics on the sphere. Our CTP framework can be
further applied for an interesting class of noncommutative polynomial optimization problems
[129], in particular for eigenvalue maximization problems arising from quantum information
theory, where the variables are unitary operators [143].

Eventually, we have tried to use spectral methods to solve SDP relaxations of QCQPs in-
volving inequalities only, systems of polynomial equations, MAXCUT problems, 0/1 linear
constrained quadratic problems and computation of stability numbers of graphs. However,
our preliminary experiments for these problems have not been convincing in terms of effi-
ciency and accuracy. In order to improve upon these results, one possible remedy would be
to index the moment matrices by alternative Legendre/Chebychev bases, rather than with
the standard monomial basis.

In Chapter [ we have proposed a general framework for exploiting the constant trace prop-
erty in solving large-scale SDPs, typically SDP-relaxations arising from the Moment-SOS
hierarchy for POPs with CTP. Extensive numerical experiments strongly suggest that with
this CTP formulation, the CGAL solver based on first-order methods is more efficient and
more scalable than Mosek without exploiting CTP, especially when the block size is large. In
addition, the optimal value returned by CGAL is typically within 1% w.r.t. the one returned
by Mosek.

We have also integrated sparsity-exploiting techniques into the CTP-exploiting framework
in order to handle large-scale POPs. For SDP-relaxations of large-scale POPs with a term
and/or correlative sparsity pattern, and in applications for which only a medium accuracy
of optimal solutions is enough, we believe that our framework should be very useful.

As a topic of further investigation, we would like to improve the LP-based formulation for
verifying CTP, for instance by relying on more general second-order cone programming.
We also would like to generalize the CTP-exploiting framework to noncommutative POPs
[29, 100, 210] which have attracted a lot of attention in the quantum information community.
Another line of research would be to investigate whether CTP could be efficiently exploited
by interior-point solvers.
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e In Chapter @ we have established two representations of (i) globally nonnegative polyno-
mials and (ii) polynomials nonnegative on semialgebraic sets, based on the homogeneous
representations of [I75] and [I70]. These representations have a distinguishing feature. They
can be converted into a practical numerical scheme for approximating the global minimum,
yielding converging appropriate hierarchies of semidefinite relaxations for unconstrained and
constrained polynomial optimization problems.

We have also introduced a new method (based on adding spherical constraints (ASC)) to
solve systems of polynomial equalities and inequalities, and to obtain global solutions of
polynomial optimization problems as well. In view of its practical efficiency, a topic of
further investigation is to provide a more detailed comparison with other methods for solving
polynomial systems.

e In Chapter m we have provided a new degree bound on the sum-of-squares (SOS) polynomials
involved in Putinar—Vasilescu’s Positivstellensatz. The resulting associated Moment-SOS
hierarchy provides a sequence of lower bounds that converges to the global minimum (with
prescribed accuracy € > 0) at an O(e~°) rate.

A topic of further investigation is the analysis of the convergence rate of the Moment-SOS
hierarchy for lower bounds in some special cases of basic (compact) semialgebraic sets. A
first natural idea is to find the explicit constant « in the Lojasiewicz inequality stated in
Lemma We could then proceed analogously to the proof of the rate O(¢~%%) for the min-
imization of a polynomial on the unit ball. It would be interesting to investigate whether our
convergence analysis would be improved after replacing Bernstein approximations involved
in our proof by Jackson kernels from [I1], [145].

e In Chapter [§] we have provided:

1) a sparse version for Reznick’s Positivstellensatz (resp. Putinar—Vasilescu’s Positivstellen-
satz) for positive definite forms (resp. nonnegative polynomials).

2) a sparse version of Putinar—Vasilescu’s Positivstellensatz for polynomials that are nonneg-
ative on a possibly noncompact basic semialgebraic set.

All these certificates involve sums of squares of rational functions with uniform denomina-
tors. For additional efficiency, our positivity certificates have been combined with appropriate
sampling (evaluation) techniques (to impose that two polynomials are identical). The full
computational benefit of such sampling techniques remains to be investigated.

e In Chapter [9] we have considered the case of dense POPs on the nonnegative orthant. By
applying a positivity certificate involving SOS of monomials for a POP with input poly-
nomials being even in each variable, one obtains a specific hierarchy of linear relaxations.
Afterwards we replace each SOS of monomials by an SOS associated with a block-diagonal
Gram matrix, where each block has a prescribed size. This ensures a practical efficiency of
the corresponding hierarchy of SDP relaxations. Its convergence is still maintained with a
O(g™°) rate, similar to the one of Baldi and Mourrain [13].

As a topic of further applications, we would like to use this methodology for solving large-scale
POPs for phase retrieval and feedforward neural networks.

10.2 Additional future research directions

10.2.1 Deep Neural networks

Robustness certification. Evaluation and certification of robustness of Deep Neural Networks
(DNNs) has become an important issue (DNNs), especially in view of certain of their applications.
We refer the interested readers to [160} 311 117, [I5] for some recent research advances on DNNs.
Figure illustrates a neural network with two hidden layers.
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Figure 10.1: A two hidden layer neural network.

The widely used ReLU activation function (z — max(0,2)) can be modeled by polynomial
(in)equalities. As a result, robustness certification of such DNNs problem can be formulated as
maximizing a linear function with linear and quadratic polynomial constraints, as described, e.g.,
in [I72]. A promising research track is to take advantage of special structures of the objective
and constraining polynomials to find a Positivstellensatz adapted to this situation. In Chapter [9]
we have exploited nonnegativity of variables involved in the robustness certification problems. In
the context of DNNs, the idea is to also exploit sparsity of the constraints which arise from their
structure.

Matrix singular values and phase retrieval. We also intend to improve the approach of
Chapter [J] to obtain tighter upper bounds for positive maximal singular values of a given matrix.
Such bounds are very useful in the stability analysis of recurrent neural networks [55] [54]. Com-
puting such singular values boils down to maximizing a quadratic polynomial over the intersection
of the unit sphere and the nonnegative orthant. Another important application is phase retrieval,
which can be similarly formulated as a (nonconvex) optimization problem involving quadratic poly-
nomials, with several hidden structures. Another possibility is to develop a hierarchy of semidefinite
relaxations similar to the one based on Pélya’s Positivstellensatz in Chapter [9}

Finally, we also envision to adapt the method of chapters [4 and [5] that exploits the constant
trace property to certify robustness of multi-layer neural networks, to compute positive maximal
singular values, and to solve phase retrieval problems at global optimality.

10.2.2 Rates of convergence

An important challenge in polynomial optimization is to provide rates of convergence for various
convex relaxations, and notably for the Moment-SOS hierarchy of semidefinite relaxations (and
some variants described in this thesis). That is, the goal is to provide explicit bounds on the degrees
of the polynomials involved in the various Positivstellensitze. We will particularly investigate (i)
how different types of positive weights in the Positivstellensidtze affect the convergence rate and
(ii) if the corresponding hierarchies of semidefinite relaxations have finite convergence.

In addition to a theoretical interest in its own, analyzing the convergence rate also provides
useful insights about the practical efficiency of the underlying semidefinite relaxations. A higher
convergence rate is likely to yield a smaller computational effort to approximate closely the optimal
value. Moreover, if the hierarchy has finite convergence, then the optimal value can be computed
exactly.

One possibility is to follow the methodology that we have used to obtain the convergence rates of
Putinar—Vasilescu’s and Dickinson—Povh’s Positivstellensatz in chapters[7] and [9] respectively, and
which proceeds in two steps: (i) provide a constructive existence proof for the Positivstellensatz,
and (ii) provide degree bounds of its explicit SOS weights.

Another possibility is to use Fritz—John optimality conditions as in our recent works [127), [128],
126]. Developed directly from the works of Nie-Demmel-Sturmfels [I49] and Demmel-Nie-Powers
[44], this method allows us to guarantee finite convergence and to compute global minimizers of
POPs even when the Karush—Kuhn—Tucker conditions no longer hold.
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